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Introduction

Lie algebras arise in many areas of mathematics and physics, such as differential geometry,
Lie theory, number theory, combinatorics and quantum field theory, just to name a few of
them. Originally Lie algebras were called “infinitesimal groups” of Lie groups. Herman Weyl
introduced the name Lie algebra only in the nineteen twenties, at the suggestion of Nathan
Jacobson. One can associate Lie algebras to Lie groups and algebraic groups. It is a vector
space, the tangent space at the identity, together with a Lie bracket. The relationship between
Lie groups and Lie algebras is very close and Sophus Lie proved three important theorems on
this relationship. Many problems about Lie groups can be “linearized”, i.e., formulated on the
level of Lie algebras, which often makes them more accessible.

We also give an introduction in this lecture to representation theory of Lie algebras. We
study highest weight modules for complex semisimple Lie algebras. The basic case here is the
classification of all finite-dimensional representations of sly(C).

Let us give another basic example of a Lie algebra, namely so3(R), which can be viewed as
the vector space R? together with the cross product as Lie bracket. We have the following two
identities

0=vxwv,
0=(uxv)Xxw+ (vXxw)xu+(wxXu)Xov.

The Lie brackets for a basis (eq, ea, €3) of s03(R), consisting of skew-symmetric 3 x 3-matrices
are given by

le1, €2] = €3, [es, e1] = ea, [ea,e3] = €.
The representation theory of this algebra is also important in quantum mechanics, as the theory
of angular momentum.

I want to present some historical information on the work of mathematicians which have worked
on Lie algebras. A short list of these mathematicians is as follows:

Elie Joseph Cartan (1869-1951)

Claude Chevalley (1909-1984)

Friedrich Engel (1861-1941)

Carl Gustav Jacob Jacobi (1804-1851)
Wilhelm Karl Joseph Killing (1847-1923)
Marius Sophus Lie (1842-1899)

Anatoly Ivanovich Malcev (1909-1967)
Hermann Klaus Hugo Weyl (1885-1955)

e Elie Cartan was a French mathematician in Montpellier, Lyon, Nancy and Paris. He was
a student of Marius Sophus Lie. In his dissertation of 1894 he completed Wilhelm Killings
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2 INTRODUCTION

classification of finite-dimensional semisimple complex Lie algebras. He initiated among other
things the theory of Riemannian symmetric spaces.

e Claude Chevalley was a French mathematician in Princeton, Columbia University and Paris.
He proved fundamental results in the theory of algebraic groups and in algebraic geometry. He
wrote a three-volume work on Lie groups.

e Friedrich Engel was a German mathematician in Leipzig, Greifswald and Gieflen. He was
a student of Marius Sophus Lie. Lie and Engel wrote in the eighteen nineties a three-volume
work on transformation groups.

e Carl Jacobi was a German mathematician in Berlin and Koénigsberg. He made important
contributions to number theory, determinants and partial differential equations. He invented
the “Jacobi-identity” around 1830 in the context of Poisson brackets arsing in Hamiltonian
mechanics.

o Wilhelm Killing was a German mathematician in Miinster. he was a student of Weierstraf.
He introduced Lie groups in the context of non-Euclidean geometry. He gave the first clas-
sification of finite-dimensional complex semisimple Lie algebras, although it was incomplete.
After the death of his four sons he joined at the age of 39 with his spouse the Third Order of
Franciscans in 1886.

e Sophus Lie was a Norwegian mathematician in Kristiania (Oslo) and Leipzig. He created the
theory of continuous transformation groups, which later on became the concept of a Lie group.
He applied this to the study of geometry and differential equations.

e Anatoly Malcev was a Russian mathematician in Moscow and Ivanovo. He studied among
other things solvable groups, Lie groups, topological algebras and decision problems in algebra.

e Hermann Weyl was a German mathematician in Ziirich, Gottingen and Princeton. His
research has had major significance for theoretical physics as well as purely mathematical
disciplines including number theory and Lie theory. He was one of the most influential math-
ematicians of the twentieth century, and an important member of the Institute for Advanced
Study during its early years.



CHAPTER 1

Basic notions of Lie algebra theory

1.1. Definitions and examples

Let k be an arbitrary field and V' be a k-vector space equipped with a k-bilinear product
x - y. For three elements x,y, z € V define the associator by

(x,y,2)=(z-y)-z—x-(y-2).
DEFINITION 1.1.1. A k-algebra A is a k-vector space together with a k-bilinear map
AxA— A (z,y)—x-y.
The algebra A is called left-symmetric, or a pre-Lie algebra, if falls

(z,9,2) = (y,, 2)

for all z,y,z € A. It is called associative if

(x,y,2) =0
for all z,y, z € A.

A Lie algebra is a special type of a k-algebra, named after the mathematician Sophus Lie.

DEFINITION 1.1.2. A Lie algebra g over k is a k-vector space together with a k-bilinear
map, the so-called Lie bracket

gxg—g,  (z,y)— [z,
such that we have for all z,y, 2 € g,

0 =[x,z
0=T[z,[y, 2]l + v, [z, 2]] + [2, [=,y]].
The first identity is called skew-symmetry, because it implies the identity [y, x] = —[x, y]:
0=z +y,z+yl =[x, + [z, 9] + [y, 2] + [y, Y]
= [z, y] + [y, 2].

However, conversely this identity implies [z, 2] = 0 only for characteristic of k different from
two. For y = x one obtains [z,z] = —[z, 2|, hence 2[z,z] = 0 and [z,z] = 0. To include the
case of characteristic p = 2 one defines skew-symmetry by [z, z] = 0.

The second identity is called Jacobi identity. It arises by “derivation” of the group structure of
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4 1. BASIC NOTIONS OF LIE ALGEBRA THEORY

Lie groups. Note that the Jacobi identity does not imply associativity in general (only if the
Lie algebra is 2-step nilpotent).

For two subspaces b, € of g the space [h, €] is defined as the subspace generated by all products
[h, k] with h € b and k € €. Each element of [h, €] is a sum

[Py, ki) + oo+ [, Ky
with h; € b, k; € €. The multiplication of subspaces in a Lie algebra is commutative.
LEMMA 1.1.3. For subspaces b, of g we have [h, €] = [€, b].

PROOF. Let h € h and k € €. Then [h, k| = —[k,h] € [£,b], hence [h, €] C [¢,b]. Similarly
we obtain [¢, ] C [b, €. O

A subspace a of a Lie algebra g is called subalgebra respectively ideal, if [a, a] C a respectively
if [g, a] = [a, g] C a. The commutator algebra [g, g is an ideal in g because of the Jacobi identity.
Indeed, we have [g,[g, g]] C [g, g].

For every LSA A, hence also for every associative k-algebra the commutator defines a Lie
bracket on the underlying vector space.

LEMMA 1.1.4. Let A be an LSA with product (z,y) — x -y. Then (A,[,]) is a Lie algebra
with bracket [z,y| =z -y —y - x.

ProOF. The claim follows directly from the following identity

Ha7 b]? C] + Hb7 C]v CL] + [[67 CL], b] =
(a,b,¢) + (b,c,a) + (¢,a,b) — (b,a,c) — (a,¢,b) — (¢, b,a),

which holds in any k-algebra. U

EXAMPLE 1.1.5. Let A = M, (k) be the associative matriz algebra of n X n-matrices over k.
Then taking commutators we obtain the general linear Lie algebra gl,,(k) of dimension n?.

The Lie bracket for elements A, B € M,,(k) is given by [A, B] = AB— BA. The commutator
of gl,(k) has a “special” name.

LEMMA 1.1.6. The commutator subalgebra of gl (k) is the special linear Lie algebra
sl, (k) ={X € gl,(k) | tr(X) = 0}
of dimension n® — 1.

PROOF. We have to show that [gl,(k), gl,.(k)] = sl,,(k). Let A, B € gl,,(k). Then [A, B] €
sl, (k) because of

tr([A, B)) = tr(AB) — tr(BA) = 0.

Thus we have [gl,,(k), gl, (k)] C sl,,(k). Conversely consider the matrices E;;, having the entry
1 at position (i, j), and zero entries otherwise. We have

(1.1) (Ejks Em) = 660Ejm — 6jmEu.
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In particular, we have for j # k,m
[Ei> Erj] = Ejj — Egr,
[Ejm7 Emk] = Ejk-

These matrices generate the Lie algebra sl,, (k) for j # k. Obviously they are in the subspace of
commutators. Hence we have sl (k) C [gl,,(k), gl,(k)]. Finally, we easily see that the elements
E;; for i # j and the elements E;; — E;4q 41 for 1 <i <mn —1 form a basis of sl,,(k). It has
(n? —n) + (n—1) =n? — 1 elements. O

REMARK 1.1.7. The algebra sl,(k) is a Lie subalgebra of gl,(k), but not a subalgebra of
M, (k) with the matrix product.

1 0

Indeed, for A = B = <O q

) € sly(k) we have AB =id & sly(k).

EXAMPLE 1.1.8. For a given matriz J € gl,,(k) the subspace
a(J) = {X € gl (k) | JX + X'T =0}
is a Lie subalgebra of gl (k).
Indeed, for X,Y € g(J) we have

(X, Y)'J+J[X,Y]=Y'X"T - XY'J+JXY - JYX
=YX+ XY +JXY —JYX
=JYX - JXY +JXY —-JYX
= 0.

0 E,
(5 7)

we obtain the Lie algebra g(J) = spo,(k), the symplectic Lie algebra of order n. So a block
matrix M = (4 B) lies in spy, (k) if and only if

AL C\ [ 0 E)\ _ 0 E,\ (A B
Bt pt)\-g, o)~ " \-E, 0o)\c D)
—Ct A  [(-C -D
-pt B)=\ A B)

C'=C, B'=B, D=-A"

Thus the dimension of the symplectic Lie algebra is

For m = 2n and

hence if

hence if

dim(spa, (k) = n(n + 1) +n® = 2n* + n.

For J = E,, we obtain the Lie algebra g(J) = so0,,(k), the orthogonal Lie algebra of order m.
It consists of all skew-symmetric matrices

son(k)={X egl, (k)| X+ X"=0}.



6 1. BASIC NOTIONS OF LIE ALGEBRA THEORY

Clearly we have dim(so,,(k)) = W Sometimes we also need another representation of the

orthogonal Lie algebra, distinguishing the case m = 2n even and the case m = 2n+1 odd. One
chooses for J the first matrix for even m and the second matrix for odd m,

1 0 0
J:(Eg EO"),J: 0 0 E,
n 0 E, 0

Then we obtain two series of orthogonal Lie algebra, namely s0s,(k) and $09,.1(k). Their
dimensions are n(2n — 1) respectively n(2n + 1). Of course, these two different representations
give isomorphic Lie algebras. There is only “one” orthogonal Lie algebra for any given order
m.

EXAMPLE 1.1.9. The space of upper-triangular matrices of size n over k forms a Lie sub-
algebra of gl,,(k), which we denote by t,(k).

Clearly the strictly upper-triangular matrices form a Lie subalgebra of t,(k), which we
denote by n, (k). The Lie subalgebra of diagonal matrices in t,(k) is denoted by 0,(k). We
have the following equalities.

DNUC) + nn(k) = tn(k)a
[0, (K), nn(K)] = n,(K),
[ta(K), ta (k)] = (k).

The last equality follows from the first two equalities.

Let us explicitly consider the Lie algebra ns(k), the so-called 3-dimensional Heisenberg Lie
algebra. A basis (X,Y, Z) is given by the strictly upper-triangular matrices

010 00 0 00 1
X=(ooo],vy=|001],z=[00 0],
000 00 0 000

with Lie brackets determined by [X,Y] = Z.

1.2. Derivations and representations of Lie algebras

DEFINITION 1.2.1. Let A be a k-algebra with product (z,y) — x -y and End(A) be the
space of all vector space endomorphisms of A. A linear map D € End(A) is called a derivation
of A if

D(z-y) = D(z) -y +x- D(y)
for all =,y € A. The space of derivations of A is denoted by Der(A).
It is clear that Der(A) is a subspace of End(A) ist.

EXAMPLE 1.2.2. For the R-algebra A = C*°(R) of smooth functions the map D: A — A
with D(f) = f' is a derivation.

This follows from the product rule (Leibniz rule).
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EXAMPLE 1.2.3. The deriwvation algebra of the pre-Lie algebra A = Cx & Cy with product
rT-r=2r,x-y=1y
y-x=0, y-y=zx
is trivial. We have Der(A) = 0.
Note that A is a simple algebra, i.e., having no two-sided ideals except for 0 and A. The
Lie algebra of A is given by [z,y] = y.
Let D be a derivation of A. Write D(z) = a1 + apy and D(y) = aszx + auy. Then D(x - z) =
D(x)-x+z- D(x) is equivalent to 2cq2 — agy = 0, 80 a1 = g = 0 and D(z) = 0. In the same
way we have
D(y-y) = D(y) -y —y-D(y) = D(x) — (asz + cuy) -y — y - (asz + cuy)
= =204 — a3y
= 0.
This gives D(y) = 0 and D is the zero map.

Let us denote the Lie algebra of End(A) with commutator as Lie bracket, by gl(A). Consider
A = k™ as vector space. Then we identify gl(A) with gl,(k). The subspace Der(A) becomes a
Lie algebra with commutator as Lie bracket, too.

LEMMA 1.2.4. Let A be a k-algebra. Then Der(A) is a Lie subalgebra of gl(A).
PRroOOF. For given Dy, Dy € Der(A) we need to show that [Dy, Dy] € Der(A). For z,y € A

we have
(D1, Do)(x - y) = (D1D2) (@ - y) — (D2 D1) (2 - y)
= D1(Da(x) -y + 2 - D2(y)) — D2(Di(x) -y + 2 - Di(y))
= (D1Ds(2)) -y + - (D1D2(y))) + D2(x) - Di(y) + Di(x) - Da2(y)
— (D2D1(2)) -y — x - (D2D1(y)) — Di() - D2(y) — Da(x) - Di(y)
= [D1, DoJ() -y + 2 - [Dy, Da(y).
In the penultimate line we have added and subtracted the terms Di(x) - Dy(y) and Do(z) -
Di(y). 0
Now we can chose A to be a Lie algebra g. This yields the derivation Lie algebra Der(g).

EXAMPLE 1.2.5. Let vo(k) = kx @ ky be the 2-dimensional Lie algebra given by the Lie
bracket [x,y] =y, see Example|1.2.3. Then we have

Der(ts(k)) = {(g g) [, 8k},

To see this, we only need to check one non-trivial condition, namely for the basis elements
‘1'7 y?
D([z,y]) = [D(x), 4] + [z, D(y)].
This yields the claim. The Lie algebra Der(ta(k)) is also 2-dimensional with basis Dy, Dy
corresponding to the choices («, 8) = (0,1) and (o, 8) = (1,0)), and [Dy, Ds] = Ds. So the Lie
algebras Der(ty(k)) and to(k) are isomorphic (can be rewritten).
There are several generalizations of derivations. For a particular one see [4]:
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DEFINITION 1.2.6. A k-linear map P: g — g is called a prederivation of g if

P, [y, 2]]) = [P(x), [y, 2]] + [, [P(y), 2] + [z, [y, P(2)]]
for all x,y,z € g.

the space of prederivations of g forms a Lie subalgebra Pder(g) of gl(g) containing the Lie
algebra Der(g).

LEMMA 1.2.7. Let g be a Lie algebra. Then Der(g) C Pder(g).
PROOF. Let D € Der(g). Then we have

D[z, [y, 2]]) = [z, D(ly, 2])] + [D(x), [y, =]
Substituting D([y, z]) = [D(y), z] + [y, D(z)] we obtain

D[z, ly, 2]]) = [, [D(y), 2]] + [, [y, D(2)] + [D(2), [y, 2]]-

0J
EXAMPLE 1.2.8. We have Pder(ty(k)) = Der(to(k)), but
a 6 0
v ¢ ate

which is different from Pder(ng(k)) = gls(k).

Recall that the Lie bracket of ns(k) is given by [z,y] = 2, so that we have [[u,v],w] = 0
for all u,v,w € ng(k). Hence every term in the prederivation identity is equal to zero.
Hence every P € gl(k?) is a prederivation. On the other hand, Der(nz(k)) consists of the linear
maps D = (a;j)1<i j<3 With a13 = a3 = 0 and ag3 = ay; + ax. We have D(Z) C Z, where
Z = (z) is the center. Note that nz(k) has nonsingular derivations. In this respect, there are Lie
algebras having only nilpotent derivations. They are called characteristically nilpotent. Here is
an example. Consider a 7-dimensional Lie algebra g with basis (eq, ..., e;) and Lie brackets

le1, ;] = €1, 2<1i<6,
lea, €3] = €6 + €7
[62,64] = e7.

Then all derivations in Der(g) are nilpotent. However, there are even invertible prederivations,
such as P = diag(1, 3,3,5,5,7,7). Note that dim(Der(g)) = 11 and dim(Pder(g)) = 16.

REMARK 1.2.9. Every prederivation of a finite-dimensional semisimple Lie algebra g over
a field k of characteristic zero is a derivation, and hence an inner derivation, i.e., Pder(g) =

Der(g) = ad(g).

Let us now come to Lie algebra representations.

DEFINITION 1.2.10. A Lie algebra homomorphism ¢: g — b is a linear map satisfying
o([z,ylg) = [p(x), o(y)]p for all z,y € g. It is called a Lie algebra isomorphism if ¢ is bijective.

DEFINITION 1.2.11. A representation of a Lie algebra g over k is a pair (V] p) consisting of
a k-vector space V and a homomorphism of Lie algebras p: g — gl(V). If p is injective, the
representation is called faithful.
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REMARK 1.2.12. The term representation means that an abstract Lie algebra g is expressed
in terms of explicit matrices. If it is faithful, we realize g this way as a Lie subalgebra of gl (k).
The famous Theorem of Ado and Iwasawa says that every finite-dimensional Lie algebra over
a field k£ has a finite-dimensional faithful representation.

EXAMPLE 1.2.13. The linear map ad(x): g — g given by ad(z)(y) = [z,y] defines a Lie
algebra representation
ad: g — gl(g), x+— ad(x).

Indeed, we have

[ad(z), ad(y)](2) — ad([z, y])(2)

Il
X
=
i

|
=
X
o

|
X
=,
X

The representation ad: g — gl(g) is called the adjoint representation of g. It also is a repre-
sentation of g into the subalgebra Der(g) C gl(g).

PROPOSITION 1.2.14. The endomorphisms ad(x) are derivations of g. For D € Der(g) and
x € g we have [D,ad(z)] = ad(D(z)). Hence ad(g) is a Lie ideal in Der(g), called the ideal of
inner deriwations.

PROOF. For z,y, z € g we have
ad(z)(ly, 2]) — [ad(2)(y), 2] — [y, ad(@)(2)] = [z, [y, 2]] — [z, 9], 2] = [y, [z, 2]]

Furthermore

The kernel of the homomorphism ad: g — gl(g) is called the center of g,

Z(g)={vegllr,yf=0Vyeg}
It coincides with Zy(g) defined below.

DEFINITION 1.2.15. Let A C g be a subset of a Lie algebra g. Then the centralizer of A in
g is defined by
Zy(A)={reg|lr,yl =0 Vye A},
and the normalizer of A in g is defined by
Ny(A) ={zeg|lz,y €A Vye A}
Both centralizer and normalizer are Lie subalgebras of g and Z,(g) = Z(g).

Let us define sly(k) = kz @ ky @ kh abstractly (so not by explicit matrices) by the Lie brackets
[ZL‘7’y] = h7 [I’, h] = —2z and [y7 h] =2y.
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EXAMPLE 1.2.16. The map

. 0 1 . 00 [N 1 0
0 0) 10) 0 —1)°
defines a 2-dimensional representation of sly(k).

Indeed, let ¢: sly(k) — gl(k?) be the linear map, defined on a basis as above. Then we have

eeal=om = (5 ) =[(0 0) (1 0)] = letarewmn
Similarly we see that ¢([z, h]) = [¢(z), ¢(h)] and @([y, h]) = [(y), ¢(h)].

