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rn i rd€ ls  e  rh ib r t  o rb i ts  c r t i i l , - ' rg ing  t ( )  c l i i i 5  x l r rch  cor r r i : t i  r ; f  t i : r : r r  s l i i : : i s  po iu t :  : r i ld  th r ra  o r f l i l i

conneLt i r - lg  them.

l .  ln t roductäon.  In [4]  N{ay and l -eon:r rd s tudier l  the equai ions

j r  :  . r r (1 -  -  x  1 - -  ( r r2-  ßr : ) .

( l  )  i t :  x z ( . I  * ' ßx t -  x2 -  { ! x , , ) ,

j3 - a-1(l -. cr.rr -- {lxr- xr)

o n t h e s p a c e R l  . , ' { ( - r , , . \ ' 2 , 1 3 ) e  R 3 : x ; i : : 0 , i . " ,  1 , 2 , 3 | u ' i t h p a r a m c t e r s 0 < - a < l ( B a n d
n 1-  p )  2.  This  is  an r :quat ion of  the Gauss- l -otka"*Vol tc l r ; i  ty ' ; re  ntodcl ing compct i t ion
between three spcci i :s  1,2,3 whosc densi t ies aro r1.  .x : .  t r . r .  T hc fou, :  f ixed poi r r ts  on th.
bounclary of  R 1 (narncly  i0 ,  0,  0) ,  e ,  :  (1,  0,  0) ,  r .  . .  (0 .  1,  0)  and er  :  (0,  0.  1))  i rs  wel l  a .
t h e  u n i q u e  f i x e c l  p o i n t  C =  ( 1  +  a  +  B , ' ( 1 .  1 ,  1 )  i n  t h e  i n h ' i i o r  a r e  r r n s t a l r l e .

May and I-eonald sliovreti in tht' ir clegant stu,dy that such a systern exhitrits a
gene ra l  c lass of  so lut i i ) r1s rv i th  nonper iodic  osc i l la t ions i r f  bouncled arnpl i tude but  c ler
increasing cyc le t ime;asyrnptot ica l ly .  " the system cycles f rorr i  be ing cc lnrposed a lmosl
whol ly  of  populat ion l ,  to  a lmost  whol ly  2,  to  a lmost  whcl l ly  3,  back to ahnost  whol l i '  1 ,
etc . "  [4 ] . ' I 'he prroof  of  th is  s tatement  can be modi f ied and supplemented,  however,  due
to the fact  that  the orb i ts  do not  converge fo the t r ianglc formed by the in tersect ions of
t h e p l a n e . x 1 * ;  2 * x r - l w i t h t h i : p l a n e s . r r : 0 , 1 2 = 0 a n d . { j - 0 r e s p e c t i v e l y , i . e . , t o
the boundary of the sirnplex S: spanned by e1, e2 and e3.

In $ 2 of this note we give such a rnodifiecl discussion of I 1 ) and dcscribe the t.., - l imit

sets.  In  $ 3 we show that  even i f  the symmetry condi t ion of  ( l )  is  dropped,  there are
orbi ts  wi th the same cycl ic  asymptot ic  behavior .  In  $ 4,  f ina l ly ,  we g ive an example of  an
ecological  equat ion whose orb i ts  have the c, r - l imi t  descr i t red in  [a] ,  namely the
boundary of  the s implex 53.

