SYMPATHETIC LIE ALGEBRAS AND ADJOINT COHOMOLOGY FOR
LIE ALGEBRAS

DIETRICH BURDE AND FRIEDRICH WAGEMANN

ABSTRACT. We study sympathetic (i.e., perfect and complete) Lie algebras. Among other
topics they arise in the study of adjoint Lie algebra cohomology. Here a motivation comes from
a conjecture of Pirashvili, which says that a finite-dimensional complex perfect Lie algebra is
semisimple if and only if its adjoint cohomology vanishes. We prove several general results
for sympathetic Lie algebras and for the adjoint Lie algebra cohomology of arbitrary finite-
dimensional Lie algebras in characteristic zero using a result of Hochschild and Serre. Moreover,
for certain semidirect products we obtain explicit results for the adjoint cohomology.

1. INTRODUCTION

It is well known that one can characterize finite-dimensional semisimple Lie algebras g over
a field of characteristic zero by the vanishing of certain Lie algebra cohomology groups. For
example, by Whitehead’s first lemma, we have H'(g, M) = 0 for every finite-dimensional g-
module M. The converse statement is also true - any Lie algebra whose first cohomology with
coefficients in any finite-dimensional module vanishes is semisimple, see [9], Theorem 25.1. By
Whitehead’s second lemma, for a semisimple Lie algebra g we also have H?(g, M) = 0 for every
finite-dimensional g-module M. However, the converse is no longer true, see [20].

It has also been asked, whether or not the vanishing of the adjoint cohomology groups for g
implies that g is semisimple. This is not true in general. In fact, it is well known that the
adjoint cohomology of any parabolic subalgebra p of a semisimple Lie algebra vanishes, i.e.,
H"(p,p) = 0for all n > 0, see [19]. It is natural, however, to add the condition H'(g,C) = 0 for
the trivial module. Note that this is a strong condition on g, which is equivalent to [g, g] = g,
i.e., g is perfect.

The study of perfect Lie algebras with vanishing adjoint cohomology groups has already a long
history. In 1988 Angelopoulos stated in [I] that the question goes back to M. Flato some decades
ago, who asked whether semisimple Lie algebras g are characterized by the vanishing conditions
H'(g,K) = H'(g,g) = 0. Afterwards several authors constructed complex non-semisimple Lie
algebras g satisfying

H'(g,C) = H*(3,C) = H%(g,9) = H'(g,9) = H*(g,9) =0,

see [2], B, 4, 5]. Angelopoulos also introduced in [I] the notion of a sympathetic Lie algebra,
i.e., a Lie algebra which is perfect and complete, so that it satisfies H'(g,C) = H’(g,g) =
H'(g,g) = 0. In 1996, Benayadi [4] constructed a non-semisimple sympathetic Lie algebra g
of dimension 25 over the complex numbers. This Lie algebra has the lowest dimension among
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the known examples of complex non-semisimple sympathetic Lie algebras. The Lie algebra of
Angelopoulos has dimension 35, is sympathetic and satisfies H?(g,g) = 0. In this article we
will provide a basis and explicit Lie brackets for Benayadi’s Lie algebra in dimension 25, and
show that it satisfies dim H?(g,g) = 1.

In 2013 T. Pirashvili [18] studied Lie algebra and Leibniz algebra cohomology and posed the
conjecture, that a non-trivial finite-dimensional complex Lie algebra g is semisimple if and only
if it is perfect and satisfies H"(g,g) = 0 for all n > 0. He called this conjecture the “Weak
Conjecture” (see page 1624 in [I§]) and also formulated a “Strong Conjecture”. He proved one
direction of the weak conjecture, namely, that a semisimple Lie algebra has vanishing adjoint
cohomology and satisfies H'(g,C) = 0.

The outline of this paper is as follows. In the second section we recall the definition and basic
properties of sympathetic Lie algebras and provide results on the adjoint cohomology of Lie
algebras. Then we discuss the conjecture by Pirashvili as stated above. Moreover we consider
a few special cases and obtain some partial results.

In the third section we study the adjoint cohomology of Lie algebras also for Lie algebras that
are not necessarily sympathetic. Here we use the Hochschild-Serre formula and other tools
from homological algebra. For semidirect products g = s x V', where s is semisimple and V' is
an s-module, we obtain non-vanishing results for H*(g, g). In particular, if s = sl,(C) and V is
the natural representation of s, we obtain an explicit result for all cohomology groups H*(g, g).