ExXAMPLE 1.2.17. The adjoint representation of sly(k) is the 3-dimensional representation
given by

0 0 -2 0 00 2 0 O
ad(z)=({0 0 0 |, ad(y)=10 0 2], adh)=|0 -2 0
01 0 -1 0 0 0 0 0

The identity map defines an n-dimensional representation of the Lie algebra g, (k):
id: gl (k) — gl(k").

It is called the natural representation. This term is also applied to any subalgebra of g C gl,, (k)
see Example [1.2.16

If (p,V) a representation of a Lie algebra g, then we obtain by z.v = p(z)(v) a k-bilinear
operation g x V' — V| (x,v) — x.v such that for all x,y € g and all v € V|

(1.2) [z, yl.v =x.(y.v) — y.(x.v).

Then V together with this map is called a g-module M. We often identify the terms g-module
M and representation p of g.

EXAMPLE 1.2.18. The trivial action z.v =0 for all x € g and v € V' equips every k-vector
space V' with a g-module structure.

The field k£ equipped with the trivial action is called the trivial representation. The zero
space equipped with the trivial action is called the zero representation on g.

DEFINITION 1.2.19. A linear map ¢: V — W between two representations, i.e., g-modules
V and W of a Lie algebra g is called a homomorphism of representations or g-module homo-
morphism if
o) =z.p(v) VveV,xeg.
Two representations are called isomorphic, if there is a homomorphism between them, which
is an isomorphism of the underlying vector spaces. A subspace U of a representation V of g is
called a subrepresentation if z.u € U for all x € g,u € U.

ExXAMPLE 1.2.20. For a linear form A € g* on g the map py: g — gl(k) with x — \(x) is a
representation if and only if X\ vanishes on |g, g].

The linear forms of g vanishing on [g,g] are called characters of g. The 1-dimensional
representation then is denoted by k). The map A\ — k) induces a bijection of (g/[g, g])* and
the isomorphism classes of all 1-dimensional representations of g.
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DEFINITION 1.2.21. A representation V' of a Lie algebra g is called simple, or irreducible, if
it is nonzero and its only proper subrepresentation is the zero representation.

LEMMA 1.2.22. If ¢: V — W is a homomorphism of representations of a Lie algebra g,
then ker(p) is a subrepresentation of V' and im(yp) is a subrepresentation of W.

If U C V is a subrepresentation of V', then there is exactly one representation of g on the
quotient space V/U such that 7: V' — V/U, v — v+ U is a homomorphism of representations.
We call V/U the quotient representation.

REMARK 1.2.23. The ideals of a Lie algebra g are exactly the subrepresentations of the
adjoint representation of g.

If U is a subrepresentation of V', then a subrepresentation W C V is called a complement
of U in V if V is the direct vector space sum of U and W, ie., if V = U @& W. The map
UaeW =V, (u,w) — u+ w then is an isomorphism of representations.

DEFINITION 1.2.24. A representation V of g is called semisimple, if each subrepresentation
has a complement.

A simple representation only has 0 and V' as subrepresentations and hence is semisimple.

LEMMA 1.2.25. Subrepresentations and quotient representations of semisimple representa-
tions are semisimple.

PROOF. Let V be a semisimple representation and W C V be a subrepresentation. Let us
show first that W is semisimple. So let U C W be a subrepresentation. We have to find a
complement of U in W. Since V is semisimple there is a complement U’ of U in V, so that
V =U®U'. But then U NW is a complement of U in W, because

Un@U' nw)cunU' ={0},

and because of W C U 4+ U’ and U C W we also have W C U + (U’ "W). Hence we have
U'nwW)yaeU=Ww.

Secondly, we show that V /W is semisimple. Let w: V' — V/W be the canonical projection and
W’ be a complement of W in V. Then 7 |y : W — V/W is an isomorphism of representations.
Since W’ is semisimple by the first part, this is also true for V/W. ([l

We can now state the following important result for semisimple representations (we always
assume that the representations are finite-dimensional).

PROPOSITION 1.2.26. For a representation V' of a Lie algebra g the following assertions are
equivalent:
(1) V is semisimple.
(2) V is the sum of simple representations.
(3) V is the direct sum of simple representations.

REMARK 1.2.27. The result enables us to reduce the classification of semisimple represen-
tations of a Lie algebra g to the case of simple representations.

ExXAMPLE 1.2.28. Let g = C be the 1-dimensional Lie algebra with trivial Lie bracket and
V' = C? be the representation of g defined by 1.v = (3 §)v. Then V is not semisimple.

Assume that V' is semisimple. Then V is the direct sum of two 1-dimensional representations

since V' itself is not simple. Then there exists a basis in which the matrix (§ ) has block form,

i.e., is of the form (9 ). This is impossible since the matrix is not diagonalizable.
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DEFINITION 1.2.29. For representations V' and W of a Lie algebra g denote by Homg(V, W)
the space of homomorphisms ¢: V' — W of representations. Define Endy(V') = Homy(V, V).

It is clear that End,y (V) is an associative subalgebra of End (V) ist. Denote by k an algebraic
closure of k.

PROPOSITION 1.2.30 (Lemma of Schur). Let V' and W be simple representations of g. Then
we have:

(1) Homy(V,W) =0, if V and W are not isomorphic.
(2) Endy(V) is a division algebra, i.e., every nonzero element is invertible.

(3) If dimy V < o0 and k = k, then Endy(V) = k - id.

PRrOOF. For (1): Let ¢: V — W be a homomorphism of g-representations. If ¢ # 0, then
©(V) € W is a subrepresentation, different from the zero representation. Since W is simple, we
obtain (V') = W. Similarly we see that ker(p) = 0. Hence ¢ is an isomorphism, i.e., V = W.

For (2): It is clear that Endg(V') is an algebra. Let ¢ € Endg(V') be different from zero. As in
(1) we see that ¢ is invertible.

For (3): Let ¢ € Endy(V'). Since k is algebraically closed, the characteristic polynomial x,,(t) =
det(¢ — tid) has a root A in k. Hence there is an eigenvector v # 0 to the eigenvalue A. Since
the eigenspace V*(¢) of ¢ corresponding to ) is a subrepresentation of V, it follows that
VX (p) =V, since V is simple. Hence ¢ = Aid and End,(V) = k - id. O

COROLLARY 1.2.31. Let p: g — gl(V') be a simple representation of a Lie algebra g over an
algebraically closed field k. Then the only endomorphisms of V' commuting with all p(z), x € g
are the scalars, i.e., the X\ -id with X € k.

PRrOOF. Let ¢ € End(V) and z.v = p(x)(v). Then ¢ € Endg(V) if ¢(z.v) = z.(v), see
the definition of a g-module homomorphism. Using p this condition reads as (¢ o p(x))(v) =
(p(z) o p)(v). Hence ¢ commutes with all p(x). By Schur’s Lemma it follows that Endg(V') =
k-idy. 0J

REMARK 1.2.32. Schur’s Lemma need not be true if k is not algebraically closed. Indeed,

consider the simple representation of g = R over k¥ = R in the real vector space V = C = R?,
where A € g acts on V' by multiplication with Ai. Then Endy(V) =C-id #R-id = k - id.
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1.3. Semidirect sums of Lie algebras

Suppose that g;, j € J is a family of Lie algebras. Then we can form the direct sum of the

vector spaces g;,
9= @ 9;-
jeJ
The elements of g are denoted by (z;). Then [(x;), (v;)] = ([x;,y;]) defines a Lie bracket for g.

This Lie algebra is called the direct sum or direct product of the Lie algebras g;. Here the term
“product” refers to the underlying Cartesian product, which gives the name for the group case.

DEFINITION 1.3.1. Let g be a Lie algebra, a be a subalgebra in g and b an ¢deal of g such
that we have g = a@® b as vector spaces. Then g is called the inner semidirect sum (or product)
of a and b. We write g = a x b.

Note that a semidirect sum g = a x b is direct if and only if both summands are ideals in g.

LEMMA 1.3.2. Let a and b be Lie algebras and ¢: a — Der(b) be a Lie algebra homomor-
phism. Then we obtain a Lie bracket on g =a x b by

(1.3) [(z,a), (y,b)] = ([, ], [a, 0] + () (b) — (y)(a)).
This Lie algebra is denoted by g = a X, b.

PRrOOF. Clearly we have [(z,a), (z,a)] = (0,0). Let

J(z,y,2) = [z, [y, 2]l + [y, [z, 2] + [2, [z, o]
for x,y,z € a x b. Note that J(x,y,z) = J(y,z,z) = J(2,z,y). One may check that J is
trilinear, so we may restrict ourselves for verifying J = 0 to the following four cases:

x,y,z2 € b,
r,y €b,zeaq,
rebyzea,

T,Y,z € a.

In the first and the last case we obtain J = 0, because b respectively a is a Lie algebra. The
other two cases follow from the facts that the images of ¢ are derivations of b and that ¢ is a
Lie algebra homomorphism. ([l

DEFINITION 1.3.3. The Lie algebra g = a x,, b is called the outer semidirect sum of a and
b.

Obviously a x 0 = a is a subalgebra in g, and 0 x b = b is an ideal in g. Hence g is also an
inner direct sum of a and b. Conversely the following holds.

PROPOSITION 1.3.4. Let g be an inner semidirect sum of a and b, and ¢ as above. Then
ax,b—g, (x,a) = x4+ a is an isomorphism of Lie algebras.

REMARK 1.3.5. A semidirect sum g = a X b corresponds to a split short exact sequence of
Lie algebras,
0—-b—g Boa o,
Here split means that there is a Lie algebra homomorphism 7: a — g such that o7 = id,.

Let D: g — gl(V) be a representation of g, where we consider V' as an abelian Lie algebra.
Then we have Der(V') = gl(V'). Hence (1.3) shows the following.
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EXAMPLE 1.3.6. The semidirect product g x V with abelian Lie algebra V becomes a Lie
algebra by

[(z,0), (y, w)] = ([, 9], D(x)(w) = D(y)(v)),
forx,y €egandv,weV.
For g = gl(V') and D = id we obtain the Lie algebra
aff(V) ==gl(V) x V

with Lie bracket [(A,v), (B,w)] = ([A, B], Aw — Bv). Identifying V' with k", we obtain that
aff(V') is isomorphic to the following subalgebra of gl,, 1 (k):

aff(V) = {(‘g g) | Ae M,(k),ve k"} .
The Lie bracket here is given by the commutator of matrices,
[A v B w]_ [A,B] Aw — Bv
0 0/)’\0 0/ 0 0

The algebra aff(V') is the Lie algebra of the group Aff(V') of affine transformations La,:V —
V, x — Ax +v.
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1.4. Simple, semisimple and reductive Lie algebras

DEFINITION 1.4.1. A Lie algebra g is called simple, if its adjoint representation is simple.
It is called reductive, if its adjoint representation is semisimple.

Because of remark we see that g is simple if and only if g has only the two ideals 0
and g, and the commutator [g, g] is nonzero, so that [g, g] = g. As in group theory, Lie algebras
coinciding with their commutator ideal are called perfect.

By definition g is reductive if and only if for every ideal a in g there is a complementary
ideal b in g such that

g=adb.
Note that a reductive Lie algebra need not be semisimple.

REMARK 1.4.2. A Lie algebra g is simple if and only if it is nonabelian and every nonzero
homomorphism of Lie algebras ¢: g — b is injective.

In the theory of k-algebras, semisimple is equivalent to being a sum of simple algebras. We
take this as a definition here.

DEFINITION 1.4.3. A Lie algebra g is called semisimple, if it is a direct sum of simple Lie
algebras.

Obviously every simple Lie algebra is semisimple. The converse is not true. Furthermore
every semisimple Lie algebra is reductive.

LEMMA 1.4.4. Let g be a semisimple Lie algebra. Then g is perfect, reductive and has a
trivial center.

PROOF. Let g be semisimple. Then there exist simple Lie algebras g; with g = @@ s 95
Since all g; are perfect we obtain

9.9 = Ploj 011 = Poi =9
jeJ jed
Now every g, is a simple ideal in g, and therefore a simple subrepresentation of the adjoint

representation of g. Thus the adjoint representation of g is semisimple by Proposition [1.2.26}
and hence g is reductive.

Since Z(g;) is an ideal in g;, it is zero or g;. The latter is impossible since g, is nonabelian by
assumption. Hence we have Z(g;) = 0 and

Z(g) = @Z(gj) = 0.

We can say more on the structure of reductive Lie algebras.

PROPOSITION 1.4.5. Let g be a reductive Lie algebra. Then the following holds.

(1) For any ideal a in g, both a and g/a are reductive.
(2) We have g = [g,9] ® Z(g), where [g, g] is semisimple.
(3) g 1s semisimple if and only if Z(g) = 0.
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PROOF. For (1): by assumption there is an ideal b in g with g = a @ b. In particular we
have [a,b] = 0, so that every ideal of a is an ideal of g. The ideals of a are hence just the
subrepresentations of the adjoint representation of a, which is semisimple by Lemma [1.2.25]
Hence there exists to every ideal in a a complementary ideal in a, so that a is reductive. Because
of g/a = b we see that g/a is reductive by the above argument applied to the ideal b.

For (2): Since the adjoint representation of g is semisimple, the subrepresentation [g, g] has a
complement W and we have g = [g, g] ® W. Since [g, W] C [g,g] "W = 0 we have W C Z(g),
so [g,9] + Z(g) = g. The sum is in fact direct: the subrepresentation [g, g] is semisimple, so
that there exists a complement U of [g,g] N Z(g). So we have U @ (g, g] N Z(g)) = [g,9]. On
the other hand we have

9,0] =[9,[9,0] + Z(9)] = [g,[8, 0] = [9, U] C U,

hence [g,g9] N Z(g) = 0. Finally, we need to show that the Lie algebra [g, g] is semisimple. The
subrepresentation [g, g] of the adjoint representation of g is semisimple, hence it is a direct sum
of simple representations g;, j € J, which are also ideals in g. We have [g;,g;] =0 for i,j € J.
So we see that the ideals g; are simple. Hence their direct sum is semisimple.

For (3): Assume that Z(g) = 0. Then g = [g, g] is semisimple by (2). Conversely assume that
g is semisimple. Then Z(g) = 0 by Lemma[1.4.4] O

We want to show that the Lie algebra sly(k) is simple, except for characteristic 2, where it
is the Heisenberg Lie algebra, without using any structure theory.

PROPOSITION 1.4.6. Let k be a field of characteristic different from two. Then the Lie
algebra sly(k) is simple.

PROOF. Let a be a nonzero ideal in sly(k) and w € a with w # 0. We can write w =
ax + Py + vh in the basis (z,y, h) of sly(k) with [x,y] = h, [x,h] = —22 and [y, h] = 2y. We
need to show that a = sly(k). We have

(2, [, w]] = [, Bh — 29a] = ~26z € a,

[y7 [y7 U}H = —QOéy ca
For o nonzero we have y € a, and then h = [z,y| € a, ax = w — Sy —vh € a, hence a = sly(k).
For 8 nonzero we obtain a = sly(k) the same way. For @« = = 0 we have w = vh € a

with v # 0, hence h € a. Then we have 2z = [h,z] € a and 2y = [y,h| € a, so that again
a=sly(k). O

What about the Lie algebra gly(k), in characteristic zero? We have gly(k) = sla(k) @ k, so
that it is reductive. These result do not only hold for n = 2, but in general. Let us state the
following result here without proof.

PROPOSITION 1.4.7. Let k be a field of characteristic zero. Then the Lie algebra gl,(k) is
reductive and its commutator subalgebra sl, (k) is simple.

For a proof see [10] and Corollary [2.2.15]

1.5. Classification of simple representations of sly(C)

We already know simple representations of sly(C) in low dimensions, namely the trivial
representation in dimension 1, the natural representation in dimension 2 and the adjoint repre-
sentation in dimension 3. We will prove now that there is up to isomorphism a unique simple
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representation in any dimension n > 1. Let k[X]| = k[xy,...,z,] be the polynomial ring in n
variables and let 0; be the partial derivative with respect to the variable x;.

LEMMA 1.5.1. The linear map

p: gl (k) — gl(k[X]),
Eij —> xi(?j

is a representation of gl, (k) on the polynomial ring k[X].
PRrROOF. For all polynomials p € k[X]| we have the formula
2;0;2,00(p) = 0,2;04(p) + ;20,04 (p)-
This yields
[p(Eij), p(Ere)] = [2:0;, 20,]

= jkxiaf - 5&‘%8]'

= P(5jkEw - 5&‘Ekj)

= p([Eijs Exe]).

U

THEOREM 1.5.2. In every dimension n > 1 there is up to isomorphism exactly one simple
representation of sly(C).

PROOF. First we construct for every dimension n a simple representation of sl(C). Then we
show that every two simple representations of dimension n are isomorphic. Let (z,y, h) be the
standard basis of sl3(C). By Lemma we obtain a representation p: sly(k) — gl(k[X,Y])
by

p($) = X0y,
p(y> =Yy,

However, this representation is neither finite-dimensional nor simple. But we can consider the
subrepresentation V' (m) formed by the polynomials of fixed total degree m, given by

V(m) = k[X,Y]" C k[X,Y]

This representation has dimension m + 1 with basis v; = Y'X™ % for 4 = 0,1,...m. With
respect to this basis the action of sly(k) on V(m) is given as follows:

Tr.v; = ’iUi_l,
yvp = (m — i)viy1,

h.v; = (m — 2i)v;.

Here we set v_; = v,,,41 = 0. The representing matrices are given by
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0 1 0 0 0O 0 0 0
0 0 2 - : m 0 0 0
plx)=|[: - o |, Py)=10 -
m—1 2 0 0
0 0 0 0 0 0 1 0
and
m 0 0 0
0 m-—2 0 0
p(h) =] : .
0 0 . 2—-m 0
0 0 0 —-m

These representations are simple. Indeed, every nonzero subrepresentation U C V(m)
contains an eigenvector for h, hence one of the v;, since we have h.U C U by definition. The
formulas then immediately imply that U = V(m). First we have vg € U by repeated action of
x, then vy, vy, ... v, by action of y. So we have found a simple representation in each dimension
m > 1.

Now we have to show that any two simple representations of dimension m are isomorphic. Let
p: sly(C) — gl(V) be an arbitrary representation of dimension m and

Vi = ker(p(h) — pid)
be the eigenspace of p(h) corresponding to the eigenvalue p € C. We have
h.(x.v) —z.(hov) = [h,z]v = 220,
h.(z.v) =z.(h+2).v,
and hence z.V, C V,45. In the same way we see that y.V, C V,_5 because of h.(y.v) =
géiiﬁ:e \E)i.s.ﬁnite—dimensional and nonzero there is a A € C with V), # 0, but Vy,» = 0. For

v € V) we obtain x.v = 0 and h.v = Av. By induction we verify the following identities, with
y.(y.v) = y*.v and so on for all n > 1:

h.(y".v) = (A —2n)y".v,
z.(y"v) =nA —n+ 1y" Lo

Thus the subspace generated by all y™.v with n > 0 is a subrepresentation. Assuming now
that V is simple and v # 0, we see that the y".v span all of V. If y".v # 0 then all elements

v,y.v,...,y".v are eigenvectors of h to pairwise distinct eigenvalues, and hence linearly inde-
pendent. Because of dimV < oo there exists a d > 1 such that y%.v = 0. Choosing this d
minimal, the set of vectors (v,y.v,...,y9 1.v) is a basis of V and we have dimV = d. Now

y®.v = 0 implies that
0=uz.(y’v) =d\—d+ 1)y,
and therefore A = d — 1, since we had assumed that d # 0 and y¢!'.v # 0. For every simple

representation p of sl;(C) the matrices for p(x), p(y) and p(h) in the basis (v,y.v,...,y¢ 1 v)
only depend on d. Hence any two of them in the same dimension are isomorphic. 0
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Every simple representation V' (m) of dimension m + 1 of sly(C) decomposes under h in
1-dimensional eigenspaces to the eigenvalues m,m —2,...,2 —m, —m. We write

V:Vm@vm—2@®‘/2—m@v—m

REMARK 1.5.3. The Lie algebra sly(C) is isomorphic to the complexified Lie algebra of the
rotation group SO3(R) and its universal cover, the spin group S, i.e.,

5[2(@) ~C XRr Lle(803(R)) ~C KRR Lle(Sg)

It follows from Theorem that the dimension induces a bijection between the simple finite-
dimensional continuous complex representations of S® up to isomorphism, and the set of positive
integers. In fact, the integers corresponding to SO3(R) are {1,3,5,7,...}.