2. The model of May and Leonarcl [41" Consider first the restriction of (1) to the
p lane  x3 :0 .  I n  t he  pos i t i ve  quad ran t ,  i r  : 0  on  the  segme n t  j o i n i ng  ß ,11a  )  t o  ( i .  0 )
and i2:0 on the segment  betwe.en (0,  1)  and ( l lß,0\ .  T 'hese segments are d is jo int .
Therc are three f ixed pc"r in ts ,  namely:  (0,  0) .  which is  a source having 1 as double
e igenva lue ;  (1 ,0 )  wh i ch  i s  a  s i nk ,  w i t h  e igcnva lues  - ' 1  an i l  1 *6 ;  and  (0 ,  l )wh i ch  i s  a
saddle.  the e ige nvalues being *  I  and 1 *  a.  (A phase por t ra i t  is  sketched in F ig.  1 . )  Note
the unstat r le  rnani fo ld r i f  (0 ,  1) ,  (a separatr ix) .  which i r  an orh i t  or  rv i th  cr- l imi t  (0.  1)  and
a . r - l i n i i t  ( 1 ,0 i .  (The  segn rcn t  be tween  (0 ,  1 )  and  (1 ,0 i  i s  nc i t  i nva r i an t ,  i nc iden ta l l y . )

R e t L i r n i n g t o R l , w r ' s : - e t h a t t h e r e i s : r n o r b i t o . r i n t h e p l a r i e . r r : 0 f r o m  ( ) . t o e l , a f l

orb i t  r . ' :  in  thc p larrc  . r : . ,  ( )  f rorn dr  to  e. r  and an orhr i t  or  in  thr :1 ' lane r r  :0  f r< lm €r  to d: .
I " .e t  F c lerr r . r te  the uni< l r i  o f  the three orb i t  c losures (sec Fig.  ?. ) .

'I'iti.r 
rRL't4 1 . With the erceptiott of tht, ftxecl point e , euerv orhit in lht interior o/ {it i

has  l t  us  c : ' l i a i t .

1 ' I { ' : c r , r . , i : , J  h r ,  t he  ed i t r r i r  l  r ' bu ra r y  24 .  197E ,  a r i J  i n  r c r i se r j  f o rm . l r l l \  !  I  i ( ) 7 [
; l n s i l r i r i f r r r t l r i : o r c t i s r . i i c C h c r r r j * u r r r l  S t r A h l c n , h r ' r n i c t l c r l - l r r i r t . i s l l l t V , i i l . \ ' i c l ! l ; !  , , 1 , r : d t , t r
. i  l ! , s l i t l r l  f i . i r  l l a t [ r * n ra l i i ' .  r ] i : r  I J i r i v . ' t s i f i l !  W iu r i .  \ ' i ün i r : t .  A r r s t ! i J
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I

Frc. 1. Computer gaph of orbits of (1) in the plane x3: S.

Froof .  I f  V:  xr*x2*x3,  then

V : xr* x2* x3-lx?+ xtr+xl+ (a + ß)Gpz* x2x3+x:xr)l
:  V  * ( xu  x2 ,  x ) rA (x1 ,  xz ,  x )

. ! 1

Fr<; .2.  The union of  o1,  02 and 01 is  tht  a- l imi t  of  t t lmcst  euery arh:  . t f  '1 i
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t t  *  { i  e . i  i :
1 . , i

: : l

a ' r f i  ,  o + { }-- ;-  |  -  - '
L / _

which is  symmetr ic  and c i rcu lant  anr i  l ias the e igenvaiues

i r . - ' i + - o t + p > 4 ,

Ä : . :  = ' 1 - ( a  + p ) < 0 .

Thus the quadr ic

V - - ( . t , .  x : ,  x ; . ' ) 7  A (x t  - r : ,  r : )  : 0

i s a t w o - s h e e t e d h y p e r r b o l o i d w i t h c e n t e r ( 1 + a + P ; ' ( j , ] , ' l ) a n i l  r o t a t i o n a l s y i n r n c t r y
around the ax is  xr :  xz - , r : .  The or ig in and the cqi r i i ibr ium p() in t  C l ie  on th is  ax is  anci
on th€r  quadr ic .  The sheet  througtr  (0,0,0)  cq lnta. in l  no other  point  of  R- i .  Thr 'sheet
through C (see Fig.  3)  conta ins a lso e1,  e2antJ €3 r r i l i l  for  e:very point  (x1,  xz,  x t )  on th;s
shee t  one  has  V23 l0+aa  p )  w i t h  equa l i t ) '  i f i  ( x r , . xz , . r : ) :C .  I f ,  f u r t he rmore ,
(xr ,  xz,x : )  e R 1,  then V s 1 wi th equal i ty  i f f  (xr ,  - rz ,  - r . r )  is  one of  the o; .