In the last section we show that Benayadi’s non-semisimple sympathetic Lie algebra g of di-
mension 25 satisfies dim H?(g, g) = 1. The crucial step here is to provide explicit Lie brackets
for g from the implicit construction in [5]. Then it is possible to compute the cohomology by
using a computer algebra system. It follows that this Lie algebra cannot be a counterexample
to the Pirashvili conjecture.

2. SYMPATHETIC LIE ALGEBRAS AND A CONJECTURE BY PIRASHVILI

We always assume that all Lie algebras are finite-dimensional and defined over the complex
numbers. Many results also hold for arbitrary fields of characteristic zero, but it is enough
to consider complex numbers for our main results. For a given Lie algebra g we denote by
Der(g) the Lie algebra of derivations of g, and by ad(g) the ideal of inner derivations in Der(g).
Furthermore Z(g) denotes the center of g. Let us recall the notion of a sympathetic Lie algebra,
see [9].

Definition 2.1. A Lie algebra g is called sympathetic, if it is perfect and complete, i.e., if it
satisfies [g, 9] = g and Z(g) = 0, Der(g) = ad(g).

Note that every sympathetic Lie algebra g is unimodular, i.c., it satisfies tr(ad(x)) = 0 for
all z € g.

One may characterize sympathetic Lie algebras in terms of their cohomology. The result is as
follows, see Proposition 1 in [4].

Proposition 2.2. A Lie algebra g is sympathetic if and only if H'(g,C) = H%g,g) =
H'(g,g) =0.

Definition 2.3. Let g be a Lie algebra. Denote by rad(g) the solvable radical of g and by
nil(g) the nilradical of g.
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We begin by proving that the solvable radical of every sympathetic Lie algebra is nilpotent.

Lemma 2.4. Let g be a sympathetic Lie algebra. Then we have rad(g) = nil(g).

Proof. 1t is enough to assume that g is perfect. Let us write v for rad(g) and n for nil(g), and
let g = 5 X t be a Levi decomposition of g. Then we have a direct vector space sum g = s + t.
Since g is perfect, we have

str=g=[g, 0] =[s+v,5+t]=s54([s,v] +[t,1]).
Because the sum is direct it follows that
t=[s,t] + [t,t] C ad(g)(r) C n.

The last inclusion follows from the fact that D(r) C n holds for all derivations D € Der(g),
hence in particular for inner derivations D = ad(z). For a reference see Theorem 7 in chapter
[T in [14]. It follows that v = n is nilpotent. O

Sympathetic Lie algebras have been studied by many authors, see for example [11 2, [3, 4] [5].
Several examples of sympathetic non-semisimple Lie algebras were constructed. This is of
particular interest in connection with a conjecture by Pirashvili, the so-called Weak Conjecture
from [I§].

Pirashvili Conjecture 2.5. A finite-dimensional complex Lie algebra is semisimple if and
only if it satisfies H'(g,C) =0 and H"(g,g) = 0 for all n > 0.

Remark 2.6. The conjecture can also be formulated in terms of vanishing Leibniz homology
with trivial coefficients, i.e., that HL,(g,C) = 0 for all n > 1. For the equivalence of these
cohomological conditions see Lemma 4.2 of [I§]. See [I1I] for results on the cohomology of
Leibniz algebras and Lie algebras.

Let us call these cohomological vanishing conditions the Pirashvili conditions for g. It is
known that every semisimple Lie algebra satisfies these conditions, see [I7]. In fact, this follows
from the first Whitehead Lemma and the following result of Carles, see Lemma 2.2 in [8]:

Proposition 2.7. Let g be a complete Lie algebra whose solvable radical is abelian. Then we
have H™(g,9) = 0 for alln > 0.

The converse direction of Pirashvili’s conjecture is still open. A Lie algebra satisfying the
Pirashvili conditions is sympathetic, but we don’t know, whether or not it is necessarily semisim-
ple.

It is also interesting to note that the conjecture need not be true if we omit the condition
H'(g,C) = 0 from the Pirashvili conditions. Let us give another explicit example (we have
already mentioned that the adjoint cohomology of any parabolic subalgebra of a semisimple
Lie algebra vanishes).