1.6. Abelian, nilpotent and solvable Lie algebras
Let g be a nonzero Lie algebra if not said otherwise.
DEFINITION 1.6.1. A Lie algebra g over k is called abelian, if [g, g] = 0.

An abelian Lie algebras has a trivial Lie bracket. So it is just a k-vector space like k™. Note
that an abelian Lie algebra g # 0 is not semisimple by definition, but only reductive. Let us
inductively define two sequences of ideals of g:

e The descending central series g° = g, g' = [g,9],...,9"" = [g, ¢'];
e The derived series g =g, gV = [g,g],..., g = [g@, g@].

We have g° € g“ ! and g C g Y. The next lemma shows that indeed all subspaces g' and
g are Lie ideals in g.

LEMMA 1.6.2. Let a and b be ideals in g. Then also a+b, anb and [a,b] are ideals in g.

PRrOOF. The first two claims are obvious, and the third one is implied by the Jacobi identity,
which we have already shown earlier in the special case of g = a = b for the commutator ideal.
So we have

(9, [a,b]]  [[g, a], b] + [a, [g, b]]
C [a,b] + [a, b]
C [a, b].
Here we used that [g,a] C a and [g, b] C b. O

DEFINITION 1.6.3. A Lie algebra g # 0 is called k-step nilpotent, if g& = 0 and gF=! # 0. It
is called k-step solvable if g*) = 0 and g1 #£ 0.

We may consider the zero Lie algebra as being nilpotent and solvable, too. Abelian Lie
algebras are solvable and nilpotent of step or class 1. Because of g C g’ every nilpotent Lie
algebra is solvable. If g is solvable of class k, then we obtain an identity of iterated Lie brackets
with 2% elements. For, say, k = 3 the condition g®) = 0 reads as

[[z1, w2], [23, 24]], [[75, 6], [27, 25]]] = O

for all x; € g.
EXAMPLE 1.6.4. The Heisenberg Lie algebra ng(k) is 2-step nilpotent.
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Note that the center of nz(k) is 1-dimensional and hence abelian. So ng(k) is 2-step solvable
and 2-step nilpotent. This explains again, why sly(k) = n3(k) is nilpotent in characteristic two.

EXAMPLE 1.6.5. The Lie algebra t,(k) of upper-triangular matrices is solvable and its com-
mutator algebra n, (k) is nilpotent.

LEMMA 1.6.6. Forr,s € N we have [g", g°] C g" 1.

Proor. We show this by induction on » > 0. For » = 0 the claim is true by definition.
The step r +— r + 1 goes as follows:

el = [lg, 0'], 9]
C [lg, 9%, 0" +[g,[9° 0"]]

C [gr7gs+1] + [g’ gr—i-s—i-l]
C gr+s+2 4 gr+s+2

g

C gr+s+2.

REMARK 1.6.7. A Lie algebra g is called residually nilpotent, if
ﬂ g'=0.

If g is finite-dimensional, then this is equivalent to being nilpotent. In general however, a
residually nilpotent Lie algebra need not be nilpotent.

PROPOSITION 1.6.8. Let g be a nilpotent Lie algebra. Then we have the following statements:
(1) For any ideal a # 0 in g we have aN Z(g) # 0. In particular we have Z(g) # 0.

(2) Every subalgebra and every homomorphic image of g is nilpotent.
(3) Given a short exact sequence of Lie algebras

0O—=a—=bh—=>9g—0

where both a and g = b/a are nilpotent, and with a C Z(h), then it follows that also b
18 nilpotent.

PRrOOF. For (1): Since a is an ideal in g we have that g acts on a by the adjoint represen-
tation. By Lemma [1.6.13| there is a v # 0 in a such that 0 = g.v = [g,v], so with v € aN Z(g).
This shows the claim. On the other hand, there is also a direct proof. If g is nilpotent of class
k then g1 # 0 and g* = [g,g""!] = 0, hence g*~* C Z(g).

For (2): If a is a subalgebra of g then we have a™ C g" for all n > 0. Hence also a is nilpotent. If
©: g — b is a surjective Lie algebra Homomorphism then ¢(g™) = h". Hence also b is nilpotent.

For (3): Let m: h — bh/a be the quotient map. Since h/a is nilpotent, there exists a n > 1 with
(h/a)™ = 0. Because of (2) we then have w(h") = (h/a)” = 0. Hence h” C a C Z(h), and thus
htt C (b, Z(h)] = 0. O

There is an important remark for (3). If a and h/a are nilpotent then b need not be nilpotent
in general. So we cannot abandon the condition that a C Z(h). Nilpotency is not an extension
property in general. We demonstrate this with an example.
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EXAMPLE 1.6.9. Let h = vo(k) with [z,y] =y, and a = ky be an ideal in h. Then a and
h/a are nilpotent, but b is not nilpotent.

Indeed, a and h/a are 1-dimensional and hence abelian and nilpotent. On the other hand
we have h” = ky for all n > 1. So b is not nilpotent.

LEMMA 1.6.10. Let a and b be nilpotent ideals in g. Then the ideal a + b is nilpotent.

Proor. We show that
(a+b)* Ca™+b™
for all m > 0. Then the claim follows by choosing m so big that a™ = b™ = 0. The case m = 0
is clear. Let
y = [z1, [T2, [23, . ., [Bom, Tomia] -+ ]]] € (a+0)*™,

where we may assume that x; € aUb. If at least m + 1 of the x; are in a, we have y € a™. If
this is not the case then there are at at least m + 1 of the x; in b, and hence y € b™. Since we
can write every element of (a + b)?™ as a sum of elements of the form of y , we are done. [

The lemma shows that there exists a mazimal nilpotent ideal in a finite-dimensional Lie
algebra. Indeed, if n is a nilpotent ideal of maximal dimension in g and a an arbitrary nilpotent
ideal in g, then a + n is again a nilpotent ideal. Then n = n + a by dimension reasons. Hence
a C n, so that n contains every nilpotent ideal. So it is maximal. Also, it is uniquely determined.
So the following definition makes sense.

DEFINITION 1.6.11. Let g be a finite-dimensional Lie algebra. Then the maximal nilpotent
ideal in g is called the nilradical of g, and is denoted by nil(g).

Now we want to come to Engel’s Theorem. We’ll need the following lemma.

LEMMA 1.6.12. Let V' be a g-module and a be an ideal in g. Then
Vi={veV|av=0}
1s a submodule of V.
PROOF. Let w € V* z € gand y € a. Then [y, z| € a and
y.(z.w) = [y, x].w + z.(y.w) = 0.
Hence we have x.w € V*°. 0J

LEMMA 1.6.13. Let V' be a nonzero vector space over a field k and g < gl(V') be a finite-
dimensional subalgebra such that every element in g is a nilpotent endomorphism of V.. Then
there is av € V, v # 0, with g.v = 0.

PROOF. Let x € gl(V') be a nilpotent endomorphismus. Then also ad(z) € End(gl(V)) is
nilpotent. Indeed, ad(x)"(y) is, for all y € gl(V'), a linear combination of terms of the form
rlyz™". Hence 2" = 0 implies that ad(z)*® = 0. More generally we have, for z,y in an
associative algebra,

n . n n—i, i n—i
@) ) =3 (7)ot
i=0
We show the lemma by induction on dim g. The case dim g = 0 is clear. We may assume that
the claim is true for all Lie algebras h with dim bh < dim g.

Claim 1: For every proper subalgebra by of g the normalizer Ny(b) is strictly larger than b. To
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see this, consider the canonical homomorphism p: h — gl(g/h) with p(z)(y + b) = [z,y] + b.
This turns the quotient space g/b into an h-module. Since z € b is nilpotent, so is ad(z). Hence
for every x € b there exists a n > 1 such that ad(z)” = 0, hence also with p(z)” = 0. Because
of dimbh < dim g we can apply the induction hypothesis to the Lie subalgebra p(h) of gl(g/h).
So it exists a ¥ € g/b, v # 0 with (g/h).v = 0. Hence there is a v € g\ b with p(h)(v +bh) =0,
and hence with [v, h] C h. This yields v € Ny(h) \ b.

Claim 2: g contains an ideal a of codimension one. To see this, let a be a proper subalgebra
in g of maximal dimension. Then Ny(a) is strictly larger than a by Claim 1. So Ny(a) = g and
a is an ideal in g. For « € g\ a we also have that a4 kz is a subalgebra of g, hence g = a + kz.
In particular, a has codimension one.

Now we can finish the induction by applying the hypothesis on a C gl(V'). We obtain
Vi={veV |av=0}#0.

By Lemma [1.6.12 this is a g-submodule of V. For z € g\ a the restriction of = to V* is a
nilpotent endomorphism of V. Hence by assumption there exists a w € V*\ 0 with z.w = 0.
Since we have g = a + kx, this gives then g.w = 0 and we are done. O

Under the assumptions of Lemma we note the following corollary.
COROLLARY 1.6.14. In V there exists a chain of subspaces
0O=WwcWwc...cV,=V
with dimV; =1 and g.V; CV,_y fori=1,...,n.
Hence there is a basis of V' such that the matrices of elements in g are all strictly upper

triangular matrices. If g is not yet a linear Lie algebra, we can consider a representation p of
g, for example the adjoint representation. Then the image p(g) is a linear Lie algebra.

DEFINITION 1.6.15. A representation p: g — gl(V') is called nilpotent, if there is an n > 1
such that p(z1)--- p(x,) =0 for all zy,...,x, € g.

Then we write p(g)" = 0. We want to show that the adjoint representation of g is nilpotent
if and only if g is nilpotent. We note the following lemma.

LEMMA 1.6.16. A representation p: g — gl(V') is nilpotent if and only if there is a basis of
V', such that the matrices of all p(x) are strictly upper-triangular.

Here now is Engel’s Theorem.

THEOREM 1.6.17 (Engel). Let p: g — gl(V) be a finite-dimensional representation, for
which all p(x) are nilpotent endomorphisms. Then p is a nilpotent representation.

Proor. We'll show the result by induction on dim V. The case dim V' = 1 is clear, because
every nilpotent linear map of a 1-dimensional vector space is zero. The induction step goes as
follows. By Lemma we know that V¢ # 0 and hence that V¢ is a nontrivial submodule
of V' with quotient module V/V®. Let p: g — gl(V/V?) the induced representation of g on
V/V8. Then also the endomorphisms p(z) are nilpotent and we may apply the induction
hypothesis on V/V9. So the representation p is nilpotent, i.e., p(g)".(V/V9) = 0. But this
implies p(g)™.V C V9 and hence p(g)" ™.V = 0. O

For the adjoint representation p = ad we obtain the following corollary.
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COROLLARY 1.6.18 (Engel). A finite-dimensional Lie algebra g over an arbitrary field k is
nilpotent if and only if every endomorphism ad(x) for x € g is nilpotent.

Now we want to generalize this to solvable Lie algebras. The analogue to Proposition [1.6.8
is the following result.
PROPOSITION 1.6.19. Let g be a Lie algebra. Then the following assertions hold.
(1) If g is solvable then all subalgebras and all homomorphic images of g are solvable.
(2) Given a short exact sequence of Lie algebras

0O—=a—=h—=>9g—0

with both a and g = h/a solvable, we have that by is solvable. Hence solvability is an
extension property.
(3) If a and b are solvable ideals in g, then also the ideal a + b is solvable.

PROOF. For (1): If ais a subalgebra of g then a®™  g(™). So g™ = 0 implies that a™ = 0.
If o: g — b is a surjective homomorphism, then we obtain inductively that ¢(g™) = h™, and
thus h™ = 0 provided that g™ = 0.

For (2): Let m: h — h/a be the quotient map. Then we have 7(h™) = (h/a)™ since 7 is
surjective. By assumption (h/a)™ = 0, so that h™ C a and hence h™*™ C a™ = 0 for a
m > 0, since a is solvable. Consequently b is solvable, too.

For (3): By assumption and by (1), b/(aNb) = (a+ b)/a is solvable. By (2), also a + b is
solvable. O

Contrary to nilpotent Lie algebras a solvable Lie algebra may have trivial center, for example

By (3), every finite-dimensional Lie algebra g has a largest solvable ideal.

DEFINITION 1.6.20. Let g be a finite-dimensional Lie algebra. The largest solvable ideal in
in g is called the solvable radical of g, and we denote it by rad(g).

LEMMA 1.6.21. Let g be a finite-dimensional Lie algebra. Then we have

rad(g/rad(g)) = 0.

PROOF. Let m: g — g/ rad(g) be the quotient map and let a be a solvable ideal in g/ rad(g).
Then rad(g) C 7 !(a) is a solvable ideal with a solvable quotient

m~'(a)/rad(g) = 7(r "' (a)) = a.

Hence 7 !(a) itself is a solvable ideal of g, hence 7~!(a) C rad(g). It follows that a =
(7 !(a)) = 0 in g/ rad(g). O

LEMMA 1.6.22. Let g be a semisimple Lie algebra. Then rad(g) = 0.
PROOF. Since ideals of semisimple Lie algebras are semisimple, rad(g) is semisimple and

hence perfect. So we have [rad(g),rad(g)] = rad(g). On the other hand, rad(g) is solvable by
definition. Hence there is a n > 0 with 0 = rad(g)™ = rad(g). O

Now we come to Lie’s Theorem, which is the analogues statement of Engel’s Theorem
for solvable Lie groups. For this, we need to generalize Lemma [1.6.12] as follows (for y = 0 we
obtain it back).
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LEMMA 1.6.23. Let V' be a finite-dimensional g-module over a field k of characteristic zero,
a be an ideal in g and x € a* = Hom(a, k). Then
VX={veV |hv=x(hv Vh € a}
is a g-submodule of V. For a given x with VX # 0 we have x([a,g]) = 0.

PROOF. Let x € g, h € a and 0 # v € VX, Define spaces
Vi = span{v, z.v, ..., 2™ 1o}

for m > 1 and Vy = 0. Then z.V,, C V,,,41. Since dim(V') is finite, there is a minimal n with
Vy, = V1. Then 2.V, C V,, and hence V,,, = V,, for m > n. Then (v,z.v,...,2" 1.v) is a basis
of V,,. By induction over n we want to show that

(1.4) h.(z?v) — x(h)2’ v €V,

for all j > 0. This implies then h.V; 1 C Vj44 for all j > 0. The base case j = 0 goes as follows.
We have V; = span{v} and (1.4} hold because of v € VX.
For j > 1 we have h.(z''w) = x(h)27"'.v + V;_; and a.V; C V; by induction hypothesis.
Moreover we have x.V;_; C V;. Hence we have
h.(2?.v) = z.(h.(27 " ) + [, z].(27 L v)

€ (x(h)2’ v+ 2.V;_y) + a.V

C x(h)z? v +Vj.
This shows ([1.4)). It follows that h € a acts by endomorphisms p(h) of V,,, which have upper-

triangular form with respect to the above basis, with diagonal entries equal to x(h). Hence we
have tr(p(h)) = nx(h). Thus we have, for elements of the form [z, h] € a,

nx([z, h]) = tr(p(lz, hl))
= tr([p(z), p(h)])
=0.

Now we need that k has characteristic zero (or at least that char(k) > dim V') to conclude that
X([h,z]) = 0. For w € VX we still need to show that z.w € VX. But this follows from

h.(x.w) = z.(haw) + [h, x].w
= x(h)x.w + x([h, 2]).w
= x(h)z.w.
0J

LEMMA 1.6.24. Let k be an algebraically closed field of characteristic zero, V be a finite-
dimensional k-vector space and g be a solvable Lie subalgebra of gl(V'). If V' # 0, then there
exists a v # 0 in V with g.v C kv.

Proor. We prove the result by induction over dim g. For g = 0 there is nothing to prove.
Let a C g be a subspace of codimension one containing g!. Such a subspace exists since g is
solvable so that g! # g. Every subspace containing g! is an ideal. Indeed, then a/g! is an ideal
in g/g', since g/g' is abelian. Hence a is an ideal in g. By induction hypothesis we find av € V,
v # 0 with a.v C kv. Now let x € a* with h.v = x(h).v for all h € a. Then VX is a g-submodule
by Lemma . Chose an arbitrary z € g\ a. Then g = a + kx. There is an eigenvector w
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for x in VX, since k is algebraically closed. Together we obtain g.w C a.w + kx.w C kw, since
VX is a g-submodule. O

PROPOSITION 1.6.25 (Lie’s Theorem). Let g be a solvable Lie algebra over an algebraically
closed field k of characteristic zero, and let p: g — gl(V) be a representation of g. Then V
admits a basis such that all endomorphisms p(x) for x € g are represented by upper-triangular
matrices.

ProoF. We'll again use induction over dim V' to show that there is a g-invariant flag 0 =
VWwcCVicC---CV,=VinV such that dimV; = j. Choosing the basis elements for V as
v; € V;, the claim follows because of p(x)(V;) C V;. For V = 0 there is nothing to show. So
let dimV > 1. By Lemma there is a v € V, v # 0 with g.v C kv. It follows that
W = kv is a 1-dimensional g-submodule. By applying the induction hypothesis to the quotient
module V/W we find there an g-invariant flag 0 = Wy, C --- C W, with dimW; = j — 1. Let
7: V. — V/W be the quotient map. Then Vj = 0 and V; = 7~ }(WW;) defines a g-invariant flag
in V with dimV; = j. 0

COROLLARY 1.6.26. Let g be a solvable Lie algebra over an algebraically closed field k of
characteristic zero. Then every simple representation of g is 1-dimensional.

PROOF. Let p: g — gl(V) be a simple representation. Then the g-invariant spaces V; from
above are 1-dimensional subrepresentations. However, they are no proper subrepresentations
since p is simple. Hence we have dim V' = 1. UJ

REMARK 1.6.27. Lie’s Theorem does not hold in general if we omit one of the assumptions.
Consider the Lie algebra sly(k), together with the natural representation

p: sly(k) — glao(k)
given by p(z) = (33), ply) = (99), p(h) = ({ % ). The p(z) have no common eigenvector
different from zero for all z € sly(k), so that there is no basis in which all operators are
all of upper-triangular form. Here the assumption that g is solvable is violated, except for
characteristic p = 2. But in that case Lie’'s Theorem is also not true, as this example shows.
REMARK 1.6.28. The following example contradicts Lie’s Theorem in any characteristic

p > 0. Let g = vy(k) be the solvable Lie algebra in dimension 2 over a field k& of characteristic
p > 0, with Lie bracket [z,y] = x in a basis (x,y). Define a p-dimensional representation

p:g—gl(V)

of g on the vector space V with basis (ey,...,e,) by p(x) = E, p(y) = F with
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It is easy to see that
[E, Fl(er) = E(F(e1)) — F(E(e1))
=0—(p—1e
= €p7
[E, Fl(e:) = E(F(e;)) — F(E(es))
= (2 — 1)61‘_1 — (Z — 2)61'_1
=€i—1

for i > 2. Hence [p(z),p(y)] = [E,F] = E = p(x) and p, because of char(k) = p, is a
representation. This is not true in characteristic zero. The operators E, F' are given as follows

0100 -0 0000 --- 0
0010 -0 0100 --- 0
00 0 : 00 20 0
b= e F=1loo0o0 3 0
0000 --- 1 Dol 0
1000 --- 0 0000 p—1

From EFv = Av and Fv = pv we obtain v = 0, first for © = 0, and then for y # 0. Hence the
p(v) do not have a common nonzero eigenvector.

Let us note here that Lie’s Theorem has an analogue for algebraic groups, which was proved
by Ellis Kolchin (1916-1991).

THEOREM 1.6.29 (Lie-Kolchin). Let G be a connected solvable linear algebraic group over
an algebraically closed field of arbitrary characteristic. Let p: G — GL(V') be a representation
on a finite-dimensional vector space V. Then there exists a common nonzero eigenvector v € V
for all p(g) with g € G.

