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1 Tests in panel models

Whereas restriction tests within a specific panel model follow the usual prin-
ciples, based on t and F statistics, in this section we consider the tricky
model selection problem of choosing among the various panel models.

1.1 Poolability test

The simplest poolability test has as its null hypothesis the OLS model

yit = α + β ′Xit + νit

and as its alternative the FE model

yit = α + β ′Xit + μi + νit.

In other words, we test for the presence of individual effects. Formally one
may write

H0 : μi = 0, i = 1, . . . , N.

Intuitively, one may consider the F statistic according to the construction
principle

F1−way =
(ESSR − ESSU) / (N − 1)

ESSU/ ((T − 1)N − K)
.

Here ESSR denotes the residual sum of squares under the null hypothesis,
ESSU the residual sum of squares under the alternative. Under H0, the
statistic F1−way is distributed as F with (N − 1, (T − 1) N − K) degrees of
freedom. The two sums of squares evolve as intermediate results from OLS
and from FE estimation. In most empirical panels, this test will reject its
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null hypothesis. If the statistic remains insignificant, no panel models need
to be specified, as all individuals are sufficiently homogeneous.

Similarly, one may construct a poolability test with the alternative of a
two-way model

yit = α + β ′Xit + μi + λt + νit,

where there are N+T−2 testable restrictions. One may also use an analogous
test for the null hypothesis of an FE–one-way and the alternative of an FE–
two-way model. In large samples, it is preferable to use the χ2 approximation
instead of the F distribution.

Baltagi suggests another important poolability test, with an even more
general alternative

yit = α + β ′
iXit + μi + νit,

and the null hypothesis of an OLS model. Here the unrestricted model
has N (K + 1) estimable parameters, while the restricted model has only
K +1. The numerator degrees of freedom increase to N (K + 1)− (K + 1) =
(N − 1) (K + 1). If this test rejects, this indicates that some panel method
should be used. It is unclear, however, whether modeling of the ‘effects’
suffices to cope with the observed heterogeneity across individuals.

Some software executes these poolability tests automatically. If they are
not run by default but likelihoods are calculated, then two nested models
can always be compared by the LR statistic (the likelihood ratio)

2 (log LU − log LR) .

This statistic is always positive, as the unrestricted model must always have
the larger likelihood, and it is asymptotically distributed as χ2 under H0—
the restricted model. The degrees of freedom correspond to the number of
tested restrictions.

Table 1 may serve to summarize the diverse poolability hypotheses. Poola-
bility tests allow testing all nested pairs in the table. The specification βit

does not make sense, as it exhausts the existing degrees of freedom. Of main
interest are the test of the pooled OLS model versus the one-way model
and also versus the two-way model and/or the test one-way versus two-way.
Tests with alternatives in the βi column are tests for mis-specification rather
than tools for a specification search. One might also investigate whether
some elements of β are constant, whereas others may depend on i.

Example. In the Baltagi/Griffin data, the statistic F1−way attains
the impressive value of 83.96, which implies a rejection of the null hypothesis
of constant effects for all countries in the data set at every useful significance
level. The test of the null of a one-way model versus the alternative of a two-
way model attains a statistic of 6.23, certainly much less but still in the tails
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Table 1: Various constellations in panel models and degrees of freedom.

coefficients β
effects name β βi

α OLS NT − K − 1 N(T − K) − 1
αi one-way N(T − 1) − K N(T − K − 1)
αit two-way N(T − 1) − T + 1 − K N(T − K − 1) − T + 1

of an F (18, 303) distribution. The LR variant for the former test yields the
value of 579.68, similarly in the tails of the χ2 (17) distribution. For the latter
test, we obtain the value of 107.747, again highly significant if compared to
the χ2 (18) qunatiles. The data set contains significant time effects as well
as significant individual effects. The evidence for individual effects is much
stronger. These tests operate vertically within the first column of Table 1.

The other suggested tests for the poolability of regression coefficients work
as follows. The test statistic for common coefficients and constant effects
versus individual-specific βi and μi is highly significant at 129.32. This test
operates diagonally in Table 1. Unfortunately, even the test statistic for
constant βi in the FE model is significant at 27.34 (in Table 1 horizontally in
the second row). This is unfortunate, as it means that the basic assumption
of the FE model, i.e. that regression coefficients are independent of country
i, is rejected, albeit not at the extreme significance levels of other tests.
Even for the model with individually varying βi the absence of time effects
is rejected (vertically in the second column of Table 1). The statistically
recommended model with βi, μi, and λt is unattractive, however.

1.2 Tests for the presence of random effects

In the RE model, an obvious suggestion is to test whether there exist any
individual effects μi or time effects λt. Possible null hypotheses are a pooled
model without any effects or a model with only one of the two possible types
of unobserved level effects. In the model

yit = α + β ′Xit + uit,

uit = μi + λt + νit, i = 1, . . . , N, t = 1, . . . , T, (1)

with the two variance parameters σ2
λ and σ2

μ, the null hypothesis of the pooled
model is given by σ2

λ = σ2
μ = 0, which appears to be a quite simple restriction.