Example 2.8. Let g = aff(C™) = gl,,,(C) x C™ be the affine Lie algebra with m > 1. Then we
have H™(g,9) = 0 for all n > 0, but g is not semisimple.

Indeed, it is easy to see that g is complete, i.e., that H%(g,g) = H'(g,g) = 0, see Theorem
4.2 in [15]. Therefore it follows from Proposition [2.7] that H"(g,g) = 0 for all n > 0.

The following result shows that the Pirashvili conjecture is true for sympathetic Lie algebras,
whose solvable radical is abelian.
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Lemma 2.9. Let g be a sympathetic Lie algebra whose solvable radical v is abelian. Then g is
semistmple.

Proof. Assume that v is abelian. Then V = t is an m-dimensional vector space. We have the
Levi decomposition g = s x V with a Levi subalgebra s and an s-module V. Denote by D
the linear map on g which is zero on s and the identity on V. It can be represented by a
block-diagonal matrix with a zero matrix in the left-upper block and an identity matrix in the
right-lower block which shows that tr(D) = m. We claim that D is a derivation of g. The Lie
bracket on s + V is given by

[(z,0), (y,w)] = ([z,yl,z-u—y-v)
for all z,y € s and u,v € V. Then D([(z,v), (y,u)]) = (0,2 -u —y - v) and
[D((z,v)), (y,w)] = [(0,v), (y, u)] = (0, =y - v),
[(z,v), D((y,w))] = [(z,v), (0,u)] = (0, z - u).

Since g is complete, D is an inner derivation. However, since g is perfect, all adjoint operators
ad(x) have zero trace. Hence tr(D) = m = 0, so that V' = 0 and therefore g is semisimple. [J

It follows that a potential counterexample to Pirashvili’s conjecture must have a nilpotent,
non-abelian radical.

Corollary 2.10. Let g be a non-semisimple Lie algebra that satisfies the Pirashvili conditions.
Then the solvable radical of g is nilpotent and non-abelian.

Proof. The solvable radical is nilpotent by Lemma [2.4] and non-abelian by Lemma [2.9] 0

Similarly, we can also obtain the following result.

Proposition 2.11. Let g be a sympathetic Lie algebra with solvable radical w. Suppose that we
have a split short exact sequence

0—Zmn)—-n—n/Zn) —0.
Then g is semisimple.

Proof. Let g = s X n be a Levi decomposition. The Lie bracket on the vector space g = s +n
is given by
[(87 n)a <t7m)] = ([Sat]a [na m] +s-m—t- n)
for s,t € s and n,m € n. Since n is a central extension of n/Z(n) by Z(n), the Lie bracket on
the vector space n = (n/Z(n)) + Z(n) is given by
[TL, m] = [(l’, CL), (y’ b)] = ([‘T’ y]a w(x, y))

for z,y € n/Z(n), a,b € Z(n) and [w] € H*(n/Z(n), Z(n)). Since the extension is central and
split we may assume that w = 0. Writing s -m =s-(y,b) =(s-y,s-b)and t-n =1 (z,a) =
(t-x,t-a), the Lie bracket on g = s+ (n/Z(n)) + Z(n) becomes

[(S,J],G),(t,g,b)] = ([s,t],[w,y]+8-y—t-x,s-b—t-a)
for s,t € s, z,y € n/Z(n) and a,b € Z(n).
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Now define a linear map D: g — g by (s,z,a) — (0,0,a). It is a derivation of g, because we
have

D([(s,x,a),(t,y,b)]) = (0,0,s-b—1t-a),
[D(s,x,a),(t,y,b)] =1[(0,0,a), (t,y,b)] = (0,0, —t - a),
[(s,x,a), D(t,y,b)] = [(s,x,a),(0,0,b)] = (0,0, s -b).
Since g is complete, D is an inner derivation. Let D = ad(z) and m = dim Z(n). Now g is also
perfect so that the adjoint operators have trace zero. Hence tr(D) = 0 and thus m = 0 and

Z(n) = 0. By Lemma [2.4] n is nilpotent. Hence Z(n) = 0 implies that n = 0. It follows that g
is semisimple. O

Corollary 2.12. Let g be a non-semisimple sympathetic Lie algebra with solvable radical n.
Then n is nilpotent, non-abelian, and the extension 0 — Z(n) — n — n/Z(n) — 0 does not
split.