For a proof, see [20]. Again we cannot omit some of the assumptions. In particular, the
connectedness assumption is necessary even for closed subgroups. Also, it fails for solvable
connected Lie groups in general, because these are not necessarily isomorphic to groups of
upper triangular matrices.

A standard counterexample for k£ = R is as follows. Consider the connected abelian linear
algebraic group over R given by

o= {(, ) 1 v raven).

Let p be the natural representation. Obviously, p(G) is not triangularizable over R.

COROLLARY 1.6.30. Let g be a Lie algebra over a field k of characteristic zero. Then g is
solvable if and only if g* = [g, g] is nilpotent.

PROOF. Let g' be nilpotent. Then g! and g/g' are both solvable, namely nilpotent respec-
tively abelian. By Proposition [1.6.19|then g is solvable. This even holds in characteristic p > 0.

The converse statement only holds in characteristic zero. Let g be solvable. Assume first that
k is algebraically closed. Then we can apply Lie’s Theorem for the adjoint representation of g.
With respect to a suitable basis of g the subalgebra ad(g) C gl(g) consists of upper-triangular
matrices. Hence [ad(g),ad(g)] = ad([g, g]) consists of strictly upper-triangular matrices, and
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hence is nilpotent. Since the kernel of ad: [g,g] — gl(g) lies in the center of [g, g], we obtain
that [g, g] is nilpotent by Proposition . If k is not algebraically closed we may apply the
method of scalar extension. Let F be an algebraic closure of k. For a k-vector space V' we con-
sider Vg = V ®; F. If g is solvable, so is gr. Hence [gr, gr] is nilpotent by the above argument,
and hence [g, g| is nilpotent. O

REMARK 1.6.31. There are indeed examples of solvable Lie algebras in characteristic p > 0,
whose commutator subalgebra is not nilpotent. We can construct such an example from Remark
. Let g = to(k) and V' be the p-dimensional representation given there. We equip the
space

b=goV
with the structure of a Lie algebra by viewing V' as an abelian Lie algebra and letting g act on
V' by p. More concretely, b has a basis (z,y,e,...,e,) with Lie brackets

[z,y] =z,

[37761] = €p,

[z, 6] = ei_1, 1 > 2,

[y, e = (i —1)e;, 1 < < p.

Since V' and the quotient h/V are solvable, so is h. But [h,h] = kx & V is not nilpotent. We
have [h,h]' = [h,h]? = --- = V. This example is taken from Jacobson [21].

We mention still another corollary to Lie’s Theorem.

COROLLARY 1.6.32. Let g be a Lie algebra over a field k of characteristic zero. Then
lg,rad(g)] is a nilpotent ideal of g, i.e., satisfying

g, rad(g)] C nil(g).

PROOF. Let v = rad(g) and set L := v+ (y) for an element y € g. Then we have [L, L] C
[t,v] + [t, (y)] C v, so that [L, L] is a solvable ideal of g, and hence L is solvable, too. It follows
that [L, L] is nilpotent by Corollary [1.6.30} i.e., ad(z) is nilpotent for all z € [L,L]. Now
let © = [a,b] € [t,g] a pure commutator. Then there is a y € g with b € v+ (y), i.e., we
have = € [L, L], so that ad(x) is nilpotent. Now since y is arbitrary, = = [a, b] runs through
whole [t, g], which yields that ad(z) is nilpotent for all = € [r, g]. By Engel’s theorem, [t, g] is
nilpotent. O
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1.7. The classification of Lie algebras in low dimension

Our aim of this section is to classify all Lie algebras of dimension n < 3 over an arbitrary
field k. For n < 2 we obtain just one non-abelian Lie algebra. In dimension 3, however, we
obtain already infinitely many different solvable Lie algebras. We order the cases for a fixed
dimension of g by the dimension of g* = [g, g].

Case 1, dimg = 1: We have g = k, the 1-dimensional abelian Lie algebra.

Case 2a, dimg = 2,dim g' = 0: We have g = k2, the abelian Lie algebra in dimension 2.

Case 2b, dimg = 2,dimg' = 1: Let g = kx + ky. Then [g,g] = k - [z, y] is O-dimensional or
1-dimensional. We may assume that [g, g] = ky. Then [z, y] = ay with some a # 0. Replacing
r by a~'r we may assume that [z,y] = y. We denote this Lie algebra, as before, by ta(k).
Every non-abelian 2-dimensional Lie algebra is isomorphic to ty(k), as we have just shown.
This Lie algebra is also isomorphic to aff(k) = k x k with [z,y] = [(1,0), (0,1)] = (0,1) = y.

Case 3a, dimg = 3,dim g' = 0: We have g = k3, the abelian Lie algebra in dimension 3.

Case 3b, dimg = 3,dimg! = 1: Suppose that g! C Z(g) and let g' = kz. We can extend z
to a basis (x,y, z) of g. Because of z € Z(g) we have [z, z] = [y, 2] = 0. We may assume that
[z,y] = z. Then g is isomorphic to the Heisenberg Lie algebra h3(k).

If g' = ky is not contained in the center of g, then there exists an ' € g with [2/,y] # 0. Since
dimg! = 1, we have [2/,y] = ay, and therefore [z,y] = y with x = a~'2’. The subalgebra
a = kx + ky hence is isomorphic to ty(k). Moreover a is an ideal in g because of g* C a. Let
z € g\ a. Because of Der(a) = ad(a), see Example there exists a w € a with ad(z), =
ad(w). Then [z — w, a] = 0. We have the direct decomposition g =a@ k- (z —w) = va(k) ® k.

Case 3c, dimg = 3,dim g' = 2: We claim that g' is abelian. Otherwise we had g' = v5(k) and
hence g = vy(k) @ k as above, a contradiction to dim g! = 2. Hence g! is an abelian ideal in g.
Choosing an z € g\ g', we have

g krx gl 2k x k2

These Lie algebras are solvable. Every such semidirect product is determined by a homomor-
phism D: k — gly(k), i.e., by a linear map A = D(1) € GLy(k). The Lie bracket in g is then
given, for x,2’ € k? and t,t' € k, by

[(t,2), (', 2")] = (0,tAz" — ' Ax).

The matrix A is invertible since dim g' = 2. Let us denote this Lie algebra by g4. We want
to determine the isomorphism classes of such Lie algebras. Hence let ¢: g4 — gp be an
isomorphism of two such Lie algebras. Then ¢(g}) C gk. Hence there exists a C € GLy(k), a
scalar @ € k* and a y € k? with p(t,z) = (at,Cx + ty). On the other hand, we have for all
t, ', x, 2" that
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(0,tCAz" —t'CAz) = o([(t, ), (t',2")]4)
— o(t,2), (¢, )]
= [(at,Cx + ty), (at’, C2' + t'y)| 5
= (0, atBCa' + att' By — at' BCx — att' By)
= (0, atBCa' — at' BCx).

This implies that CA = aBC, or
A=aC 'BC.

Thus the group G = k* X GLy(k) acts on GLy(k) by (o, C).A = aC71AC. The Lie algebras g4
and gp are isomorphic if and only if A and B are in the same orbit of this action. Let us first
assume that £ is algebraically closed. The the Jordan normal form says that a representing
system for the G-orbits is given by the following matrices.

11 10 «
(6 1) (o 3)aer

This corresponds to the following Lie algebras:

t3(k) @ [e1, €] = o, [e1, €3] = €2 + €3,
tsa(k) @ [e1, e2] = ea, [e1, €3] = Aez, A # 0.

The only isomorphisms are given, with A, u € k*, as follows. We have v3 (k) = t3,(k) if and
only if A= p or Ap = 1.

More generally, we have the following classification result in this case over an arbitrary field,
see [13]:

PROPOSITION 1.7.1. Let g be a 3-dimensional Lie algebra over an arbitrary field k with
dim g* = 2. Then g is isomorphic to one of the following solvable Lie algebras,

L' : [e3,e1] = ey, [es, €] = eq,
L2 : [es,e1] = ea, [e3,e2] = aey + ez, a # 0,
L2 : [es,e1] = ea, [e3,e5] = ey, a #0.

The only isomorphisms are, for a, 3 € k*, as follows. We have L3 = L% if and only if a = t*3
with some t € k*.

Case 3d, dimg = 3,dimg! = 3: In this case g has to be simple. Otherwise g had a non-
trivial ideal a, which were necessarily solvable because of dima < 2. In the same way, g/a were
solvable, so that g were a solvable extension, hence solvable, a contradiction to g' = g.

Let (e1,e2,e3) be a basis of g and set

fi= [62763], fa= [63761], f3= [61,62]
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Since g' = g then (f1, fo, f3) is another basis of g. We may express one basis by the other, i.e.,

3
fi= E Qij€j.
Jj=1

The Jacobi identity J(x,y,2) = 0 in g with respect to the basis (eq, es, €3) then imposes condi-
tions on the coefficients a;;. In fact, the matrix

A = (aij)1<i <3
then is symmetric. The proof goes as follows. Because of skew-symmetry we have J = 0 as soon
as two elements are equal. Thus it suffices to look at the conditions given by J(eq,eq,e3) = 0.
0= J(ey,e0,e€3)

= le1, [e2, €3]] + [e2, [es, ea]] + [es, [eq, ea]]

= [e1, fi] + [ea, fo] + [e3, f3]

= a12f3 — a13f2 — a1 f3 + assf1 + as1fa — asafi1.
Conversely we obtain for every symmetric matrix A € M3(k) a Lie algebra g4 by specifying
the Lie brackets [e;, e;] accordingly to A. Thus we have described all 3-dimensional simple Lie

algebras. It remains to classify the isomorphism classes. Let M be the matrix of an isomorphism
©: g4 — gp. As before one can check that we have

B = det(M)(M~) AM ™"

Then we can define the action of the group G = k* x GL3(k) on the space of symmetric matrices
in M;3(k) by (o, C)A = aCAC*. We see that g4 and gp are isomorphic if and only if A and
B lie in the same G-orbit. If k is algebraically closed and of characteristic different from two,
then we can reconstruct every symmetric bilinear form from its quadratic form. Hence in this
case the representing system only consists of the identity matrix A = E3. This corresponds to
the simple Lie algebra

503(/€) : [61762] = €3, [62,63] = €1, [33,61] = €.

It is isomorphic to sly(k), as long as the characteristic is not two. The isomorphism ¢: sly(k) —
s03(k) is given by

t t 0
e=10 0 2],
1 -1 0

where t € k is a solution of 2 +1 = 0.

PROPOSITION 1.7.2. Let g be a simple 3-dimensional Lie algebra over an algebraically closed
field k of characteristic different from two. Then g = sly(k).

The result does not hold for fields &, which are not algebraically closed. It is clear that, as an
example, sly(R) and so3(R) are not isomorphic, since sl (R) admits a 2-dimensional subalgebra,
but so3(R) does not.

We will see later that the following result holds.

PROPOSITION 1.7.3. Let g be a simple real 3-dimensional Lie algebra. Then g is isomorphic
to sly(R) or so3(R) .
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If k£ has characteristic two, then g = sly(k) is no longer simple, since it is nilpotent. Then
it is replaced by the following simple Lie algebra,

W(1;2)® .
The following result has been proved by Strade [32]:

[a:,y] =h, [h,{L’] =, [hay] =Y.

PROPOSITION 1.7.4. Let g be a simple 3-dimensional Lie algebra over an algebraically closed
field of characteristic p =2, or over a finite field For. Then g = W (1;2)W.

For p > 2 Strade proved the following result [32].

PrROPOSITION 1.7.5. Let g be a simple 3-dimensional Lie algebra over a finite field k of
characteristic p > 3. Then g = sly(k).

In dimension 4 the classification becomes of course much more difficult. The best case is a
result over the complex numbers.

PROPOSITION 1.7.6. Every 4-dimensional complex Lie algebra is isomorphic to one of the

following list, with o, 5 € C:

g Lie brackets
go=C* -
g =n3(C)aC [e1,e2] = €3
g2 = ny(C) [e1, €] = €3, [e1, €3] = e4
ds = t2<©) D Cz [61, 62] = €9
g4 = tQ((C) D tQ((C) [61, 62] = €9, [637 64] = e4
g5 = 5[2(@) @ C [61, 62] = €9, [61, 63] = —e€g, [62, 63] =€

g6
g7(a)
gs
99<Oé, ﬂ)
gio(@)

[61,62] = €3, [61763] = €3, [61764] = €4
le1, €2] = €9, [e1,e3] = €3, [e1,e4] = e3 + aey
[e1, e2] = e, [e1, €3] = e3, [e1, e4] = 2e4, [z, €3] = €4
[e1, €a] = ea, [e1, €3] = ea + aes, [e1, e4] = €3 + ey
le1, e2] = €2, [e1, e3] = ez + aes,
le1, e4] = (a+ 1)ey, [ea, €3] = €4

There are no isomorphisms between different types, but there are still isomorphisms within
some of the infinite families. We have g;(a) = g(5) if and only if o = 3, and gio(a) = g10()
if and only if e/ = 1 or a = o/. Furthermore we have gg(cv1, 51) = go(an, f2) if and only if

the double ratios 1 : oy
a, B # 0, we have

B and 1 as :

By coincide up to permutation. In other words, for

99(a7 B) = g9<a/7 B/>

if and only if (o/, ') is one of the following possibilities,

o (42). (3. (42).(52)

We may compose every isomorphism from the following two ones,

99(aa6) = g9(ﬁ>&)

gola, B) = gg (1 °

B’E)’MO
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Note that some of the algebras are decomposable, for example,
97(0) = v31(C) & C,
go(,0) = 13,(C) ®C with a # 0,1
99(0,1) = r3(C) & C.
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1.8. Lie groups and Lie algebras

Lie groups form an important class of differentiable manifolds. Basic finite-dimensional
examples over the real numbers are the general linear group G L, (R), the unitary group U(n),
the orthogonal group O, (R) and the special linear group SL,(R). Of great importance here is
the close relationship between a Lie group and its Lie algebra.

DEFINITION 1.8.1. A Lie group GG is a group, whose elements are the points of a smooth
manifold, such that the group multiplication G x G — G is smooth.

Note that it follows that the map z — 27! is smooth as well. For a given Lie group G we
consider the tangent space at the identity, denoted by T} (G). This vector space admits a natural
Lie bracket, yielding the Lie algebra g of G. The map G — T1(G) has very good properties. It
is a functor of the category of Lie groups to the category of Lie algebras. We cannot go into
too much detail here, but we want to give an illustrating example with the orthogonal group
G = O(n), consisting of n x n matrices A with A’A = E,,. How do we compute its Lie algebra
s0(n)? We consider the differentiable families

A:]—e,e[= O(n) c R”
for some ¢ > 0 with A(0) = E,. All entries are differentiable functions. Now we take the
derivative of A(t)'A(t) = E,, with respect to t,
A(t)EA(t) + A(t)A(t) = 0,
and substitute ¢ = 0 so that we have
A(0)" + A(0) =0,

hence X 4+ X' = 0 with X = A(0). So the Lie algebra so(n) consists of the skew-symmetric
n X n matrices. Of course the commutator defines a Lie bracket on this space. Hence we have
determined the tangent space T7(0(n)).

Consider now some some A € O(n) the conjugation c4: O(n) — O(n), with B — ABA™'. If
we take instead of a fixed matrix A again a differentiable family as above, take the derivative
with respect to ¢ and set t = 0, we obtain

(A BA(t) Y |z = A(0)B — BA(0).
Here we have used ‘
(A(W) ™) = —A@®)TA@)ARL)
which follows from taking the derivative of the identity A(t)A(¢t)"! = E,. Now we just have
computed the adjoint representation of the Lie algebra, namely

ad(X): so(n) — so(n)
Y - XY -YX.

A natural question is, whether or not we can also compute the converse direction. It turns
out that it is indeed possible if the Lie group is connected and simply connected. Then the Lie
group is up to isomorphism determined by its Lie algebra. The exponential function exp: g =+ G
then is a local diffeomorphism. We have the following result.

THEOREM 1.8.2 (Lie’s third theorem). Every real finite-dimensional Lie algebra is isomor-
phic to a Lie algebra of a Lie group.
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We may summarize this as follows (in finite dimension).

THEOREM 1.8.3. The functor G — T1(G) defines an equivalence of categories between the
category of real connected and simply connected Lie groups and the category of real Lie algebras.

How does this look like in our example with G = O(n) ? The exponential map
exp: s0(n) — SO(n)

has as image only the subgroup SO(n) of O(n) consisting of orthogonal matrices with deter-
minant one. As a topological space, O(n) consists of two components, one with determinant 1,
the other with determinant —1. For A € gl(n), exp(A) is defined by
A? A"
eA:En+A+_+..._|_F_¢_... .

2!
This series converges uniformly on each bounded subset of gl(n) and w have det(e?) = €4,

Hence we have e € GL(n). Moreover we have eAT8 = e4eB for AB = BA and BeAB™! =

ePAB™ For so(n) we obtain the Lie group SO(n), and not O(n). So we see that we need the

connectedness in the correspondence.
EXAMPLE 1.8.4. For the matriz A= () 7) € s02(R) we have

oA (0089 —sin#

sinf cos6

) € SOy(R).

A very natural question is to asks for which Lie groups the exponential function is indeed
surjective. Even for connected matrix groups it need not be surjective in general. For example,

exp: sl,(R) — SL,(R)

is not surjective for n > 2 (note that SL,(R) is not simply connected, but SL,(C) is simply
connected). To see this we may assume that n = 2. Let

A=)

be any matrix in sl;(R). Then A? = (a>+bc)Ey = — det(A)Ey. If det(A) = 0 then e = Ey+ A,
and hence tr(e?) = 2. For det(A) > 0 we can find an w > 0 with det(A) = w? hence with
w? = —(a* + bc). Then A? = —w?F, and

sin(w)

A

e’ = cos(w)Ey + A.

Then we have tr(e?) = 2cos(w) € [-2,2]. Finally, we could have that det(A4) < 0, i.e.,
a® + bc > 0. Then there is an n > 0 with 5% = a* + bc, and A? = n>FE,. We have

sinh(n)

et = cosh(n)E, + A.

This means that tr(e?) = 2cosh(w) € [2,00). Altogether we always have that tr(e?) > —2.
Therefore it is clear now that, say,

A= (3 0) #emwlonm),

1
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but A € SLy(R). It is easy to see that also for all A # 0 the matrices

-1 A
A= ( 0 _1) Z exp(sl(R))
are not contained in the image of exp. On the other hand we have the following result.

PROPOSITION 1.8.5. Let G be a connected compact real Lie group. Then the exponential
map 1s surjective.

But this is not the only criterion. For example, exp: gl,(C) — G L, (C) is surjective, whereas
exp: §l,(C) — SL,(C) and exp: gl,(R) — GL,(R) are not surjective. For more details see
[14] and the references given therein.

Finally we want to mention, that Ado’s Theorem need not be true for finite-dimensional Lie
groups in general, i.e., not all Lie groups are matrix groups. Here is a counterexample. Let

1 x =z 1 0 n
G= 01 yl,z,y,zeRp, N= 01 0),neZ
0 0 1 0 01

Then N is a normal subgroup in G and H = G/N is a 3-dimensional Lie group.

PROPOSITION 1.8.6. Every Lie group homomorphism ¢: H — GL,(R) has a non-trivial
kernel.

In other words, there is no faithful linear representation. Hence H is not a matrix group.






CHAPTER 2

Structure theory of Lie algebras

2.1. Die Jordan-Chevalley decomposition

Let k be a field of characteristic zero in this section. For an endomorphism = € End(V') the
eigenspace F\(x) to the eigenvalue A\ € k is given by

E\(x) = ker(z — Aid).
The generalized eigenspace of x to A is given by

Hy(z) = U ker(x — \id)".

n>0

DEFINITION 2.1.1. An 2 € End(V) is called diagonalizable, if V' is the direct sum of the
eigenspaces of z, i.e., if V.= @, FE\(x). We call x semisimple, if V' is semisimple as module for

the Lie algebra kx C End(V).