r  |  \ ' + : '  I

l

l + a + ß

FtG.3. Intersection of the hyperboiokl v,trh a plone througk the symtnttry arts

The points in  the in ter ior  of  R I  sat is fy ing V = { }  are j r rs t  thosc on thc shc, : t ;  he:nce
e very orh i t  in  the in ter ior  of  R l  enters the se: i .

6 2 , . - { t . v r ,  - t : .  r  r i i  [ t  l : 3 i ( i  +  e i  I  ß t <  V  =  l ]

anr l  r . :n ia i t rs  i r rs idc i rv i r i r  th i :  t rxcept ion of  t l ic  f ixec l  point  C and r inc or t r i t  wl iosc r , . ,  - l imi t

i c  ( ' r "

i
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With P:  x1x2x3 one has

P :  P ( 3  -  ( 1  + a  +  ß ) \ /  ) .

In Q,, P has a local extremum in C. With the exception of one orbrt whose r,l - l imit is C.
a l l  o ther  orb i ts  in  Q1 approach the set  where p = 0,  i .e . ,  the boundary of  R l .  This  shows
that  the orb i ts  of  a lmost  a l lpo ints in  Rl  approach the set  Ql  nbdql  and hence have
thei r  o- l imi ts  in  th is  set .  Such an t . , - l imi t  w has to be invar iant  ancl ,  hy f l ; .  ?"1 _
connected. This rneans ihat for any € > 0 and and x, y e w, there is a chain 2,, ,=.
x , z r , .  '  , Z n : y i n W w i t h d ( T : z i , z , + r l l e  f o r  j : 0 , . . . ,  n -  1 . ( d .  i s E u c l i d e a n m e t r i c
anci ?i denotes the one parameter group of transformarions defined bV (1).) The fixecj
points e1,  e2änd €r  cäI l f to t  be c, r - l imi ts  of  orb i ts  in  the in ter ior  of  Rl  s ince they are
saddles.  The only remain ing invar iant  r r -connecred set  in  et f fbdwl ,  is  F.  *h i .h
therefore must be fir: rr,,- l imit.

3. A generelizeci, arnsyrnrnetrie rnodel. In [4] Lial anei Leonard state that it is
p lausib le that  qual i ta t ive features cf  (1)  wi l l  remain r rue in  the more general  unsym-
metric case. Here we cr.tnsider the equations

j t  :  x r ( 1  -  x 1 -  d x 2 -  ß t x : ) .

(2 i  iz-  xz(7-  ßzxt-  x2-  c , lx) ,

t :  :  . rs(1 -  &txt  -  ?sxz- '  x) ,

w t t h  t - { & , < 1 < p ;  a n d  ß i - 1 > I - a 1  Q s i ,  j = 3 )  a n c l  s h o w  r h a t  t h e y  h a v e  i n d e e c l
cyc les of  ever  lengthening per iod just  as in  the symmetr ic  case,  Note f i rs t  that  the f i rec l
points on the boundary of R 1 ancJ the phase portrait are j usr as for ( 1 ) lbut of course rhe
orbi ts  o1,  02 and o1 ; i re  no longer congruent) .  Def in ing.F as before,  we shai l  prove

Tseonnr"r 2. There exists an open set of orbiis in the interiorol Rl hauing F as
a-l*nit.