3. ADJOINT LIE ALGEBRA COHOMOLOGY

A well-known construction for perfect but non-semisimple Lie algebras is the semidirect
product g = s X V of a semisimple Lie algebra with a non-trivial simple s-module V', where the
latter is considered as an abelian Lie algebra, i.e., rad(g) is abelian. Suppose that g is complete.
Then g is sympathetic and hence semisimple by Lemma This is a contradiction. Thus g
cannot be complete. In fact, this is true more generally, even if g is not perfect.

Proposition 3.1. Let g =5 X V', where s 1s semisimple and V' is an s-module. Then we have
H'(g,9) = H'(V,V)" = Homy(V, V).
In particular, dim H'(g,g) > 1 and g is not complete.

Proof. By Proposition 5.11 in [6] we have H'(g,g) = Homy(V, V). Since V is an abelian Lie
algebra and a trivial V-module, H'(V, V) = Hom(V, V), so that H'(V,V)* = Hom,(V, V). Now
we always have the identity in Hom,(V, V). Hence this space is at least 1-dimensional. 0

Corollary 3.2. Let g = s X V, where s is semisimple and V is a simple s-module. Then we
have dim H'(g,g) = 1.

Proof. By Schur’s Lemma we have Homy(V, V) = C-id. Hence the space is 1-dimensional. [J

Proposition 3.3. Let g = s X V', where s is semisimple and V is an s-module. Then we have
an exact sequence

0— H'(V,V)* = H'(V,0)" = H'(V,g/V)".
Proof. Consider the short exact sequence of g-modules
0=V -—=g—g/V—-0,

which is also a short exact sequence of V-modules by restriction to V' C g. Here V and g/V
are trivial V-modules. Applying the long exact sequence in cohomology we obtain

s HO(V,g)V) = HY(V,V) = H' (V,g) = H' (V,g/V) — - -

Applying the functor of s-invariants, which is exact on the subcategory of finite-dimensional
s-modules we obtain

= HYV,g/V) = HY(V, V) = HY(V,9)" = H'(V,g/V)* — -
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Since H°(V, g/ V') is the space of V-invariants of the trivial module g/V, we obtain H°(V,g/V) =
g/V. But we have (g/V')* = 0, because the quotient module g/V = s does not contain non-zero
s-invariants. Hence we have H(V, g/V)* = 0. This yields the claimed exact sequence. O

By the Hochschild-Serre formula, see Theorem 13 of [13] and the paragraph before on page
603, we obtain
H'(g,9)= @ H'(s,C) @ H'(V,9)° = H'(V,9)".
i+j=1
Thus the morphism H'(V,V)* — H(V,g)* in the exact sequence of Proposition [3.3]is in fact
an isomorphism. The Hochschild-Serre formula also implies H?(g,g) = H*(V, g)°.

Proposition 3.4. Let g = s X V, where s is semisimple and V' is an s-module. Assume that
V' does not contain any factor isomorphic to an ideal of s in its decomposition as an s-module.
Then we have an exact sequence

0— H*(V,V)* — H*(V,g)".

If we assume in addition that the s-module A*(V') contains a factor isomorphic to V', then we
obtain

H*(V,g)" = H*(g,9) # 0.

Proof. We have H'(V,g/V)* = Hom,(V, g/V), because the Lie algebra V is abelian and the V-
module g/V is trivial. Both g/V = s and V decompose into direct factors, and by assumption
they do not share an isomorphic factor. Hence we have Hom,(V, g/V) = 0 and H*(V,g/V)* = 0.
So the continuation to degree two of the exact sequence in Proposition yields

0=H'(V.g/V) = H*(V.V) — H*(V,g)".

Here we have noted above that H*(V,g)® = H?*(g,g). By the additional assumption we have
H?(V,V)* = Hom,(A%*(V),V) # 0. O

The results on H'(g,g) and H?(g,g) can be generalized to higher cohomology groups as
follows. Note that we have for all k,

H*(V,g/V)® = Hom,(A*(V), s),
H*(V,V)* = Hom, (A*(V), V).

Proposition 3.5. Let g = s x V', where s is semisimple and V is an s-module. Let k > 1 and
suppose that the s-module A*~1(V') does not contain a submodule isomorphic to s. Then we
have an exact sequence

0— HYV,V)* — H*(V,g)° — H"(V,g/V)°.