Following the customary statistical likelihood-ratio (LR) principle, the like-
lihood can be evaluated under all hypotheses of concern, i.e. for the pooled
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regression and for the RE–GLS estimator. It can be shown, however, that
the resulting LR statistic

2 (log Lu − log Lr)

is not—as one may have expected—distributed as χ2 (2), because of a vi-
olation of some regularity conditions in the formulation of the hypotheses.
In detail, they are violated by the fact that the null hypothesis is situated
on the boundary of the alternative. Here, Lu denotes the likelihood for the
unrestricted (general) model, i.e. for the RE–GLS estimator, and Lr denotes
the likelihood for the restricted (specific) model, i.e. the OLS estimator. The
distribution under H0 : σ2

λ = σ2
μ = 0 is given as

1

4
χ2 (0) +

1

2
χ2 (1) +

1

4
χ2 (2) ,

which is a mixture of three χ2 distributions. Note that χ2 (0) formally denotes
a χ2 distribution with zero degrees of freedom, which means a unit mass at
zero. By contrast, χ2 (1) and χ2 (2) are simply χ2 distributions with one
and two degrees of freedom. Another problem is that the evaluation of Lu

requires estimating the two-way RE model. Unfortunately, many programs
do not provide this estimate or at least they do not provide the likelihood.
If one wishes to test for one of the two effects only, i.e. for σ2

λ �= 0 or for
σ2

μ �= 0, the distribution simplifies to

1

2
χ2 (0) +

1

2
χ2 (1) .

In any case, special tables must be consulted, or alternatively significance
points are determined by simulations. The main reference is Gourieroux

et al. (1982).
Most of these problems are avoided by the Lagrange-Multiplier (LM) test

according to Breusch & Pagan. LM tests are approximations to LR tests
and they only require an evaluation under the null hypothesis. Breusch &

Pagan proof that the LM statistic has the simple form

LM = LM1 + LM2,

LM1 =
NT

2 (T − 1)

{
1 − ũ′ (IN ⊗ JT ) ũ

ũ′ũ

}2

,

LM2 =
NT

2 (N − 1)

{
1 − ũ′ (JN ⊗ IT ) ũ

ũ′ũ

}2

.

The vector ũ represents the residuals from pooled OLS estimation. One may
also use LM1 alone to test for the presence of individual effects σ2

μ �= 0 or
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LM2 to test for time effects σ2
λ �= 0. Both terms are distributed as χ2 (1),

therefore the statistic LM is distributed as χ2 (2), in all cases under H0 : σ2
λ =

σ2
μ = 0. Therefore, the tests are not appropriate checks for the presence of

time effects in an RE model with individual effects. Another drawback of
this very popular test is that it is constructed as a two-sided test, as if σ2

λ < 0
were possible. Therefore, it does not attain the power properties of the LR
tests. One-sided modifications have been suggested in the literature but they
did not have a major impact on software programmers.

Example. The program STATA yields the statistic LM1 on request. In
our gasoline panel, LM1 has the highly significant value of 1465.55, which
is to be compared with the χ2 (1) distribution. There is strong evidence on
country-specific level effects in gasoline demand. Some personal program-
ming yields the value for LM2 at 5.80. This is much less but still significant
at the 5% level, with a p–value of 0.016.

1.3 The Hausman Test

Some textbooks introduce the Hausman test—sometimes ‘Hausman-Wu test’—
as another statistical testing principle, in analogy to the LR and LM tests.
Then, the Hausman test of panel econometrics is only a specific application
of this general principle. It is, however, an application that was mentioned
explicitly by Hausman in his original contribution.

The Hausman principle can be applied to all hypothesis testing problems,
in which two different estimators are available, the first of which β̂ is efficient
under the null hypothesis, however inconsistent under the alternative, while
the other estimator β̃ is consistent under both hypotheses, possibly without
attaining efficiency under any hypothesis. Hausman had the intuitive idea
to construct a test statistic based on q = β̂ − β̃. Because of the consistency
of both estimators under the null, this difference will converge to zero, while
it fails to converge under the alternative. Furthermore, one may exploit the
fact that the difference and β̂ are uncorrelated under the null, otherwise the
estimator β̂ could be improved, which would contradict the assumption of
efficiency.

These ideas motivate that Hausman suggested the statistic

m = q′ (varq)−1 q,

where varq = varβ̃ − varβ̂ follows from the known properties of both esti-
mators under the null hypothesis and from uncorrelatedness. The statistic
m is distributed as χ2 under the null hypothesis, with degrees of freedom
corresponding to the dimension of β.
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In the concrete case of panel models, we know that the FE estimator is
consistent in the RE model as well as in the FE model. In the FE model
it is even efficient, in the RE model it has good asymptotic properties. By
contrast, the RE–GLS estimator cannot be used in the FE model, while
it is efficient by construction in the RE model. The inconsistency of the
RE estimator in the FE model follows from the fact that, as T → ∞, the
individual fixed effects μi are not estimated but are viewed as realizations of
random variables with mean zero. The violation of the assumption Eu = 0
for the regression model leads to an inconsistency.