Froof . With V =" xt * xz* xz one has

V : V - | xi. + xi + x1 + @ t * ß ) x r x z * (a z + F,,).r zx: * ( a: + B r ).r r.r r I _-= y( I - v' l
( because  a t *  9z>2  e t c . .  .  .  ) ;  hence  a l l  o rb i t s  en te r  t he  se t

Qz :  {Qr ,  xz ,  xs )e  R1  :  r  1  x  1  r  x2+x r  <  1  +  r }

wi th some r>0 smal l  enough.
Se t  s r  :  |  +  p r -+ -  q r ,  s2 :  1  +  ß3*c1 ,  53  :  1  +  F  t *  a2  and  s  :  3  -  s1x1  _  J2 . r2  _  s : x : .

W ;  i r  P : x 1 x 2 x 3  o n e  h a s  P : P S .  S i n c e  s ,  > 3  f o r  i : 1 , 2 , 3 ,  o n e  h a s  S ( e r ) < 0 .  C h o o s e
.r  - '0  such that  S(er)  < -s  and let

B  :  { ( x t ,  x2 ,  x : )  e  Oz  :  S (x r ,  xz ,  x )  <  - s } .

. . r ince every xeQznhdRl  hur  r r ,  €2or  €3as r . . , - l inr i t ,  we may iJef ine

( 3 )  I ( x ) = i n f  { I ' > 0 ; . r ( r l e B  f o r  T , = t = _ \ m - I ) 1 " , " f  1 i

whe re  m>31s .  Fo r  such  . r  t he re  i s  a  I , <T (x )+1  r v i t h  : ; i t , \ eB  f t : r  1 " ,< r : :
{m  +  l )T '+  1 .  Thus  on  the  se t

t : {y e Qz: d(x, y) < 6(r-) for some _,: € e: n ir, " l i

one can def ine ?"  just  as in  (3) .  I  is  upper se n icont inuo\ :s  i )n  l ,  and hence adni i ts : , in
upper bound l , .  Now choose ä > 0 so smai l  thar

1(6)  ' {y  e Q:  :  d( .v ,  b, /R i )  = t l  i
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i s  con ta ined  i n  I  and  l e t

p  :  i n f  [ P r y  t :  y  e  O : r  1 r o ' r ] .

Chocse e > 0 so smai l  that  rv i th

a n d

l i e )  : i v  e  O :  : ( )  <  d ( v . ä a m l )  <  e I

p '  :  sup  {P( . , :  t : . t  e  1 (e) i
one has

p 'exp  (3 i . )  <  p .

we c la i rn r low thr i  the crb i t  o f  everv xe I t r )  has F as c, : - i imi t .  For  th is ,  i t  suf f ices to
check  tha t  P l . r i t : r  ' { i .  f r ' ' r ' I ++oo .  I n , Jeec l .  wh i l e  t hc re  rn igh t  b *  t rme- in te rva l s  [ t 1 ,  12 ]
dr- r i ing which ,L ' i . r i t  ,  r r ) \ ' r , - - i rses,  thei r  length i  :n i rsr  be smal i * l  t i . ran l ,  ancj  hence

P ( x ( d t  s  F i x t / r  ) ) e x p  { 3 1 ' ) .

r \  t  the end of  such an in te ; "va l ,  the orb i t  enters B ancl  s tays therc for  a t i ine at  ieast  equal
i o  mL '+  L  So  fo r  i 3  :  t 2 *  mL '  *  1  one ,has

P(x ( r : ) )  <  P ( . r i r : ) t  exp  ( - , s fn l ,  +  i l l

S P ( x ( r r ) )  e x p  ( _ s ) .
' ! ' , us  

F ( r i l l )  can  nevc i  g row  too  rnuch  ( i n  pa r t i c .  i a r ,  x ( / )  can  neve r  i ea re  / ( 6 ) )  and
'  ' c ' n ' p e r i o d o f  g r o , v t h i ' - c u b s e q u e n t l y c o r r r p e n s a t e . i . s o t h a t p i x ( / ) I ; 0 . T h e r e s t o f  t h e
; : roof  is  s imi lar  to  that  of  Theorem 1.