Suppose that in addition the s-module A*(V') does contain a submodule isomorphic to V. Then
we have dim H*(g,g) > 1.

Proof. As in the proof of Proposition we have a long exact sequence
o= H YV, g/V) = HYV,V)® = H¥(V,g)* — H*(V.g/V)* — -+
Here we have by the first assumption that
HY(V,g/V)® = Homg (A" 1(V),s) = 0.

So the first assertion follows.
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By the second assumption we have that H*(V,V)* = Hom,(A*(V),V) is nonzero. Thus the
exact sequence implies that also H*(V, g)° is nonzero. Using again the Hochschild-Serre formula
for M =g, L=V and K = s, we have

H*(g,9)= P H'(s,C) @ H'(V,g)°
it+j=k
For i = 0 and j = k this direct sum contains the summand
H(s,C) @ H"(V,g) = C® H"(V,g)" = H"(V, g)",
which is nonzero. Hence H*(g, g) is nonzero. O]

In some cases we can explicitly compute all cohomology groups H*(g, g) by using the above
arguments.

Proposition 3.6. Let g = s x V with s = s1,(C), n > 2, and V = L(wy) be the natural
s-module of dimension n. Then we have for all k > 1

H*(g,g) = H"'(s1,(C),C)
Here H*(sl,,(C),C) is isomorphic to the exterior algebra A*(cs,cs,. .., con—1) generated by co-
cycles coip1 fori=1,...,n—1.

Proof. The s-module A¥(V) has dimension (Z) It is irreducible for every 1 < k < n, and
it is not isomorphic to the adjoint s-module s. Indeed, their dimensions are always different.
Namely, suppose that (}) = n? — 1. It is well known that

n n
o () 1sksn

where (n,k) = ged(n, k). If & < n, then d = mom 18 a divisor d > 1 of n and hence does not

divide n? — 1. Hence (Z) = n? — 1 is impossible. For k& = n this is also impossible. Hence by
Schur’s Lemma we have

H*(V,9/V)? = Hom,(A*(V),5) = 0
for all £ > 1. Then the long exact sequence from the proof of Proposition yields
C fork=1

0  otherwise.

H*(V,g)* = H*(V,V)* = Hom,(A*(V), V) = {

Indeed, for n = 2, the modules V and A*(V) have the same dimension only for k& = 1. For
n > 2, also the sl,(C)-module A"~!(V) has the same dimension as V, but it is not isomorphic
to V. It is isomorphic as an sl,(C)-module to V*, because sl,(C) is unimodular, and V is
self-dual if and only if n = 2. Thus the Hochschild-Serre formula yields,

H*(g,9)= €D H'(s,C) @ H'(V,g)°
it+j=k
~ g*1(5,C) ® C.
It is well known that the cohomology H*(sl,(C),C) is isomorphic to the ¢-th component of
A*(Cg, Cs, ... ,CQn_l)

with generators cg;, 1, see table 4 in [16]. O
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This yields, for example, with the n-dimensional natural sl,,(C)-module V' = L(w;),

C,ifk=14

H*(s1,(C) x V,sl,(C) x V) =2 H"1(s1,(C),C) = ,
0, otherwise

and
C, iftk=1,4,6,9

0, otherwise.

H"(s13(C) x V,sl3(C) x V) = H* !(sl3(C),C) = {

Remark 3.7. One can also consider Proposition 3.6 for g = s x V' with other classical Lie
algebras s and their natural representation V. We have used in the proof two facts that must
be satisfied for 5, namely that the exterior powers A*(V) are again irreducible, and that A*(V)
and s are non-isomorphic as s-modules for all £ > 1. Unfortunately, this need not be true in
general for simple Lie algebras s of type B,,C,,D,. For example, for type C,,, the exterior
powers A¥(V) of dimension (2,?) are no longer irreducible for 2 < k < 2n — 1, see [12], §17.2.
And for types B, and D,, the s-modules A*(V) and s are isomorphic. So one would need

additional arguments for the computation of the adjoint cohomology.