If x € End(V) is nilpotent then V' = Hy(xz). The converse is also true if V is finite
dimensional. By definition, x is semisimple if for every z-invariant subspace U C V there exists
a complementary x-invariant subspace U’ with V' = U@ U’. 1t is easy to see that x is semisimple
if and only if the roots of its minimal polynomial are all distinct.

LEMMA 2.1.2. Let k be an algebraically closed field. Then x € End(V') is semisimple if and
only if x is diagonalizable.

PROOF. Let x be diagonalizable. Then V is the direct sum of its eigenspaces and hence the
sum of 1-dimensional z-invariant subspaces, which are simple kx-submodules. By Proposition

1.2.26], part (2) it follows that x is semisimple.

Conversely, let  be semisimple. Then V' is by Proposition the direct sum of simple
kx-modules. hence it suffices to show that every simple kz-module is 1-dimensional, because
every l-dimensional kz-submodule is spanned by an eigenvector of x. So let V' # 0 be a
simple kz-module and v € V' \ 0. Then we have V = span{z".v | n > 0}. The right hand
side is a nonzero z-invariant subspace, hence equal to V. Suppose that all z".v are linearly
independent. Then U = span{z".v | n > 1} is a proper z-invariant submodule, contradiction
our assumption. Hence there exists a n > 1 such that 2™.v is a linear combination of the vectors
v,x.v, ..., 2" L. It follows that V is finite-dimensional. Since k is algebraically closed, = has
an eigenvector w in V' and V' = span{w} is 1-dimensional. U

LEMMA 2.1.3. Let z,y € End(V) be two commuting endomorphisms. If x and y are diago-
nalizable, the also their sum x + 1y is diagonalizable. If x and y are nilpotent, then also the sum
x + 1y s nilpotent.

PROOF. Since z and y commute, they are simultaneously diagonalizable, so that x + y is
diagonalizable. Let us give a different proof, using Lemma Assume that £ is algebraically
closed. Then for each eigenvector v € E)(x) we have zy(v) = yx(v) = Ay(v). Hence yv € E\(z)
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38 2. STRUCTURE THEORY OF LIE ALGEBRAS

and y leaves the eigenspaces of x invariant. Since y is diagonalizable, V' si a semisimple ky-
module. Submodules of V' hence are also semisimple. Thus the restriction of y to the eigenspaces
of x is diagonalizable and there is a basis of eigenvectors in which z and y are simultaneously
of diagonal form. Hence x + y is diagonalizable.

Assume that x and y are nilpotent with ™ = y™ = 0. Then, because of xy = yx, the binomial

formula implies that
AN
k — o
(x+y)f =) (Z):ﬁ y

i+j=k
For all K > n + m — 1 the summands are zero, so that (z + y)* = 0. 0J

PROPOSITION 2.1.4 (Jordan-Chevalley). Let V' be a finite-dimensional vector space over an
algebraically closed field k and x € End(V'). Then the following statements hold.

(1) There ezist unique x4, x, € End(V) with x = x, + x,,, where x4 is semisimple, x, is
nilpotent and x, x,, commute.

(2) The eigenspaces of xs are the generalized eigenspaces of x, i.e., Ex(xs) = Hy(x).

(3) There exist polynomials p(t), q(t) € k[t] without constant term such that x5 = p(x) and
x, = q(x).

(4) Any y € End(V') commuting with x also commutes with xs and x,.

(5) For commuting x,y € End(V') we have (x 4+ y)s = x5 + ys and (x + ), = Ty, + Yn-

Proor. For (1),(3),(4): Let a; be the different eigenvalues of = with multiplicities m;, for
1 =1,..., k. Hence x has the characteristic polynomial

k
[ = H(t — o)™,
i1

which splits into linear factors since k is algebraically closed. V is the direct sum of the
eigenspaces F; = E,. (x), and each eigenspace is z-invariant. On E; the endomorphism x has
the characteristic polynomial (¢ —c;)™. Now we apply the CRT (Chinese Remainder Theorem)
to R = k[t] an. There exists a polynomial p with

p(t) =a; mod (t — ;)™
p(t) =0 mod t.

We put ¢(t) =t — p(t). The second congruence is only necessary if zero is not an eigenvalue of
x, in which case t is relatively prime to (¢ — «;)™i. Certainly p and ¢ have no constant term.
We define z5 := p(z) and z,, := ¢(x). These are polynomials in x and hence they commute.
So we have [z, z,,] = 0. The polynomials also commute with endomorphisms commuting with
x, and they leave the eigenspaces E; invariant. The first congruence shows that the restriction
of xy — «;id on Ej; is identically zero for all i. Therefore z, acts diagonally on FE; with single
eigenvalue ;. By definition x,, = x — x, then is nilpotent. We have shown (3), (4) and (1)
except for the uniqueness. So let x = s + n be another decomposition with these properties.
Since s and n commute with x, they also commute with z; and z,,. We have

S— Ty =N — Ty

Since the difference of two commuting diagonalizable endomorphisms s and x; is again diago-
nalizable, and n — x,, is nilpotent again, we have that s — x, = n — x,, are both diagonalizable
and nilpotent. Hence they are both zero, i.e., we have s = x, and n = x,,.
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For (5): Assume that z,y € End(V) commute. Then by Lemma we have that z, + v,
is diagonalizable and =z, + y, is nilpotent. Both commute with each other and we have
r+y = (xs +ys) + (zn + yn). Because of the uniqueness of this decomposition we obtain
the claim.

For (2): Exercise. O

DEFINITION 2.1.5. The decomposition x = x4 + x,, is called the additive Jordan-Chevalley
decomposition of x € End(V). Here x, is called the semisimple part, and x, is called the
nilpotent part of x.

EXAMPLE 2.1.6. The Jordan-Chevalley decomposition of x = (3 ) is given by
A0 01
(6 3)+( o)
1 2 10 0 2
(o8-8 () e

is not the Jordan-Chevalley decomposition of z. It is true, though, that x, is semisimple and
Zy is nilpotent, but the two summands do not commute:

(63)(3)=(0)

Hence x = x4 is the Jordan-Chevalley decomposition of x.

On the other hand,

COROLLARY 2.1.7. Let ¢ = x5 + x,, be the Jordan-Chevalley decomposition of x € End(V)
and let E C F CV be subspaces with x(F) C E. Then we have x4(F) C E and z,(F) C E.

PROOF. For every polynomial p(t) € t - k[t] we have p(z)F C E by assumption. Then the
claim follows from Proposition [2.1.4 O

LEMMA 2.1.8. Let V be a finite-dimensional vector space and x € End(V'). If x is nilpotent
respectively diagonalizable, then so is ad(x).

PROOF. Denote by L, and R, the left- respectively right multiplication by z. Then
ad(x) = L, — R,
L., R;] = 0.

Because of Lemma [2.1.3] it suffices to show that L., R, inherit the nilpotency respectively
diagonalizability of z. Suppose that z is nilpotent with 2™ = 0. Then L? = L;» = 0 and also
R} =0. Thus L, and R, are nilpotent, as well as L, — R, = ad(z).

Suppose now that z is diagonalizable and Ay, ...\, are the different eigenvalues of z. We have
V =), Ex(x). Fory € End(V) we write y = > 7, yx With y;x By, (z) C Ey,(z). Consider
the block matrix of y with respect to the direct sum decomposition of V' into the eigenspaces.
Then we have

Lyyji = Ajyjn

Royjk = MYk

ad(@)ye = (Aj — Ae)yjn-

Hence L,, R, € End(End(V)) are diagonalizable endomorphisms of End(V). O
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COROLLARY 2.1.9. Let x € End(V) and v = x5+, be the Jordan-Chevalley decomposition.
Then ad(z) = ad(xs)+ad(x,,) is the Jordan-Chevalley decomposition of ad(x) in End( End(V)).

PRrROOF. By Lemma we know that ad(z,) is diagonalizable and ad(z,) is nilpotent.
Both are commuting with each other because of [ad(z;),ad(x,)] = ad([zs,z,]) = 0. So the
claim follows by the uniqueness of the Jordan-Chevalley decomposition. OJ

PROPOSITION 2.1.10. Let A be a finite-dimensional k-algebra. Then the Lie algebra Der(A)
contains the semisimple and nilpotent part of all of its elements.

PrROOF. Let D = D, + D,, be the Jordan-Chevalley decomposition. It suffices to show that
D, € Der(A) since Der(A) is a vector space, so that D,, = D — D; € Der(A) follows. For
a,be Aand A\, u € k we have for all n > 1

(2.1) (D — (A + p)id)"(ab) =Y (Z) (D — Xid)*(a)(D — pid)™ " (b).

k=0
For a € E\(D;) = Hy(D) and b € E,(D;) = H,(D) we have ab € E\,,(D;) = Hxy,(D), so
that Ds(ab) = (A+ p)ab. On the other hand we have Ds(a)b+aD;(b) = Aab+ pab = (A + p)ab.
Since A is the direct sum of the spaces E)(Dy), it follows that Dy is a derivation of A. O

Let us mention the multiplicative Jordan-Chevalley decomposition as well. An endomor-
phism = € End(V) is called unipotent, if id —x is nilpotent. Equivalently, all eigenvalues over
an algebraic closure of k are equal to one. If v = x,+ z,, is the Jordan-Chevalley decomposition
of x, then g, = id +x 'z, is unipotent. We have the following result.

ProproSITION 2.1.11. Let G be an algebraic group over a perfect field k. Then for every
element g € G(k) there exist unique elements g, g, € G(k) with g = gsgu = gugs. For all linear
representations p: G — GL(V) it holds that ©(gs) is semisimple and ¢(g,) is unipotent.

Every g € Aut(V) of a finite-dimensional vector space V' over an algebraically closed field
has a unique multiplicative Jordan-Chevalley decomposition ¢ = ¢,9, = ¢u.gs, Where g, is
semisimple and g, is unipotent. For g,h € Aut(V) with gh = hg we have (gh)s = gshs and

This may not hold for all subgroups G of GL,, (k). There may be elements g € G, so that g, or
g, need not be in GG. Consider the following subgroup

{06 )y

The unique multiplicative Jordan-Chevalley of the element g of order 2 is given by

(1 1Y\ (1 0 I 1\
9=\o -1) 7 \o —1)\0 1) =9I
However, both g and g, are not in G.

Note that this cannot happen if the subgroup is closed, i.e., if it is a linear algebraic group. In
this case we always have gy, g, € G for all g € G.

Back to the additive Jordan-Chevalley decomposition, one can show the following result,
by using Weyl’s Theorem, see Theorem [2.3.7}

PROPOSITION 2.1.12. Let g C gl(V') be a semisimple linear Lie algebra, where V' is finite-
dimensional. Then g contains the semisimple and nilpotent part of all of its elements.
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For the proof see for example [19]. So far we only have defined a Jordan-Chevalley decom-
position for linear Lie algebras. It is also called the concrete Jordan-Chevalley decomposition.
For arbitrary Lie algebras we may define an abstract Jordan-decomposition for semisimple Lie
algebras as follows.

PROPOSITION 2.1.13. Let g be a semisimple Lie algebra over a field k of characteristic zero.
Let x € g. Then there exists unique elements s,n € g with

(1) =s+n.
(2) [s,n] = 0.
(3) ad(s) is semisimple and ad(n) is nilpotent.

The proof depends very much on Corollary [2.2.18] saying that
Der(g) = ad(g),
i.e., that all derivations in this case are inner.

The element s is called the semisimple part of x, and n the nilpotent part of x. Sometimes we
just call s then ad-semisimple and n then ad-nilpotent. For a linear semisimple Lie algebra g
the concrete and abstract Jordan-Chevalley decomposition coincide.
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2.2. The Cartan criterion

DEFINITION 2.2.1. Let g be a finite-dimensional Lie algebra over a field k. The bilinear
form x: g x g — k given by
r(z,y) = tr(ad(z) ad(y))
is called the Killing form, or Cartan-Killing form.

More generally we have, for every finite-dimensional representation p: g — gl(V") the bilinear
form k,(x,y) = tr(p(x)p(y)). Then k = Kaq is a special case.

DEFINITION 2.2.2. A symmetric bilinear form 5: g x g — k is called invariant, if
Blx,yl,2) + By, [x,2]) = 0
for all x,y,z € g.

More generally, replacing the adjoint representation by an arbitrary representation p, we
could say that § is p-invariant if 5(p(z)(v), w) + B(v, p(z)(w)) =0 for all z € g and v, w € V.

DEFINITION 2.2.3. For a bilinear form 5 on a vector space V and a subspace U C V we
define the orthogonal space with respect to 8 by

Ut={veV|Bwu) =0 YucU}.

LEMMA 2.2.4. Let p: g — gl(V) be a finite-dimensional representation. Then k, is a
symmetric invariant bilinear form on g. If n is a nilpotent ideal of g, then k(n,g) = 0 and thus
ncCge.

ProOF. We have k,(x,y) = tr(p(z)p(y)) = tr(p(y)p(x)) = k,(y, ). The form is invariant,
because we have

kp([2, 4], 2) = tr(p

Let 2 € n and y € g. Since n is nilpotent, we may assume that ad(n) consists of strictly upper-
triangular matrices. We set V; = ad(n)?(g) for j > 0. Then [n, g] C n implies ad(z) ad(y)V; C
Vi_1. Hence the trace of all ad(z) ad(y) is equal to zero, i.e., we have x(z,y) = 0. O

In particular, the Killing form of a nilpotent Lie algebra is identically zero.

LEMMA 2.2.5. For every derivation D € Der(g) and x,y € g we have k(D(z),y)+k(x, D(y)) =
0.

PROOF. Using [D,ad(z)] = ad(D(z)) and the invariance we have
K(D(x),y) = tr(ad(D(z)) ad(y))
= tr([D, ad(z)] ad(y))
= —tr(ad(z)[D, ad(y)])
= —tr(ad(z) ad(D(y)))
= —#(z, D(y))-
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LEMMA 2.2.6. let p: g — gl(V') be a representation,  be a p-invariant bilinear form on g,
and U C V be a subrepresentation of V. Then U* is a subrepresentation of V.

PROOF. Let u € U, v € Ut and z € g. Then B(p(z)(v),u) = —B(v, p(z)(u)) = 0, since
p(z)(u) € U. Hence we have p(z)(v) € UL, and thus U+ is invariant under g. O

Applying this lemma to the Killing form § = x we obtain the following corollary.

COROLLARY 2.2.7. For every ideal a in g the orthogonal space a* with respect to the Killing
form is an ideal in g.

We'll need the following result concerning nilpotency.

PROPOSITION 2.2.8. Let V' be a finite-dimensional k-vector space over a field k of charac-
teristic zero and E C F two subspaces of End(V'). Let x € End(V') be an endomorphism with
ad(x)(F) C E. Iftr(xy) =0 for all y € End(V) with ad(y)(F') C E, then x is nilpotent.

PrOOF. Let M = {y € End(V) | ad(y)(F) C E}. Suppose first that k is algebraically
closed. Let (vy,...,v,) be a basis of V' consisting of eigenvectors of x,, say xsv; = A\wv; for
suitable \; € k. Let @ = spang{A1,..., A\, } be the Q-vector space in k spanned by the A;. We
need to show that () = 0. Then z = x, + z,, = z,, is nilpotent.

Suppose that ) # 0. Then also the dual space (Q* is nonzero. Hence there exists a non-
vanishing Q-linear map f: @ — Q. Define y € End(V) by yv; = f(\j)v; for i = 1,...,n. We
claim that y € M. We have

for all 7 and j. Hence

(
so in particular ad(y)(F') C E, since ad(zs)(F)
we have

N

E, see Corollary [2.1.7} Hence by assumption

0 = tr(zy) = Z Aif ().
It follows that :
0= f(0) = f(tr(zy)) = Z fF)2

So f(A;) = 0 for all 4, contradicting the assumption that f # 0.

If k£ is not algebraically closed we may replace V' by V ®, F, where F' is an algebraic closure of
k. Then we consider instead of x,y € End(V') their F-linear extensions in End(V ®; F). It is
not difficult to see how to finish the proof. O

Now we’ll introduce the linear case of the so-called Cartan-criterion.

PROPOSITION 2.2.9. Let g C gl(V') be a linear Lie algebra over a field k of characteristic
zero. Then g is solvable if and only if tr(zy) = 0 for all z € g and all y € [g, g].
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Proor. We may assume that k is algebraically closed, because otherwise we may replace
V by V @, F and g by g ®; I, where F' is an algebraic closure of k.

Suppose that g is solvable. Then we may, by Lie’s Theorem, identify g with a Lie subalgebra
of t,(k), and [g, g] with a Lie subalgebra of n,(k). Then we have, for x € t,(k) and y € n,(k)
that tr(zy) = 0. The argument for this is the same as the one in Lemma [2.2.4]

Conversely suppose that tr(zy) = 0 for all x € g and y € [g,g]. By Corollary it suffices
to show that [g, g] is nilpotent in order to conclude that g is solvable. By Engel’s Theorem
[g, 9] is nilpotent if and only if all ad(x) for = € [g,g] are nilpotent. It is enough to show
that all © € [g, g] are nilpotent. By Lemma then also all ad(x) are nilpotent. Fix an
arbitrary x € [g,g]. We want to apply Proposition with £ = [g,g] and F' = g and with
gC M={yecEnd(V)|[y,g] Clg, g]}. For this we need to show that tr(zy) = 0 for all y € M.
Since z is the sum of commutators, and the trace is linear it suffices to show that tr([a, bly) = 0
with a,b € g for all y € M. By the invariance of the trace form we have tr(|a, bly) = tr(a[b, y]).
So we have [b,y] € [g, g] because of y € M. By assumption the trace on the right hand side is
always zero and Proposition yields that = € [g, g| is nilpotent. ([l

COROLLARY 2.2.10. Let g be a Lie algebra over a field k of characteristic zero. Then g s
solvable if and only if k(g, [g,g]) = 0.

PROOF. Suppose that g is solvable. Then ad(g) is solvable, too, as an homomorphic image.
By the above proposition it follows that tr(ad(x)ad(y)) = 0 for all z € g and all y € [g, g].

Conversely, suppose that (g, [g, g]) = 0. Then ad(g) is solvable by the Cartan criterion. Then
also g is solvable, because of ad(g) = g/Z(g). O

REMARK 2.2.11. We may rewrite the condition x(g,[g,g]) = 0 as [g,g]" = g. It means
that tr(ad(z)ad(y)) = 0 for all z € g and all y € [g,g]. In general we have [g, g|* = rad(g).
Furthermore g is solvable if and only if x,(g, [g,g]) = 0, where p is some finite-dimensional
representation of g.

Now we’ll come to Cartan’s criterion for semisimplicity.
PROPOSITION 2.2.12. Let g be a finite-dimensional Lie algebra over a field k of characteristic
zero. The the following assertions are equivalent.
(1) g is semisimple.
(2) The solvable radical rad(g) is zero.
(3) The Killing form on g is non-degenerate.

PROOF. (1) = (2): This is exactly the assertion of Lemma |1.6.22

(2) = (3): Let a = g* be the orthogonal space of g with respect to k. Then a is an ideal in g
because of Corollary[2.2.7, We claim that r4(z,y) = k(z,y) for all z,y € a. The endomorphisms
ad(z) and ad(y) map g to a. Thus this holds for ad(z) ad(y), too. Hence we have
ka(@,y) = tr(ad(z)c ad(y)e) = tr((ad(z) ad(y))a)
= tr(ad(z) ad(y)) = x(z,y).
So we have
Rﬂ(a7 [av Cl]) = H(Cl, [aa Cl]) - ﬁ(‘l? g) = 0.

It follows from Corollary [2.2.10 that a is solvable. Hence a C rad(g) = 0 and & is non-
degenerate.
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(3) = (2): Let a be an abelian ideal in g. For € a and y € g the space im(ad(z) ad(y)) is a
Lie subalgebra of a and hence we have (ad(x)ad(y))? = 0, since a is abelian. Thus ad(z) ad(y)
is nilpotent and tr(ad(z)ad(y)) = 0. So we have k(a,g) = 0. Since & is non-degenerate we
obtain a = 0. Hence rad(g) = 0.