Historically, this effect was treated extensively by Mundlak, who inter-
preted the FE model as a generalized RE model with possible correlation
of total error νit + μi and regressor. Thus, individual heterogeneity in ob-
served characteristics causes heterogeneous error terms. Mundlak’s model
succeeds in explaining the paradox that the FE model is more ‘general’ than
the RE model, while one instinctively may tend to view randomness as a
generalization of non-randomness.

Example. In the empirical example, the Hausman statistic for the one-
way model is given by STATA as m = 302.80. This value is to be compared
with a χ2 (3) distribution, it is highly significant. The recommended model
is the FE model. Heterogeneity across countries cannot be interpreted as
random variables with mean zero. If the individual dimension N is small,
rejection by the Hausman test is the typical case.

RE or FE? Occasionally (Hsiao, 2004), the problem of discriminating
FE and RE models attains an almost philosophical depth. Basically, RE
appears to be attractive if the individual dimension N is large relative to the
time dimension T , such that individual effects can be viewed as random. Ad-
ditionally, RE offers the technical advantage that time-constant explanatory
variables (covariates, attributes) can be used, while they are annulled in the
LSDV procedure. In Mundlak’s interpretation, the FE model is a model
with random effects that correlate with the explanatory variables, while the
RE model is a specific case with zero correlation. Correspondingly, many
programs (e.g. STATA) provide the descriptive measure of correlation of ef-
fects and covariates in the standard output of every FE estimation. If this
correlation is very different from zero, as it is typical for small individual di-
mension N , this indicates that one should rather use the FE–LSDV method.
In these cases, it is also recommended to consult the Hausman statistic. In
the data example, the correlation of effects and covariates in the one-way
LSDV regression is given as −0.247.
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2 Coefficients of determination in panel mod-

els

There is no generally accepted standard for coefficients of determination
(measures of goodness of fit, R2) in panel models. The software STATA
follows a suggestion by Wooldridge (2002) and provides three different
versions of R2 with every FE estimation output:

1. R2 within,

2. R2 between,

3. R2 overall.

R2 within describes the goodness of fit for the observations that have
been adjusted for their individual means. In principle, we know that R2 is
defined as a ratio

1 − ESS

TSS
,

where ESS denotes the residual sum of squares, TSS denotes the sum of
squares for the dependent variable (traditionally adjusted for a mean). For
the R2 within, the denominator is defined by

TSS =
N∑

i=1

T∑
t=1

(yit − ȳi)
2 .

Thus, the R2 within is the measure that is maximized by LSDV regression.
The R2 between describes the goodness of fit for the N different individual

means. Here, the denominator is simply formed from

TSS =
N∑

i=1

(ȳi − ȳ)2 ,

while the numerator contains the N different ‘residuals’ that evolve from us-
ing the FE coefficients to model individual means. Because this regression
problem is certainly not optimized by the FE estimator, the value for R2 be-
tween will be often quite unsatisfactory. For the so called between regression,
this R2 should attain a maximum. Because of some details of definitions (see
Wooldridge), the STATA values do not coincide exactly with this concept,
except for the between regression itself. Usually, they are slightly larger. In
the gasoline demand example, direct calculation would yield a value of 0.542,
while STATA displays 0.576.
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Finally, the R2 overall corresponds to the usual R2 of OLS regression.
Thus, the FE estimator is fitted to a pooled regression. If the R2 overall is
very close to the R2 within, then individual heterogeneity is low, and one
obtains an indication that one could work with the pooled regression. The
comparison among R2 measures complements the formal poolability tests. It
would not be surprising, however, if R2 overall in the LSDV regression were
much lower than in the pooled OLS regression, which attempts to balance
out artificially existing heterogeneity. In the example, the LSDV regression
attaines an R2 overall of 0.615 (via direct calculation 0.592), while the R2

of a pooled OLS regression attains 0.855. Even here, there is a sizeable
discrepancy between calculated and reported values (see Wooldridge).

These R2 can also be used in two-way panels in an analogous manner.
The software EViews uses the usual denominator TSS even in the FE

model, while it uses for RSS a numerator that has been reduced by fitting
in the individual means. This induces a relatively high value for R2, the
effects are simply interpreted as N − 1 additional regressors. Thus, EViews
attains the high value of 0.973. RE models, however, report a lower R2,
as the effects are interpreted as belonging to the errors structure. In the
STATA concept, the goodness of fit measures remain comparable for RE and
FE, while no R2 at all is displayed if the RE estimation is performed using
maximum-likelihood.
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