Remark 3.8. Using the Hochschild-Serre formula as in the proof of Proposition [3.6] one may
also compute the cohomology with trivial coefficients of a semi-direct product g =s x V for a
general complex semisimple Lie algebra s and a general irreducible s-module V. In particular,
if the s-module A*(V) is non-trivial and irreducible for all 0 < k < m, where m := dim(V),
then H*(V,C)* = A*(V*)* =0 for all 0 < k < m, and we obtain

H"(g,C)=H"(s,C)® H" ™(s,C).

This can also be used to compute the low degree Leibniz cohomology HL"(g,g) with adjoint
coefficients in some cases. Consider the 5-dimensional Lie algebra g = sl3(C) x V' from above.
It satisfies Z(g) = 0. Hence by Proposition 2.2 and Theorem 2.6 in [I1] in conjunction with
Proposition and the formula right after its proof, we obtain that

0, for n =0, 2,

dim HL"(g,9) = {1 for my — 1

Thus the Lie algebra g is rigid as a Leibniz algebra. Note that we used H*(g,g) = H*(g,¢")
for this computation. The latter follows from the existence of an invariant, non-degenerate,
symmetric bilinear form on g.

Finally, we can also use the Hochschild-Serre formula to compute the adjoint cohomology
H"(g,g) of certain semidirect products g = s x n for the top degree n, i.e., for n = dim(g).

Proposition 3.9. Let g be an n-dimensional Lie algebra with Levi decomposition g = sxrad(g),
where n = rad(g) is nilpotent. Assume that the s-module n/[n,n| does not contain the trivial
s-module C. Then we have

H"(g,9) = 0.
Proof. Let dim(n) = m and dim(s) = n — m. By the Hochschild-Serre formula we have
H"(g,9) = €D H(s,C) @ H(n,g)*

p+g=n

=H""(s,C)® H"(n,g9)°,
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because dim H*(n,g) = 0 for all k > m, and dim H*(s,C) = 0 for all kK > m — n. To compute
H™(n, g)° we use the long exact sequence as in the proof of Proposition to obtain

o= H™(nyn)®* - H™(n,9)* - H™(n,g/n)* — 0.

Here g/n is a trivial n-module. Since n is nilpotent, we have dim H™(n,C) > 1 by Théoreme 2
of [10]. On the other hand, dim Hom(A™(n),C) = 1, so that dim H™(n,C) = 1. Therefore we
have

H™(n,g/n) = H"(n,C)©g/n=g/n=s
as s-modules. Hence H™(n, g/n)* = s° = 0.
To compute H™(n,n)°, we use Poincaré duality. Since n is unimodular, the duality is s-
equivariant, and we obtain
Hm(n7 n) = Hﬂ(nv ﬁ) = ﬂ/[ﬂ, n]'
By assumption, the s-module n/[n,n] does not contain the trivial module. Hence we have
H™(n,n)* =0. Hence H™(n, g)° = 0, so that H"(g, g) = 0 by the Hochschild-Serre formula. [J

4. COHOMOLOGY OF BENAYADI'S LIE ALGEBRA

Benayadi constructed in [5] non-semisimple sympathetic Lie algebras of dimension 25 by
taking the vector space

g=sLC)x (V(T)aV(5)e V(T) e V(3)),

where V(n) denotes the n-dimensional irreducible sly(C)-module. He equipped g with a Lie
bracket such that the Lie brackets of sly(C) with g = V(7), g2 = V(5), g3 = V(7) and
g4 = V/(3) are given by the action of sl3(C) on g;, and such that

[91791] = g3, [91,92] = ¢4, [92,92] = 04, [91793] = da-

In order to obtain explicit Lie brackets, we want to introduce a basis {e,...,ess} of g. Then
the cohomology can be computed by a computer algebra system, e.g., GAP. So fix a basis of g,
such that {ej,es, e3} is a basis of sly(C), {e4,..., €10} is a basis of g1, {e11,...,e15} is a basis
of go, {€16,...,€22} is a basis of g3 and {ea3, €24, €25} is a basis of gy.