(2) = (1): Let a be an ideal in g. Then b = a* Na is an ideal in g. The restriction of x on
b x b vanishes. For a,b € b and x € g we have [b,z] € b, hence in particular [b,z] € at and
k([a,b],z) = K(a,[b,x]) = 0. Then b is solvable by Corollary 2.2.10] so that b C rad(g) = 0
and at Na = 0. We already have shown that (2) implies that x is non-degenerate. Hence we
have dim a* = dim g — dim a, and therefore g = a @ a* is a direct sum of ideals. Hence g is
reductive. Because of Z(g) C rad(g) = 0, by Proposition [.4.5 g is semisimple. O

REMARK 2.2.13. The implication (3) = (1) remains true in characteristic p > 0. However,
the converse implication (1) = (3) need not be true in characteristic p > 0. For example, the
classical Lie algebra psl, (k) for p | n is simple (sl,,(k) has a 1-dimensional center 3 for p | n with
simple quotient psl,, (k) = sl,(k)/3). However, the Killing form of psl, (k) is identically zero.

We want to formulate the following fact, which we have shown in the proof above, as a
lemma.

LEMMA 2.2.14. Let a be an ideal in g. Then the Killing form K, of a is the restriction of
the Killing form k of g on a X a.

COROLLARY 2.2.15. Let n > 2 and k be a field of characteristic zero. Then the Lie algebra
sl, (k) is semisimple.

PrOOF. By Cartan’s criterion it suffices to show that the Killing form on s, (k) is non-
degenerate. Let X = (x;;) € sl,,(k) be given such that x(X,Y) =0 for all Y € s[,,(k). A direct
calculation shows that x(X,Y) = 2ntr(XY). So for Y = E;; with ¢ # j we have

0= KJ(X, El]) == 271.%']2
Since 2n # 0, X is a diagonal matrix. For Y = E;; — E}; we obtain
0= Ii(X, Em - Ejj) - 271(]3” - xjj)

for 1 <i,j < n. Hence X = AE,. So tr(X) = 0 implies that X = 0. Hence « is non-
degenerate. H

COROLLARY 2.2.16. Let g be a Lie algebra with solvable radical rad(g). Then g/rad(g) is
semisimple.

PROOF. Because of Lemma [1.6.21| we have rad(s) = 0 for s = g/rad(g). Then s is semisim-
ple by Proposition [2.2.12] ([l

PROPOSITION 2.2.17. Let g be a finite-dimensional Lie algebra over a field k of characteristic
zero, and a be a semisimple ideal in g. Then g = a® a’ and a’ is the centralizer of a in g.

PROOF. Since a is semisimple, the Killing form xq = K|axq Of a is non-degenerate. As above

we obtain that g = a @ at is the direct sum of ideals. Because of Z(a) = 0 the centralizer of a
is at, hence Zy(a) = at. O

COROLLARY 2.2.18. Let g be a finite-dimensional semisimple Lie algebra over a field k of
characteristic zero. Then we have Der(g) = ad(g). In other words, all derivations of g are
mmner.
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PRrROOF. We apply Proposition [2.2.17| to the Lie algebra Der(g). Since Z(g) = 0 we have
ad(g) & g, so ad(g) is a semisimple ideal in Der(g). Hence we have Der(g) = ad(g) @ ad(g)=.

But ad(g)* is the centralizer of ad(g) in Der(g) by Proposition 2.2.17, and this is zero. For
D € ad(g)* we have

ad(D(x)) = [D,ad(z)] =0 Vazeg.
Since ad is injective, we obtain D = 0 and hence ad(g)* = 0. O
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2.3. Weyl’s Theorem

Weyl’s Theorem is a central result in the theory of representations of semisimple Lie alge-
bras. Note that we always assume that the Lie algebras and their representations are finite-
dimensional. The original proof of this result by Weyl uses integration on compact Lie groups.
Afterwards a purely algebraic proof was found by van der Waerden, based on work of the
physicist Hendrik Casimir, who lived from 1909 till 2000. Brauer discovered in 1937 another
algebraic proof. The result also follows from the Whitehead Lemma about Lie algebra coho-
mology.

Let us give an elementary algebraic proof using Casimir elements associated to a non-degenerate
bilinear form . The radical of 3 is defined by

rad(f) = {z € g | B(z,y) =0Vy € g}.

So [ is non-degenerate if and only if rad(8) = 0. If this is the case then for a given basis

(1,...,2,) of g there exists a unique dual basis (z',...,2") with respect to 3, given by

B(xi,xj) = 51]
LEMMA 2.3.1. Let B be a non-degenerate invariant bilinear form on a Lie algebra g with
basis (x1,...,1,) and (x',... 2") be the dual base with respect to B. Let p: g — A be a

homomorphism into an associative algebra, i.e., satisfying also p([x,y]) = p(x)p(y)—p(y)p(z) =
[p(x), p(y)]. Then the element

Q(B,p) = Zﬂ(fvj)p(l’j)

in A commutes with all p(x).

PRrROOF. Let z € g. The we can write

n
[z, %] = Zaijka
k=1
n
[z,27] = Zajkxk

k=1

with elements ay;, a’* € k. We have
Akj = B([z,xj],xk) - _5(55]'7 [vakD = _akj'
Then

p(@!)p(w;)0(2) = p(2)p(a”)p(ws) = pl(a’) (pla;)p(2) = p(2)p(a;) )
~ (p(2)pla?) = pla?)p(2) ) pla).
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It follows, writing Q2 = Q(, p),

Qp(z) — p(2)Q = Z p(@)p(a;)p(z) — p(2)p(x?)p(x;)
= Zp(ﬂij)[/)(%), p(2)] = [p(2), p(a?)]p(x;)
_Zp .1'] x]a p([z,:vj])p(a:j)

= Z —aggp(a?) p(xr) — a?* p(a*)p(x;)

jkfl
_ kj ] ik k
= S () pla) — P p(aF)ol)
jk 1
—g a™ p(x?) p(ay,) E a™ p(x?) p(ay,)
Ji:k=1 j.k=1
= 0.

O

DEFINITION 2.3.2. Let [ be a non-degenerate invariant bilinear form on g and p be a
representation of g as above. Then the element Q(f,p) € A is called a (quadratic) Casimir
element with respect to g and p.

It is easy to see that Q(f3, p) does not depend on the choice of a basis for g.

LEMMA 2.3.3. Let g be a semisimple Lie algebra and p: g — gl(V') be a faithful representa-
tion of g. Then B(x,y) = tr(p(x)p(y)) is a symmetric non-degenerate invariant bilinear form
on g.

PROOF. Any trace form is invariant because of tr([A, B]C) = tr(A[B,(C]) for A, B,C €
End(V). Hence rad(f) is an ideal in g. Since p is injective we have p(rad(/)) = rad(5). By
definition of the radical the trace form vanishes there, so that rad(/3) is solvable by the linear
Cartan criterion. Hence we have rad(f) C rad(g) = 0 and S is non-degenerate. O

We can define the Casimir element with respect to S and p in particular for the algebra
A = End(V). Then p is a Lie algebra representation and (g, p) is an endomorphism of V',
also called Casimir operator. We have

=3 o))
= Zﬁ<$jvx])
= 2": 1 =dimg.
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A possible faithful representation of g is p = ad, because g is semisimple and hence ker(ad) =

Z(g) = 0.

EXAMPLE 2.3.4. Let g = sly(k), V = k* and p be the identity map g — gl(V'). Let (z,y,h)
be the standard basis of g and [ be the trace from on g. Then we have

Q(8,id) = (362 3(/)2) .

To see this, first note that the dual basis with respect to [ is given by (y, z, %) Then

Q(B,1d) = p(z)p(y) + ply)p(z) + @ = (362 392) :

recalling from Example [1.2.16] that

= (5 0) = (1 0) am=(5 "),

So €2 acts here as a scalar, i.e., by A -id with A € k. This is clear. Indeed, the representation
p is simple and Q commutes with all p(x) by Lemma [2.3.1l Then Schur’s Lemma |1.2.31] gives

oy : 3 _ dimg
0 = X-id. More precisely, we have A = 5 = 3.

Let us mention another consequence of Schur’s Lemma here, see [19].

LEMMA 2.3.5. Let g be a simple Lie algebra and o(z,y), f(x,y) be two symmetric non-
degenerate invariant bilinear forms on g. Then there is a nonzero scalar p € k* with a(x,y) =

uB(z.y) for all 2,y € g.

In particular the Killing form of simple Lie algebras is a scalar multiple of the trace form.
The following table shows a few examples. Note that gl(n) is reductive but not simple.

g | K (2, y)
gl(n), n>2 | 2ntr(zy) — 2tr(z) tr(y)
sl(n), n > 2 2n tr(zy)
so(n), n >3 (n — 2) tr(xy)
sp(2n), n>1 2(n+ 1) tr(zy)

REMARK 2.3.6. One can ask how we may express the Killing form tr(ad(z) ad(y)) and more
generally also tr(ad®(z)ad®(y)) by the trace form. We may write

tr((ad(z))?(ad(y))?) = an tr(@®y?) + Ba tr(zyay) + 7, tr(a?) tr(y®)
+ (5n(tr(:cy))2

with certain scalars ay,, B, Tn, 0n depending on n. To give an example, let g = sl(n). Then it
is easy to see that we have, for all x,y € sl(n),

tr((ad(x))*(ad(y))*) = 2ntr(zy?) + 2tr(z?) tr(y?) + 4(tr(zy))*.
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Indeed, for n > 4 we obtain from the above the following system of linear equations
ﬂn + 5n = 47
Qn + B+ 29, + 20, = 2n + 12,
O‘n+ﬁn+4’yn+5n :2n+]—27
Yn = 2.
This system has a unique solution as above. How do we obtain the linear equations? We ex-
plicitly compute the terms with respect to a standard basis of s[(n). The adjoint representation
is given by the formula (1.1)). For example, for h; = E;; — E;1,+1 we obtain that ad(h;) is a
diagonal matrix with 2(n — 2) entries 1, 2(n — 2) entries —1, once 2, once —2 and otherwise
zeros on the diagonal. Hence ad?(h;) is a diagonal matrix with 4(n —2) entries 1 and 2 entries 4
on the diagonal, yielding trace 4n. So we have tr(ad®(h;)) = 4n +24. Plugging into our Ansatz
xr =y = h;, we obtain
dn + 24 = 2, + 26, + 47, + 40,.
This is the second linear equation listed, providing we have 2 # 0. Similarly we obtain the
other equations.

We also can show that, for all z,y € so(n),
tr((ad(z))*(ad(y))?) = (n — 6) tr(a®y?) — 2tr(zyay) + tr(z?) tr(y?)
+ 2(tr(xy))?.
Now we are ready to prove Weyl’s Theorem.

THEOREM 2.3.7 (Weyl). Let p: g — gl(V') be a representation of a semisimple Lie algebra
over a field k of characteristic zero. Then p is semisimple.

PROOF. Step (1): Since V' is semisimple as g-module if and only if V' is semisimple as p(g)-
module, we may replace g by p(g) and assume that g C gl(V') and p = id. Then 5(z,y) = tr(zy)
is a symmetric invariant bilinear form. It is non-degenerate, since rad(/3) is a solvable ideal by
the linear Cartan criterion. Hence rad(f8) C rad(g) = 0. Thus we may define the associated
Casimir element Q = Y7 | p(z;)p(27) € End(V). Tt lies in Endg(V) = {A € End(V) | Az =
rAVx € g}, with tr(Q) = dimg = n. Note that Az and zA are products of endomorphisms.
Suppose that p is a simple representation. Then () is an automorphism of V' and we have
tr(2) # 0, since g # 0 and k has characteristic zero. So 2 # 0 and Schur’s Lemma yields
Q= X-id with A # 0.

Step (2): Let W C V be a subrepresentation of codimension 1. We’ll show that W has a
complement. Since dim V/W = 1 we know that g = [g, g] acts trivially on V/W because all
commutators of endomorphisms of a 1-dimensional vector space vanish.

(a): We'll show that we may assume that W is simple. Indeed, suppose that the claim in (2)
holds for all simple modules. Then we use induction on dim V' to show that the claim holds in
general. So let 0 # V) C V be a minimal submodule. For V' being simple there is nothing to
show. So assume that V} # V' is a proper submodule. If ViNW = 0, then V] is already a module
complement for W, since we then have W + V; = V because of dim V/W = 1. Otherwise, if
ViNW # 0, then we obtain V; C W from the minimality of V;. Now we can apply the induction
hypothesis on V/V;j. So the submodule W/V; of codimension 1 has a module complement U,
which we can write as

U=U"/Vs
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for a submodule U’ D V; of V. Hence we have W/Vi & U’ /V} = V/V; with dim U’/V; = 1. Thus
Vi C U’ is a simple submodule of codimension 1. We may apply the claim (2) to it, to find a
module complement V5 to Vi in U’, so V; @ Vo, = U’. Then V; is a module complement to W in
V', hence V=W & Va, because dim W + dim V3 = (dimV — 1) + 1 = dim V and W NV, = 0.

(b): We claim that g acts faithfully on W. Let a = {z € g | x.W = 0}. This is an ideal in
g. Since g is semisimple, so is a and we have a = [a,a]. Because of g.(V/W) = 0 we have
g.V C W, and hence [a,a] = 0, because for z,y € a we have xy.V C 2.W = 0. This we have
a = 0 and therefore the representation of of g on W is faithful.

(c): We can now prove the claim (2). So let W be simple. Let py be the representation of g on V'
and py be the restriction on W. The latter is faithful, see (b). Thus we can define the Casimir
operator Qy € End(V'), which is associated to the bilinear form x,,, (z,y) = tr(pw (x)pw (y)).
Because of (1), Qyy is injective on the simple module W, because it acts there as a nonzero
scalar. Hence ker(Qy) is a 1-dimensional g-submodule of V', having trivial intersection with .
So we have V =W @ ker(€Qyy). Thus the desired complement to W in V' is given by ker(Qw).

Step (3): Now we can prove the general case, where W C V is an arbitrary submodule. We
may equip the space Hom(V, W) with a structure of a g-module by

r.p = pw(x)ep —pepy(z), =€g,pcHm(V,W)
Then the space
U={pcHom(V,W) | ow € k-idw}
is a g-submodule, since for ¢ € U we even have (z.9)(W) = 0. Indeed, we obtain, with
ow = A-idy and w € W, that

(z.9)(w) = z.p(w) — p(z.w)
= z.(Aw) — Az.w
= 0.

Hence Uy = {p € U | p(W) = 0} is a submodule of U with dim U/U, = 1. With (2) we find
a 1 € U with kv @ Uy = U. By applying a suitable scalar multiplication we may assume that
Yyw = idw. Then the 1-dimensional g-module kv is trivial, and hence we have z.7) = 0 and
xap(v) — Y(z.v) = (x.4h)(v) = 0. Thus ¢ is a module homomorphism and therefore ker(v) is
a submodule of V. But then ker(¢)) is a complementary submodule to W in V| i.e., we have
V =ker(¢p) @ W and V is semisimple. O

REMARK 2.3.8. The “converse” of Weyl’s Theorem also holds. If every finite-dimensional
representation of g is semisimple, then g is semisimple. In fact, since the adjoint representation
is semisimple, every ideal in g has a complementary ideal and hence can be viewed as a quotient
of g. Suppose that g is not semisimple. Then g has a commutative quotient, hence also a 1-
dimensional quotient. But the Lie algebra g = k£ also has non-semisimple representations, see

Example [1.2.28] This is a contradiction.
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2.4. Levi’s Theorem

In this section all Lie algebras are finite-dimensional over a field k£ of characteristic zero.
Levi’s Theorem says that any Lie algebra g has a semisimple subalgebra s, a so-called Lev:
complement, with g = s x rad(g). In other words, the short exact sequence of Lie algebras

0—rad(g) =g —5—0

splits. In this case, s = g/rad(g). A Levi complement need not be unique. Malcev’s Theorem
says that all Levi complements are conjugated by special automorphisms of g.

The existence of Levi complements reduces the classification of Lie algebras to a large extend
to the classification of semisimple and solvable Lie algebras. The semisimple Lie algebras can
be classified, whereas the solvable ones cannot in general. We start with the following lemma.

LEMMA 2.4.1. Let a: g — b be a surjective homomorphisms of Lie algebras. Then we have
a(rad(g)) = rad(h).

PROOF. Since rad(g) is a solvable ideal in g, also a(rad(g)) is a solvable ideal in b, since « is
a surjective homomorphism. We have a(rad(g)) C rad(h). To see this, we note that a(rad(g))
is an ideal in b, because

[b, a(rad(g))] = [a(g), a(rad(g))] = a(lg,rad(g)]) C a(rad(g)).

It is solvable since homomorphic images of solvable Lie algebras are solvable. Conversely, con-
sider the quotient map 7: h — h/a(rad(g)) and the homomorphism 5 = moa: g — h/a(rad(g)).
Because of rad(g) C ker(3), S factorizes to a surjective homomorphisms f’': g/rad(g) —
h/a(rad(g)). Since g/ rad(g) is semisimple by Corollary also h/a(rad(g)) is semisimple,
being a homomorphic image of g/rad(g). Hence we have w(rad(h)) C rad(h/a(rad(g))) = 0,
and rad(h) C a(rad(g)). O

LEMMA 2.4.2. Let V' be a g-module, a be an ideal in g, and Zy(w) = {x € a | z.w = 0} for
weV. Letv eV be an element with g.v = a.v and Zs(v) = 0. Then we have g = Zy(v) X a.

PRrROOF. By assumption Z4(v) Na = Z,(v) = 0 and a is an ideal. Moreover Z,;(v) is a
subalgebra of g. So we only need to show that Z;(v) + a = g. Consider the linear map
p:g—V, z+— z.v. Because of g.v = a.v we have ¢(g) = ¢(a), and hence g = ker(y) + a =
Zg(v) + a. O

THEOREM 2.4.3 (Levi). Every short exact sequence of Lie algebras in characteristic zero
0—rad(g) > g=>5—0
with a semisimple Lie algebra s splits, i.e., there is a homomorphism [: s — g with ao f = id,.

PROOF. Let a = ker(a) = «(rad(g)). We will prove the result by induction over dima. For
a = 0, the homomorphism « is injective and surjective. Then the claim follows with 8 = a1
So we may assume that dim(a) > 1. We will make a case distinction.

Case 1: There exists a proper minimal ideal a; in a = ker(«), which is different from 0 and a.
Then « factorizes to a surjective homomorphism
ap:g/ay — s

with dimker(a;) = dima — dima; < dima = dim ker(«). By induction hypothesis there exists
a homomorphism
51:5—>g/a1 with Ojlo/Blzids.
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Let ¢: g — g/a; be the quotient map and

b=q ' (Bi(s))
the preimage of f;(s) under ¢. Then b is a subalgebra of g and the homomorphism
a=qle:b—=pi(s) =s, z—r+a

is surjective. We have dim ker(a) = dima; < dim a = dim ker(«), so that by induction hypoth-
esis there exists a homomorphism

gi 51(5) —b with ao BI idﬁl(s) .

But then g = Eo [1: 5 — g is a homomorphism with

aoﬁ:@lo<&oﬁ)oﬂlzaloﬁl:jds
and we are done.

Case 2: The ideal a itself is minimal and different from 0. We have a(rad(g)) = rad(s) = 0
because of Lemma and since s is semisimple. So we have rad(g) C ker(a) = a. If
rad(g) = 0, then a = ker(a) = ¢(0) = 0, a contradiction. So we may assume that rad(g) # 0.
Chose a maximal n > 1 such that rad(g)™ # 0. This is an abelian ideal of g different from
zero, because 0 = rad(g)™™") = [rad(g)™,rad(g)™]. Since a was minimal, it follows that
a C rad(g)™. Thus a is abelian. Then a is in the kernel of the representation

p:g—glla), =~ ad(z)|s

which then factorizes by the homomorphism theorem to a representation of g/a on a. Since
a: g — s is a surjective homomorphism, we have g/ ker(a) = g/a = 5. This way a becomes a
s-module, which is even simple, because a is minimal. Here we need another case distinction.