4. A relafed model wi$h constraints *f o,co*-.ant organizafion" [21. we now
bneffy discuss a class oi equations reflecting cyclic irrnpetii ion u,hose phase portrait
looks lust  i ike the one descr ibed in [a] .  lhese equat ic , , is  belong to the c lass of  equat ions
t.vith constant organization which is studied as a rnodel foi the selforganization of
nracromoiecules (see f2 l ,  t3 l ,  and [5] ) .

Consider  in  R1 the equat ions

. r r  :  - r r ( x i  *  ax2*  0x t -  M) ,

(4 )  i 2 :  x2 (px  1+  x2+  c t x3 -  M) .

i 3 :  x { a x 1 +  p x 2 *  x 3 -  M ) ,

whe re  M :  x / . x1 *ax2 , l  Sx )+x2 ( ) x r - r - - r : *  c . x l * x3 (ax r *  px2*x3 ) .  We  sha l l
cons ide r  t he  case  0 (a {  i . <ß ,  o+p<2 .  Apa r t  f r om the ' r i g i n  (wh i ch  i s  a  sou rce )
thcre are thre*  f ixed points r  ,n  the bouniary of  R 1,  namely e 1.  e1 and e3.  They are sadr . l le
points wi th e igenvalugs -  i ,  p  - r>0,  c i  -  1  <0.  There rs  just  one_more f ixed point  in
F{1.  namelv c=(ä, -1,1)  wr t , r  e igenvarues - r  

" "a ä iz l  " l - [ ' f i ' J t tp-o\ ) ,which is  a
saddle poi r r t .  (Three more f i , ,ed ooints of  (4)  l ie  outs ide R1).

With l '  :  - r1 -F. r2 *  x3 one I  s

V:  M( r -  V )
and sr i  ever l 'orb i t  in  m1 (wi th the except ion of  the or ig in)  converges to the invar iant
s i rnplex

S r  :  { ( x r ,  x z ,  x 1 J e  R ]  : - r ,  + " r 2 * . r j  :  1 i .

5 3
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\ l ' i th  i ' .  . r ,  i r2 . r r  o i tc  haq

p , -  ; " [ , ]  , f  r r  - i  p  iU '  -  3MJ

. ,  I " ' l ( 1 - l - r r  r f  ) i . r r * x z - 1 - ' r 3 ) - 3 ( r ? +  r i +  * i + . ( c r + p ) { r 1 r 2 " 1 - . r 2 . r ; i + - r . , : : 1 ) ) . ]

=  p l ( t + a  +  p ) { t -  y )  l / + f i r r +  p * 2 ) ( ( t . 1 -  x z ) 2 + ( x . -  x . ) ' + ( x . r * : - r i r } l

O n S s o r r i : h a s  V - .  1 , a i r C  a * $ < 2 i m p l i e s t h a t P S 0 . w i t h e q u a l i t y i f T ( . r r , r : . . x : ) i s C
or l iec r.rrr the boundür-v'. Hence w* obtain

'l 
l{r,oHrrf 3. T"ht orbit af alrn<tst euery point in the interior <tf R"" has as ot -limi( tk.e

bound,:ry of 53, farmell hy the poii lts et, €2, e3 and the three segments (which dre rtrbits)
joining tkem.

('I ' i ic exceptional points are C and its stable manifold, which consists of the two

orbits rrri thc l ine x t .. xz: .r3 having C as <o-limit.) See Fig. 4 tor a sketch of the phase

portrbrt

I '

F'rc. 4. The boundary of the simplex is.the at-limit of almost eoery oüit of (4).

In the l imiting case d + Pi :2 tor (l), which was studied in [a, $ 3], S: consists of

closed orbits definedl>y xrxzxz: const., and every orbit in the interior of R'* has one of

these closecl orbits as ar-l imit.
For a rr"lore general discussion and comparison with related dynamical systems we

refer to l5l.
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