The action of sly(C) on V(n) may be given by

0 1 o --- 0 0 0 0 0
0 O 2 - : n—1 0 0 O
ple)=1|: . .~ 0o |, plea)=1 o0 :
: ) n—1 : .9 0 O
0 O 0 0 0 - 0 1 0
and

n—1 0 0 0

0 n—3 --- 0 0

ple) = | F

0 0 . 3—=-n 0

0 0 0 1—n

So the nonzero brackets are determined as follows:
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1. The brackets for sl(C) :

[61, 62] = €3, [61, 63] = —2eq,

2. The brackets between sly(C) and g4 :
[e1, €24] = €23, €2, e23] = 224,

[61, 625] = ey, [627 624] = €25,

3. The brackets between sly(C) and g, :

le1, e12] = e, lea, €11] = 4eqa,
le1, e13] = 2e12, [ea, €12] = 3eqs,
[e1, €14] = 3eus, 2, e13] = 2e14,
[e1, e15] = 4deuy, 2, €14] = €15,
4. The brackets between sl (C) and g3 :
le1, e17] = eq, lea, e16] = Geqr,
le1, e15] = 2e17, lea, e17] = beys,
le1, e19] = 3eus, [ea, 18] = 4eqo,
le1, ea0] = 4eqo, lea, €19] = e,
le1, e21] = Beap, [ea, €20] = 2e91,
le1, €22] = Bear, [ea, €91] = €99,
5. The brackets between sly(C) and g,
[e1, 5] = ey, [ea, e4] = Ges,
le1, e6] = 2es, [ea, €5] = beg,
le1, e7] = 3eg, lea, €6] = de7,
[e1, es] = de, [ea, €7] = 3es,
[e1, €9] = bes, [ea, e8] = 2eq,
[e1, e10] = Gey, 2, €9] = €10,

6. The brackets [g1,91] = g3 :
lea, 5] = are16 + - - - + areg,

le4, €6] = ageis + - - - + a14€99,

leg, e10] = ara1€16 + - - - + a1a7€92.

[62, 63] = 262.

les, eas] = 2ea3,

le3, e95] = —2eas,

[ ]

[es, e12] = 2e12,
e, e14] = —2e14,
[63, 615] = —deys
[63, 616] = Gesg,
[637 617] = 4deyy,
[es, e18] = 2e1s,
[e3, e20] = —2e29,
e3, e91] = —4ea,
[637 622] = —06eg
[es, 4] = Bey,
[es, e5] = 4es,
les, 6] = 2eg,
les, es] = —2es,
les, €9] = —4eg,
e, e10] = —6exg
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7. The brackets [g1, g2] = g4 :

leq, €11] = bieag + baegy + bseas,

[e4, €12] = byeas + bseay + bgeas,

[e10, €15] = biozeas + bipa€as + broseas.

8. The brackets [g2, 2] = g4 :

le11, e12] = c1€a3 + Caeaq + 3695,

le11, €13] = caea3 + Creas + Coeas,

[e14, €15] = Cageas + Cag€aq + C30€25.

9. The brackets [g1, 93] = g4 :

leq, e16) = dyeas + daeay + dseas,

leq, e17] = daeas + dseaq + dseas,

[e10, €22] = dis€93 + diageas + diazes.

11

The Jacobi identity is equivalent to some polynomial equations in the variables a;, b;, ¢;, d;.
Here these equations reduce to some easy linear equations. It turns out that there are solutions.
The solution space only depends on the four nonzero parameters ais, b1z, ¢7,dig. We obtain a

family of Lie algebras L(a, b, c,d) with

(@15, big, 7, d1g) = (3a, 600, 2¢, 15d).

The rewriting in terms of nonzero complex parameters a, b, c,d is only for our convenience,

to avoid fractions.

Proposition 4.1. The family of Lie algebras L(a, b, c,d) has the following explicit Lie brackets

with respect to the basis (eq, ..., ess).

[61, 62] = €3, [62, 623] €24,
le1, 3] = —2eq, [ea, €24] = €95
le1, e5] = e, les, €4] = Gey

[e1, 6] = 2es, les, e5] = 4es

[e1, 7] = 3es, les, e6] = 266,
le1, es] = 4de, les, eg] = —2es,
[e1, €9] = bes, les, 9] = —4eg,
[e1, e10] = Gey, e, e10] = —6eqo,