Case 2a: Let a be a trivial ss-module. Then a is contained in the center of g. Hence a is
contained in the kernel of the adjoint representation of g. By the homomorphism theorem the
adjoint representation of g factorizes to a representation of s. This way g becomes a s-module,
which is semisimple by Weyl’s Theorem. Hence there exists a complement to a, namely an
ideal which is complementary to a in g. But then we have g = g/a ® a = s @ rad(g). Hence
the above short exact sequence is split and we are done.

Case 2b: Let a be a non-trivial s-module. The vector space V' = End(g) becomes a g-module
by x.¢ = [ad(x), ¢]. We consider the following subspaces P C Q) C R of V:

P = ad(a),

Q={p eV |p(g) Ca, p(a) =0},
R={peV|p(g) Ca, ¢|€k-ida}.

Here @ is the kernel of the linear map x: R — k with ¢ [;= x(¢)-idq. Therefore dim(R/Q) < 1.
We show that these subspaces are g-submodules of V. Let y € g. For ad(x) € P we have
y.ad(z) = [ad(z),ad(y)] = ad([z,y]) € P. Therefore P is a submodule. To see that R and @
are submodules, it suffices to show that g.R C Q. Solet z € g, ¢ € R and ¢ |,= Aid,. For
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a € a we have
(z.0)(a) = z.p(a) — ¢([z, a])
=z.(Aa) — Az, d
=0,

so x.0 € ). So we are done. Furthermore, we have a.R C P, because for y € a we have
ad(y)(a) = 0, since a is abelian and therefore

y-p =ad(y) o — poad(y) = —Aad(y) € P.

Hence the ideal a acts trivially on the quotient module R/P, which becomes a g/a-module this
way, and hence a s-module. By Weyl’s Theorem there exists a module complement U to the
submodule Q/P of R/P with dim U = 1. It is spanned by a vector v € R\, and we may assume
that v |,= id,. Because of s = [s,s] we know that U is a trivial s-module, so that g.v C P.
We want to apply Lemma to this vector v. For this we need to check the assumptions of
the lemma. For x € a we have by the above computation z.v = —Xad(z) = —ad(z). Assume
that z.v = 0. Then x € Z(a). Since a by assumption is a non-trivial s-module, a is a minimal
non-central ideal of g. Hence we have x € Z(a) = 0. Thus we have

Zo(v) = 0,
av =ad(a) = P = g.v.
Now we can apply the lemma to obtain the claim, and the proof is finished. O
Let us now formally define a Levi complement.

DEFINITION 2.4.4. Let g be a Lie algebra. A subalgebra s of g with g = s x rad(g) is called
a Levi complement in g.

COROLLARY 2.4.5. Let g be a Lie algebra. Then there exists a Levi complement in g.

PrROOF. We claim that s = g/rad(g) is a Levi complement in g. First note that s is
semisimple by Corollary 2.2.16] Let «: g — s be the quotient map. By Levi’s Theorem there
exists a homomorphism 5: § — g with ace 5 = id,. Then f is injective, so 5(s) N ¢(rad(g)) =0
and [(s) + t(rad(g)) = g. This amounts to g = f(s) x ¢(rad(g)) and we are done. O

We obtain a further corollary to Levi’s Theorem.
COROLLARY 2.4.6. Let s be a Levi complement in g. Then
[9,9] = 5 x [g, rad(g)].
If g is reductive, so that rad(g) = Z(g), then [g,¢] is a Levi complement in g.
PROOF. Since s is semisimple we have [s, 5] = 5. So we have, because of g = s 4 rad(g),
[9,0] = [9,5] + [g, rad(g)]
= [s,8] + [rad(g), s] + [g, rad(g)]
=5+ [g,rad(g)].
Because of s Nrad(g) = 0 we have s N [g, rad(g)] = 0.
For the second claim note that rad(g) = Z(g) is equivalent to [g,rad(g)] = 0,soto [g,g] =s. O

EXAMPLE 2.4.7. For g = gl(V') we have rad(g) = Z(g) = k-id, and s = [g,g] = sl(V) is a
Levi complement in g.
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Now we will come to Malcev’s Theorem. Let Aut(g) be the group of automorphisms of g,
consisting of all bijective Lie algebra endomorphisms of g.

LEMMA 2.4.8. Let g be a Lie algebra and D a nilpotent derivation of g. Then e = exp(D)
1s an automorphism of g.

PROOF. First of all, e” is an automorphism of the vector space of g. The series is finite,
since D is nilpotent. The inverse is given by the series e ?. For z,y € g we have

P yl) = ~(P\(prs ). D
me;X)DUﬂw,
which follows easily by induction. Then we have
Pl = Y 50" (a.)
N 1 P i
=303 G @ D)
N 1 p—J J
=303 G @ D)
=33 D). D)
= [e”(z),e"(y)]
Hence we have e? € Aut(g). O

In particular, for D = ad(z), we have @) ¢ Aut(g). Such an automorphism has a special
name.

DEFINITION 2.4.9. Let g be a Lie algebra. An automorphism of the form e*d®) with x €
nil(g) is called special. Let Auty(g) denote the subgroups of Aut(g) generated by all special
automorphisms.

One can show that Aut,(g) is a normal subgroup of Aut(g).

THEOREM 2.4.10 (Malcev). Let g be a Lie algebra and s, and so be two Levi complements
in g. Then there exists a special automorphism ¢ = ¢*3®) Aut,(g) with x € [g,rad(g)] C nil(g),
such that p(s1) = so.

We do not prove the result here. For a proof, see for example [5], where Weyl’s Theorem is
used in the proof. Let us give some corollaries to Malcev’s Theorem.

COROLLARY 2.4.11. Every semisimple subalgebra bty of a Lie algebra g is contained in a Levi
complement of g.

PROOF. Let a =rad(g) + 6. Then a is a subalgebra of g and rad(g) is a solvable ideal in a.
Then
a/rad(g) = b/(h Nrad(g))
is a quotient of fh and therefore it is semisimple and has a trivial solvable radical. So we have
rad(g) = rad(a). The ideal h Nrad(g) of h is semisimple and at the same time solvable, hence
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equal to zero. Thus we have a = h X rad(g) and b is a Levi complement in a. Let s be a Levi
complement in g. Then
a=(anNs) x rad(g).
Since aNs = a/rad(g) = b is semisimple, aNs is a Levi complement in a. By Malcev’s Theorem
there exists a x € [a,rad(g)] with
@ (ans) = b.

Hence b is contained in the Levi complement s’ = ¢*d®)(s) of g. O

COROLLARY 2.4.12. The Levi complements in g are exactly the maximal semisimple subal-
gebras of g.

ProoOF. Every maximal semisimple subalgebra of g is a Levi complement because of Corol-
lary [2.4.11] Conversely, let s be a Levi complement. For each semisimple subalgebra b of g we
have rad(g) N h = 0, hence h C s, because of g = s x rad(g). O

COROLLARY 2.4.13. Let g be a Lie algebra with Levi decomposition g = s x rad(g) and a be
an ideal in g. Then a = (aNs) X (aNrad(g)) is a Levi decomposition of a.

PRrRoOOF. Exercise. O

2.5. Cartan subalgebras

The adjoint representation of a Lie algebra g, restricted to a suitable subalgebra b, can give
a lot of structural information on the Lie algebra g. For h € g and A € k let

gr(h) ={z € g] (ad(h) — Aid)"x = 0 for some n}

be the generalized eigenspace of ad(h) to A. Clearly we have gy(h) # 0 if and only if A is an
eigenvalue of ad(h). Because of ad(h)(h) = 0 we have go(h) # 0. In case k is algebraically
closed, the Jordan decomposition of ad(h) yields

9= @gx(h)

A€k

= @gAz(h‘)7

= go(h) ® @mm

where Ao = 0, A, ..., A, are the different eigenvalues of ad(h).
LEMMA 2.5.1. Let h € g. Then

[g)\<h)agu(h)] C g)Hru(h)
forall A\, € k.

PRrROOF. Let = € gx(h) and y € g,(h). Then we have, as in (2.1)), for all n > 1

(@) = O+ ) B (o) = 3 (1)) = ABY @), k) — B+

k=0
So if we have (ad(h) — AE)P(z) = 0 and (ad(h) — pE)%(y) = 0, then
(ad(h) — (A + p) E)""([z, y]) = 0.
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In particular, the following holds.

COROLLARY 2.5.2. The subspace go(h) in the above decomposition is a Lie subalgebra dif-
ferent from zero in g.

Now consider the characteristic polynomial P, (t) = det(tE'—ad(h)) of ad(h). Let n = dim g,
then we can write this polynomial with polynomial functions a;(h) in h € g as

n

Pu(t) = a;(h)t"

=0

Since zero is an eigenvalue of ad(h), we have P,(0) = 0 and therefore ag = 0. Furthermore we
have a,, = 1.

DEFINITION 2.5.3. Let g be a finite-dimensional Lie algebra over an algebraically closed
field k. The rank of g, denoted by ¢ = rank g, is the smallest integer ¢ > 0 with a; # 0. An
element h € g is called regular, if a;(h) # 0.

This number satisfies 1 < rank g < dim g. Since the multiplicity of zero as a root of of Py (t)
equals dim gg(h), we have rankg < dimgo(h). Indeed, the rank of g is exactly the minimal
dimension of the subalgebra go(h), if h runs through g, i.e.,

rank g = min{dim go(h) | h € g}.
We have equality, namely rank g = dim go(h), if and only if & is regular.
LEMMA 2.5.4. A Lie algebra g is nilpotent if and only if rank g = dim g.

PRrROOF. We have rank g = dim g if and only if all ad(z) are nilpotent for z € g. So the
claim follows by Engel’s Theorem. 0

Denote by g™ the set of regular elements of g.

LEMMA 2.5.5. The subset g"9 C g is a non-empty dense Zariski-open set in g, invariant
under all automorphisms of g.

PRrOOF. By definition a; is not the zero polynomial, where ¢ = rankg. Hence there is
an element h in g"*9. The set is Zariski open, since the condition dim go(h) > rank g can be
expressed by the vanishing of the polynomial functions as(h). For ¢ € Aut(g) we have

ad(p(h)) = pead(h)ep™.

Therefore we have

Hence ay(¢(h)) = as(h) for all h € g. It follows that ¢(g"?) C g™ for all ¢ € Aut(g). O
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EXAMPLE 2.5.6. Let g = sly(k), char(k) # 2 and

(00

be an element in g. Then the characteristic polynomial of x is given by

t—2a 0 2b
P(t)=det| 0 t+2a —2c| =+ 4tdet(z).
c —b t

Hence ai(x) = 4det(x) for all z € g, and ag = 0. Thus rankg = 1 and x is reqular if and only
if det(z) # 0.

Even better, because of tr(z) = 0 we have that x € g is regular if and only if x is not
nilpotent. So we have

5[2(k)Teg = 5[2(]{3) \N,

where A denotes the cone of nilpotent matrices in sly(k).
LEMMA 2.5.7. Let hg € g"9. Then the Lie algebra by = go(hg) is nilpotent.
PROOF. Let \g = 0, Ay, ..., )\, be the distinct eigenvalues of ad(hg) and

p
01 = P g (ho)
=1

be the sum of the spaces gy, (hg) without h = gg(hg). Then [h,g1] C g1 by Lemma [2.5.1]
Hence the adjoint representation of g, restricted to b, induces a representation p: h — gl(g).
Consider the polynomial function

h — d(h) = det(p(h))
on h. With ¢; = dim gy, (ho) we have
d(ho) = APAL -+ \B £ 0,

Hence d is not the zero function and there exists a Zariski open set in h on which d does not
vanish. Let h € b be an element with d(h) # 0. The eigenvalues of p(h) are all different
from zero. Hence we have go(h) C h. Since hy is regular, we have dimbh = rankg and
dim go(h) > rank g. This implies that
b = go(h).

Hence, by definition of go(h), the linear map ady(h) is nilpotent, i.e., (ady(h))? = 0 for all
g > rank g. The matrix entries of (ady(h))? are polynomial functions on h. Because of Zariski
continuity we have (ady(h))? = 0 for all h € h. Therefore all ady(h) are nilpotent, and b is
nilpotent by Engel’s Theorem. O

LEMMA 2.5.8. Let hg € g"9. Then the Lie algebra b = go(ho) is equal to its normalizer in
g. So we have b = Ny(bh).

PRrROOF. Let € Ny(h). Then we have [hg, 2] € b = go(ho). Hence there is a p > 0 with
ad(ho)?([ho, x]) = ad(ho)*™(x) = 0.
This implies that x € h. Hence we have Ny(h) = b. O

Such nilpotent self-normalizing subalgebras h obtain a new name.



2.5. CARTAN SUBALGEBRAS 59

DEFINITION 2.5.9. A Lie subalgebra h of g is called a Cartan subalgebra in g, if § is nilpotent
and h = Ny(h).

It is not a priori clear whether or not there exists a Cartan subalgebra in a given Lie algebra
g. We have the following result.

PROPOSITION 2.5.10. Let g be a finite-dimensional Lie algebra over an infinite field k. Then
there exists a Cartan subalgebra in g. If k has characteristic zero then all Cartan subalgebras b
have the same dimension, namely dim(h) = rank(g).

PROOF. Assume first that k is algebraically closed. Then gg(h) is a Cartan subalgebra
for every h € g"*, as we have seen in and [2.5.8. Now let k be a field of characteristic
zero, K be an algebraic closure of k and gx = K ®, g. Let b be a subalgebra of g and hg
be the subalgebra of g spanned by h over K. Then b is a Cartan subalgebra in g, if hx is a
Cartan subalgebra in gx. Hence there exists a Cartan subalgebra in characteristic zero, because
there exists a Cartan subalgebra of gx, which is defined over k. Furthermore one can show
that a Cartan subalgebra always exists whenever the field k£ has more than dimy(g) elements,
see [30]. In particular, finite dimensional Lie algebras over infinite field always have Cartan
subalgebras. O

The existence of Cartan subalgebras in Lie algebras over finite fields is still an open problem,
see [30].

EXAMPLE 2.5.11. Let g = gla(k). Then each of the following subalgebras,

{5 s
(eI

This shows that Cartan subalgebras need not be unique. However, we have the following
result.

form a Cartan subalgebra in g.

PROPOSITION 2.5.12. Let g be a finite dimensional Lie algebra over an algebraically closed
field of characteristic zero. Then all Cartan subalgebras are conjugate under automorphisms of

g.

For k = R the two Cartan subalgebras of Example 2.5.11]in g = gly(R) are not conjugate.
So the proposition is not true over arbitrary fields of characteristic zero.

PROPOSITION 2.5.13. Let b be a Cartan subalgebra in g. Then b is a maximal nilpotent
subalgebra of g.

PRrROOF. Let n be a nilpotent subalgebra of g with n D h. Assume that n # . Then
the adjoint representation of n, restricted to b, defines a representation o: h — gl(n/h). This
representation acts by nilpotent operators by Engel’s Theorem. By Lemma there is a
nonzero v € n/h with o(x)v = 0 for all € h. Let y € n be a representative of the coset v.
Then we have [z, y] = ad(z)(y) € h for all z € h. Hence y € Ny(h) = b, because b is a Cartan
subalgebra in g. Hence the coset is zero in n/h, d.h., v = 0, a contradiction. It follows that
n=0>5. O
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COROLLARY 2.5.14. Let g be a nilpotent Lie algebra. Then g is the only Cartan subalgebra
m g.

The converse of Proposition [2.5.13| need not be true. There exist maximal nilpotent subal-

gebras, which are not Cartan subalgebras, see the following example.

EXAMPLE 2.5.15. Let g = sly(k), where k is a field of characteristic zero, and (x,y,h) be
the standard basis of g. Then the subalgebra a = k - x is maximal nilpotent, but not a Cartan
subalgebra in g.

To see this, suppose that n is a nilpotent subalgebra of g, which contains x. Then dim(n) <
2. Thus n is abelian. Let g = ax 4+ By + vh € n. Then we have

0= [z, g] = Bh — 2vz.

Hence 8 = v = 0 and therefore n =k -g =k -2z = a. So a is maximal nilpotent. On the other
hand, n is not self-normalizing, since all upper-triangular matrices in g normalize n.

Let us mention the following lemma, which is proved along the lines of Proposition [2.5.12

LEMMA 2.5.16. Let g be a Lie algebra over an algebraically closed field k. Let §y be a Cartan
subalgebra in g. Then there ezists an h € g™ C g with b = go(h).

From now on we want to restrict ourselves mainly to Cartan subalgebras of semisimple Lie
algebras over a field of characteristic zero. We will see that their structure then is much simpler
than in general.

PROPOSITION 2.5.17. Let g be a semisimple Lie algebra over a field k of characteristic zero,
and § be a Cartan subalgebra in g. Then b is abelian.

PrROOF. We may assume that £ is algebraically closed. Then there exists by Lemma [2.5.16
an hg € h with h = go(ho). Let A # 0 and = € gy(hg). For h € h and p € k we have

ad(z) ad(h)(g,(ho)) C ad(x)(gu(ho)) C gatu(ho).
Let A\g =0, A1,..., A\, be the distinct eigenvalues of ad(hg). Choosing a basis of g corresponding

to the decomposition
p
o= an(ho),
i=0

the associated block matrix of ad(z)ad(h) has zero blocks on the diagonal. Hence the Killing
form satisfies x(x,h) = 0 for all  and h. Hence b is orthogonal to all spaces gy, (ho) for
1 <4 < p with respect to the Killing form. Since b is nilpotent and hence solvable, we have
k(D, [b, h]) = 0 by the Cartan criterion. So we obtain (g, [h, h]) = 0. Since g is semisimple and
the characteristic of k is zero, the Killing form on g is non-degenerate. So we obtain [h,h] =0
and b is abelian. O

Since Cartan subalgebras are maximal nilpotent, we obtain the following corollary.

COROLLARY 2.5.18. Let g be a semisimple Lie algebra in characteristic zero. Then Cartan
subalgebras in g are maximal abelian subalgebras.

LEMMA 2.5.19. Let g be a semisimple Lie algebra over an algebraically closed field k of
characteristic zero. Let by be a Cartan subalgebra in g. Then all h € b are semisimple.
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PRrOOF. Let h € § and consider its Jordan-Chevalley decomposition h = s+n, see Proposi-
tion [2.1.13] Since h is abelian, we have ad(h)(h) = 0. Since ad(s) and ad(n) are the semisimple
respectively nilpotent parts of ad(h), we can represent them by polynomials in ad(h) without
constant term. In particular we have

ad(s)(h) = ad(n)(h) = 0.
Since h is maximal abelian, we have s,n € h. By Lemma we obtain h = go(ho). As in
the proof of Proposition we see that b is orthogonal to g, (ho), for the eigenvalues A # 0
of ad(hg). Let y € h. Because of [ad(y),ad(n)] = ad([y,n]) = 0, with ad(y) and ad(n) nilpotent
we also have that ad(y)ad(n) is a nilpotent linear map. Therefore we obtain x(y,n) = 0 and
thus n is orthogonal to g. Since the Killing from of g is non-degenerate, it follows that n =0
and that A = s is semisimple. ([l

COROLLARY 2.5.20. Let g be a semusimple Lie algebra over an algebraically closed field of
characteristic zero. Then all reqular elements in g are semisimple.

PROOF. Let h € g"9. Then go(h) is a Cartan subalgebra in g by Lemma and Lemma
2.5.8 By Lemma [2.5.19] A is semisimple. 0
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2.6. The root space decomposition

Let g be a finite-dimensional Lie algebra over a field k (always of characteristic zero) and
h C g. For every linear map a: h — k let

Go = [ ] Bawn (h)
heh
be the the intersection of the generalized eigenspaces for all h € . Here « is called a weight, if
go # 0.

PROPOSITION 2.6.1. Let k be algebraically closed and b C g be a nilpotent subalgebra. Then
the following holds.