leg, €s] = —4aeqy,
leg, e10] = 12ae91,
[667 613] = 4dbeas,
e, e14] = —8bea,
€6, e15] = 4beas,
e, e19] = 3deas,
€6, €20] = 2deay,
e, €21] = —bdess,
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le1, e12] = e, le3, e11] = ey,
[e1, e13] = 2e12, e3, e12] = 2e1o,
[e1, e14] = 3eus, le3, e14] = —2e14,
[e1, e15] = 4eu, le3, e15) = —4eqs,
le1, e17] = eqs, les, e16] = Geqg,
le1, e15] = 2e17, le3, e17] = 4deyr,
le1, e19] = 3eus, les, 18] = 2eqs,
[e1, ex0] = ey, e, e20] = —2e90,
[617 621] = dego, [637 621] = —4eyy,
le1, €22] = Bear, les, €92] = —6ega,
le1, e24] = €93, [e3, €a3] = 2e93,
[e1, €25] = 2e04, e, e25] = —2e95,
lea, €3] = 2e, leq, 7] = 3aesg,
[ea, e4] = 6Ges, leq, es] = 12aey7,
le2, 5] = bes, leq, €9] = 30aes,
€2, €6] = 4er, le4, €10] = 60aeqy,
lea, e7] = 3es, [eq, e15] = 60beas,
[ea, €8] = 2eq, leq, €91] = 15deas,
e2, €9] = €10, le4, €22] = 90dess,
leg, e11] = 4eia, les, 6] = —2aesg,
le2, €12] = 3es, les, e7] = —3aeqr,
€2, e13] = 2e14, les, €9] = 10aesy,
le2, e14] = €15, les, e10] = 30aeq,
le2, e16] = Geqr, [es, e14] = —10beos,
le2, e17] = bes, les, e15] = 20beay,
[ea, e15] = 4eno, e5, €20] = —5deas,
[ea, e10] = 3eao, les, €21] = —10deyy,
le2, e20] = 2e91, [e5, e22] = 15deas,
leg, €21] = €22, leg, €7] = —3aess,

It turns out that all Lie algebras L(a, b, ¢, d) are isomorphic.

le7, es] = —3aes,
le7, 9] = —3aeay,
[e7, €10] = 3aeg,
le7, e12] = —3beas,
[67, 613] = 6beyy,
le7, e14] = —3beas,
le7, e18] = —3deas,
le7, e20] = 3deas,
les, €9] = —2aess,
[es, e11] = 4beys,
les, €12] = —8beas,
[es, e13] = 4begs,
eg, e17] = bdeys,
[687 618] = —2desy,
[es, e19] = —3deas,
[ ]

le11, e15] = 8ceas,
[612, 6’13] = —Ce€as,
[612, 614] = —C€y,
€12, €15] = 2ceas,
[6137 614] = —Ce€s
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Proposition 4.2. We have an isomorphism L(ay,by,c1,dy) = L(ag, be, ca,ds) for all nonzero
complex numbers aq, as, by, ba, c1, o, dy, ds.

Proof. Let ¢: L(ay, by, c1,dy) — L(ag, be, ca,ds) be the map given by ¢(e;) = &e; for all i with
1 <4 <25, A direct computation shows that ¢ is a Lie algebra homomorphism if and only if

Si=86=§=1

. . . alb%cldl

54 — - 510 — agb%CQdQ’
. . . alb?’ dl
511 — - 515 - agblcde’
L aleC%CF
§16 - - §22 - aszCngv
a2

523 - 624 = 525 - b6 d2

Obviously the determinant of the diagonal matrix associated to ¢ is nonzero. So the map is a
Lie algebra isomorphism. OJ

Hence we may choose the parameters as (ais, b3, ¢7, dig) = (3,60, 2,15), namely by taking
(a,b,c,d) = (1,1,1,1).
Note that then all structure constants are integers. We call the Lie algebra
Los := L(1,1,1,1)

Benayadi’s Lie algebra. It is uniquely determined up to isomorphism. Since we have explicit
Lie brackets, the cohomology can be easily computed by using a computer algebra system like

GAP. We already know that
H'(Lys,C) = H°(Lys, Las) = H*(Las, Las) = 0.
Our result is the following.
Theorem 4.3. Benayadi’s Lie algebra Loz satisfies dim H?(Los, Las) = 1.
We also can determine the highest degree adjoint cohomology of g without a computation.
Proposition 4.4. Benayadi’s Lie algebra Los satisfies H* (Lo, Los) = 0.
Proof. Since Loj is perfect, it is unimodular. Hence we obtain
H?(Lys, Lys) = Ho(Las, Los) & Los /[ Las, Los] = 0
by Poincaré duality. U

Note that the result also follows from Proposition [3.9]
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