(2.2) b C go,
(2.3) [0 98] C Gats,
(2.4) 5,84l C ga;
(2.5) 1=Pa.
aeh*

For go # 0 we have a([h,b]) = 0. For h,h' € b the Killing form is given by
k(h, ') =) " dim(ga)o(h)a(l).

aeh*

PROOF. Since h nilpotent we have (ad(h))"z = 0 for all ,h € bh and sufficiently large
n € N. Hence we have h C go. Then (2.3) and (2.4) follow by Lemma [2.5.1] even if k is not
algebraically closed. The sum in obviously is direct. It remains to show that the sum of
the simultaneous generalized eigenspaces exhausts all of g. It is easy to see that this follows by
the previous properties, by [B, ga(n)(h)] C ga(n)(h) and because g is finite-dimensional.

For the formula we will apply Lie’s Theorem, where we need that k is algebraically closed.
So for all a: h — k there exists a basis of g,, such that the endomorphisms ad(h) |,, are
simultaneously represented by strictly upper-triangular matrices in gl,,(k), m = dimg,, and
with diagonal elements equal to a(h). This immediately yields the formula for the Killing form.
Furthermore, if we consider ad([h, ']), this upper-triangular matrix has the entries «([h, h'])
on the diagonal. At the same time this coincides with [ad(h), ad(h’)], which has zero diagonal.
So, if g4 # 0, we obtain a([h, h']) =0 = [a(h), a(R], and thus « € h* and «([h, b]) = 0. O

Now let g be a semisimple complex Lie algebra, and § be a Cartan subalgebra of g. Then all
elements h € h are ad-semisimple by Lemma [2.5.19( and § is abelian. Hence we may represent
the endomorphisms ad(h) on g, by diagonal matrices diag(a(h),...,a(h)). So we have

go ={x €g][h,z]=alh)r Vh € bh}.
DEFINITION 2.6.2. The root system of g with respect to b is defined by
O =0d(g,h)={aebh”|a#0,g9,#0}.
The elements of ® are called the roots. For a € ® we call g, the root space to the root «.

The Lie algebra g decomposes into the direct sum

(2.6) g=hoPa..

acd
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The decomposition is called root space decomposition, or Cartan decomposition of g with respect
to h. Here h = gy = Z4(h) is equal to the weight space to the weight zero. We will see later
in Corollary that the Cartan decomposition implies the following equation in positive
integers
dim(g) = rank(®) + |P|.
PROPOSITION 2.6.3. Let b be a Cartan subalgebra of g and be the corresponding Cartan

decomposition. Then the following holds.

(1) Given o, f € ®U {0} with a+ 8 # 0, we have k(ga,93) = 0, hence go L gs.

(2) From a € ® it follows that g, L b.

(3) The restriction of the Killing form k on go Xg_a, and hence on hx b, is non-degenerate.
(4) If « € O then —a € .

(5) span & = h*.

PrOOF. For (1): Let = € g, and y € gs. By Proposition we have

(ad(z) ad(y))"(8) C n(at+s)+y =0
for all v € ® U {0}, if n is sufficiently large and if o + 8 # 0. Therefore the endomorphism
ad(z)ad(y) € gl(g) is nilpotent and the Killing form is zero, i.e., x(x,y) = 0.
For (2): This follows immediately from (1) with g = 0.
For (3): Let z € g_, with k(z,9,) = 0. We need to show that z = 0. By (1) we have

k(g-a,98) = 0 for all 5 # a. Hence k(z,g5) = 0 for all 5, and therefore x(z,g) = 0 by (2.6).
Since k is non-degenerate on g X g, it follows that z = 0.

For (4): Let o € ®. Assume that —a ¢ ®, so g_, = 0. Then we have k(g,,gz) = 0 for all 3
and hence again k(g., g) = 0, which implies that g, = 0. This is a contradiction to a € ®.

For (5): Assume that ® does not generate h*. Then, by duality there exists an h € h, h # 0
with a(h) = 0 for all &« € &. More precisely, if (h],...,h}) is a basis of h* extending the basis
of @ by, say, h; ¢ ®. Then we consider the dual basis (hq, ..., he) of h with hf(h;) = 6;;. We
have h}(hg) = 0 for all ¢ # ¢ and hence a(h) = a(hy) = 0 for all o € ®, since (hj,...,h;_;) is a
basis of ®. But this implies [h, g,] = 0 for all @ € ®. Because of [h, go] = 0 we have [h,g] =0,
hence h € Z(g) = 0, which is a contradiction. O

LEMMA 2.6.4. Let « € &, x € go, Yy € §_o and h € . Then we have [x,y] € h and
(2.7) k(h, [z,y]) = a(h)r(z,y).
In particular, dim([g., g-o]) > 1.
PROOF. We have [x,y] € go—o = go = b by . Furthermore we have
k(h, [z,y]) = w([h, z],y) = s(a(h)z,y) = a(h)k(z,y).
Since k is non-degenerate on g, X g_,, there exists an z,, € g, andaz_, € g_, with k(z4, x_4) #

0. Since v # 0 there is an h € h with a(h) # 0, hence also with k(h, [z, 2_s]) # 0 because of
(2.7). Thus [x4, T 4] is a nonzero element in [gq, §_a)- O

LEMMA 2.6.5. Let o« € ® and x € go, Y € g—o with [x,y] # 0. Then we have o([x,y]) # 0.

PROOF. Let h = [z,y]. Assume that a(h) = 0. Then we have [h,z] = a(h)z = 0 and
[h,y] = —a(h)y = 0. Therefore x,y, h generate a nilpotent subalgebra of g. By Lie’s Theorem
we can represent ad(z),ad(y) and ad(h) simultaneously by upper-triangular matrices, so that
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ad(h) = [ad(z), ad(y)] is nilpotent. This is a contradiction to h # 0 and the fact that ad(h) is
semisimple. O

LEMMA 2.6.6. For each root a € ® we have dim([ga, §-a]) = 1 and « does not vanish on
the line [ga, 9-a] C b.

Proor. We already know that dim([ga,g-o]) > 1 by Lemma[2.6.4 By Lemma we
have [ga, g—a] Nker(a) = 0. So we have
dim([ga, g_a]) = dim([ga, 0ol + ker(a)) + dim([ga, gl N ker(a)) — dimker(a)
<dimbh+0— (dimbh —1)
=1.
0
Since the Killing form of g is non-degenerate on h x f, we may identify h and h* by it. More

precisely, we have an isomorphism
h* — b, a—t,,
which is characterized by the condition
(2.8) k(h,ty) = a(h) for all h € b.
Hence ® corresponds to the subset {t, | @ € ®} C b.
DEFINITION 2.6.7. For a € ® define the element ¢, € § by .

LEMMA 2.6.8. Let « € ® be a root and x € g4, Y € §_o elements with k(x,y) = 1. Then
we have [z, y] = t,.

PRrROOF. By (2.7) we have x(h,[z,y]) = a(h) for all h € . Using (2.8) we obtain [z,y] =
o 0J

LEMMA 2.6.9. For every root a € & we have k(tq,ts) # 0.

PROOF. Let us write t, = [z,y] with z € g., ¥ € g_, and k(z,y) = 1 as above. Then we
have

’f(taatOJ = a(ta) = Oz([x,y]) #0
by Lemma [2.6.5 U

DEFINITION 2.6.10. Let o € ® be a root. Then the coroot, or dual root o € ®* is defined
by

2
he =o' = ————t, €.
K(ta,ta)
Note that we have oe(t
alhy) = —a( ) =2,
E(ta,ta)
an (—a)¥ = —aV

Now we will see that all root spaces g, are in fact one-dimensional, and that no integer
multiple of a root « is again a root, except for +a. In other words, we have

Zan® ={a,—a}
for all o € .
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PROPOSITION 2.6.11. For every root o € ® we have dim(g,) = 1, and dim(gn) = 0 for all
n € Z\{£1l}. For every a € ® there exists an injective Lie algebra homomorphism sly(C) — g
with
C(g(l))ggom C((l]g)gg—om C(é—ol)g[ga7g—oc]'
PROOF. Choose elements x4, € g+ With [24,2_4] = h,. Because of a(h,) = 2 we then
have [hq, To] = 22, and [hy, x_o] = —22_,. This implies that
5, = Cx, @ Cx_, ®Ch,

is a 3-dimensional subalgebra of g, which is isomorphic to sly(C). In fact, the isomorphism

is given by (34) = 2o, (V9) = 2o and ({ %) — h,. The subalgebra s, is well-defines as

soon as we know that dimg, = 1 for all & € ®. Then it also follows that g+, = (r+4) and
[8a, 9-a] = (ha). To prove it, consider the subspace

5=Cr_o® Chy & P g
n>1
which is invariant under ad(z,) and ad(z_,). Then we have, with ad = ads and a(h,) = 2,
0 = tr([ad(z,), ad(z_4)])
= tr(ad([ra, 7_a)))
= tr(ad(ha))
= —a(h,) +0+ Z n - dim g - @(hy)

n>1
=2(—1+dimg, + Zn ~dim gpq).
n>2
So we obtain the Diophantine equation
1 =dimg, + Zn -dim gpq-
n>2

On the right hand side all terms are non-negative integers. Assume that dim g,, > 0 for some
n > 2. Then the sum on the RHS would be at least 2, a contradiction. So we have dim g,,, = 0
for all n > 2 and dimg, = 1. We can apply the same argument for —a. Hence we also have
dimg_, =1 and dimg_,, = 0 fir all n > 2. O

COROLLARY 2.6.12. For h,h/ € b we have

k(h, 1) =" a(h)a(h).

aced

We have
dim g = rank(g) + |®| = rank(®) + |P|.

PRrROOF. The formula for the Killing form follows from Proposition 2.6.1] and from dim g, =
1 for a € ®. The second formula follows from the Cartan decomposition (2.6) and from
dimg, = 1. 0

Let o, 8 € ®. It is customary to use the following notation

(8, av> = B(ha)-

We have (o, a") = a(a") = a(h,) = 2. Furthermore the following assertions hold.
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LEMMA 2.6.13. Let o, 3 € . Then we have
(1) (B,a) = B(ha) € Z.
(2) k(ha,hg) € Z.
(3) B—(B,a")a € .

Proor. For (1): Let 8 = . Then f(h,) = £2 € Z. Otherwise we have § # +a and we

set
5= @ 9p+ja-
J

Every nonzero summand here is 1-dimensional and s is a s,-module and hence a sly(C)-module.
By assumption and by Proposition 2.6.11] 8 cannot be an integer multiple of a. Thus we have
B+ ka # 0 for all k € Z and

(B + ka)(ha) = B(ha) + 2k.

Hence all weights differ by a multiple of two and s is a simple s,-module and we can use its
classification. In particular we know that h, acts with integral eigenvalues. More precisely we
have the following. If ¢ > 0 is the maximal integer with § 4 ga € ® and r > 0 is the maximal
integer with 5 — ra € ®, then the whole string

B—ra, f—(r—Da,...,0+qu

lies in in @, see the picture below, and we have f(hy) — 2r = —(8(ha) + 2¢). In other words,
we have

ﬁ(ha):T—QEZ.

The numbers §(h,) are called Cartan numbers.
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For (2): The proof follows from the formula for the Killing form in Corollary [2.6.12

For (3): In the root string 8 — ra, ..., 3 + qa we have in particular the root
B—(r—qa=p8—(Baa
This finishes the proof. 0
DEFINITION 2.6.14. We define a bilinear form of h* via the Killing form by
(A, 1) == £(tx, 1)
for A\, u € h*.
We have
Bha) = (B, )
= '%(tﬁv ha)
’i(tﬂv ta)
K(ta,ta)
_2(8,0)

(a, )
=r—qe€Z.

=2

The roots a € ® generate the space h*, but they are not linear independent. So we chose
a basis (aq,...,ay) of h*. Each root S € ® then can be uniquely represented as a linear
combination of the basis elements. We may assume that the coefficients are even rational
(exercise). If by denotes the subspace of h* generated by the roots over Q, then we have
dimg b = dime h*. Let £ = b be the real vector space generated by the o € ®. Then we
have the following result.

PROPOSITION 2.6.15. The restriction of the bilinear form (X, u) on E is a positive definite
scalar product. The space E becomes a Euclidean vector space with it.

PRrOOF. For A € E we have a(t)) € R and hence

AA) =kt ta) =Y a(t)? >0
acd
by Corollary [2.6.12| If (A\,\) = 0 then «(t)) = 0 for all & € ® and hence ¢, = 0, and A = 0.
For A # 0 we have (A, \) > 0, hence the scalar product is positive definite. O

Instead of considering F in by, we may view instead E* = hg in h. This is just the real
subspace of the Cartan subalgebra b of g, which is generated by the coroots «Y. Then the
restriction of the Killing form on the real vector space hg X bhg is a scalar product on hg. The
subset & C F forms, together with this scalar product, a so-called reduced root system. As we
have seen in Lemma for o, f € @, also

sa(B) = B -

is in ®. In our Euclidean space F this element s, is a reflection at the hyperplane, which is
orthogonal to . Indeed, we have s,(a) = —a and s,(\) = A for (o, A) = 0. Note that these
reflections leave ® invariant.

2(8,0)

(@, q)
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DEFINITION 2.6.16. We denote by W the subgroup of the orthogonal group of E, generated
by reflections s, for a € ®. The group W is called the Weyl group of the root system .

It is clear that W is a finite group, because all generating reflections, and hence the whole
group leaves the finitely many roots invariant, and hence permute them. Since the roots
generate F it follows that W is finite. In fact, W is uniquely determined, up to isomorphism,
by the given semisimple complex Lie algebra g and does not depend on the choice of a Cartan
subalgebra, because all Cartan subalgebras are conjugated.

EXAMPLE 2.6.17. Let g = sl,(C). Then the diagonal matrices in g form a Cartan subalgebra
h. Let h = diag(A\y,...,\n) € h and g; € b* fori =1,...,n, defined by €;,(h) = \;. Then the
root system of g with respect to by is given by

d={ei—¢;|1<i,j<n i#j}
and the Cartan decomposition is given by
s.,(C) = b & (P CE;;.
i#]

The equation dim(g) = rank(®) + |®| is given by n> —1 = (n — 1) + n(n — 1) and the Weyl
group s given by W = S,,.

To see this, recall that for h € h we have

ad(h)(Eij) = [h, Eij] = (e — ;) (h) Eyj.

Hence we have a;; = ¢; —&; € ®. The root spaces are given by g, = g.,—., = CEj;. They are
1-dimensional h-submodules of g, where g is an h-module by the adjoint representation. By

setting a;; :=¢; — ;41 for e =1,...,n — 1 we obtain a basis of h* with n — 1 elements. If the
hi = Eii — Eit1.4+1 denote the standard basis of h, we have
ai(hi> =2,
ai(hiil) = —1,

calhy) =0, [i—j|>1.
The coroots are just the elements o = h,, = h;. So the a;(h;) are the Cartan numbers. The

elements t,, are given by t,, = %hi, and the Killing form is given by x(x,y) = 2ntr(zy). The
elements E; 1, Eyi — Eiy141, Eip1,; form a subalgebra if g, which is isomorphic to sly(C).

The Weyl group of sl,,(C) is the symmetric group on n elements, S,. Indeed, S,, acts on b via
conjugation by permutation matrices. This action induces an action on the dual space h*. If
P is a permutation matrix associated to a o € 5, then this action on bh* is just P -&; = £4;).
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2.7. Abstract root systems

In this section we want to start the classification of simple (and hence semisimple) complex
Lie algebras by classifying their root systems. Of course we need to justify that such Lie algebras
are uniquely determined by their root systems and vice versa. To a given semisimple Lie algebra
we can associate an abstract root system, which is unique up to root isomorphism and which
does not depend on the choice of the Cartan subalgebra. Conversely we may construct to a
given root system ® a complex semisimple Lie algebra, up to isomorphism, whose root system
is exactly ®. This has been proved by Serre. We will treat this shortly in section 2.9.

DEFINITION 2.7.1. Let V be a finite-dimensional real vector space and o € V' with a # 0.
Then a reflection along a is an endomorphism s, of V' with s, () = —a and dim(im(idy —s,)) =
1.

LEMMA 2.7.2. Let « € V with o # 0. Then the following holds.
(1) There exists exactly one linear form o € V* with
sa(N) =2 = (N, a")a
for all \ € V. Then (o, ) = 2.

(2) We have s2 = idy and det(s,) = —1.
(3) The fized point set {\ € V| so(X) = A} = ker(a¥) is a hyperplane not containing «.

(4) Let p € V,3¥ € V* with (5,8") = 2. Then
sgav(A) = A= (A, B")B
defines a reflection along 3.

ProoF. For (1): Because of (idy —s,)(a) = 2« and dim(im(idy —s,)) = 1 we have
im(idy —s,) = Ra. Therefore there exists exactly one linear form o € V*, oV # 0 with

(idy —s4)(A) = (N, aV)a.
This shows the formula in (1). Furthermore we have —a = s,(a) = a — (@, a¥)a, so that
(o, ¥y = 2.
For (2): We have, for all A € V,
s2(\) = sa(A — (N, a")a)

= sa(A) = (A, a¥)sa(a)

=A—{\,aYa— (N a")(—a)

=\
The(n l))y (3) all eigenvalues of s, on ker(a") are equal to 1. Since s,(a) = —« it follows that
det(s,) = —1.

For (3): The fixed point set is equal to {\ € V' | (A\,a")a = 0} = ker(«”). This is indeed a
hyperplane in V.

For (4): This is easy to see. O
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DEFINITION 2.7.3. A subset ® C V of a Euclidean vector space V is called an abstract root
system in V| if the following axioms hold.

(1) @ is finite, generates V' and does not contain the zero vector.

(2) For each root o € ® there exists a reflection s, along o with s,(®) = ®.

(3) If a, B € @ and s, is the reflection along a with s,(®) = ®, then 5 — s,(5) € Za.
(4) If a € @, then 2o ¢ .

The trivial root system if the root system ® = () in V' = 0. The rank of ® is the dimension of
V. Two root systems (P, V}) and (P9, V3) are called isomorphic, if there exists an isomorphism
p: V1 = Vo with p(®1) = &q. If (P, V)) and (Py, V2) are root systems, then &1 x 0 U 0 x Py
is a root system in Vi @ V5, which we will denote by & & .

DEFINITION 2.7.4. A root system of the form ®; @ ®5, where ®; and ®, are both non-trivial,
is called reducible. A root system is called irreducible, if it is not reducible and non-trivial.

Every root system can be uniquely decomposed into irreducible components. Condition (3)
is called the crystallographic restriction. It says that

_2(p,0)

(@, )

(B,a”) €7

for all «, 5 € ®, where (-,-) is a suitable scalar product on V. This already implies that we
even have, for § # +a,

(B,a") € {0, %1, £2, +3},

as we will see later. This already restricts possible examples of root systems quite a lot, as we
will see below. Let us consider all possible root systems of rank one and two.

¢ = 1: The root system A; of rank 1 consists of {a, —a}.

¢ = 2: We find exactly four different root systems.

Case 1: The reducible root system A; @ A; of rank 2 consists of {+a, +5}.

Case 2: The root system A, consists of ® = {+a,+83,+(a + B)}. With bg = R? and the
canonical scalar product on R? we can view the roots as in the picture below as vectors in R?.
Indeed, for

we have (o, ) = (8, 5) = 1 and

vy 2(047 a) .
(o.0%) = s =2,

VN Q(Q,B) _
<O[,5 > - (O./,O[) - ]-7
(8,87) =2.

One easily checks that all conditions for a root system are satisfied. The angles between the
roots are multiples of 60 degree. The Cartan numbers here are (o, ") = (8,5Y) = 2 and
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(a, BY) = (B,") = —1. One summarizes these numbers usually by a matrix, which looks here

as follows,
2 -1
-1 2 )

This matrix is called the Cartan matrix of As.

1 5 1 5 3

Case 3: The root system By is given by ® = {+a, +3, +(a+ §), =(a+25)}. We can represent
it by the vectors

and obtain
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Hence the Cartan matrix is given by

(% 3)

Case 4: The root system G5 is given by
& = {a, £, %(a + ), (0 + 26), (o + 38), (20 + 39)}.
We can represent it by choosing o = (—3/2,v/3/2) and 3 = (1,0). The Cartan matrix of Gy is

given by
2 -1
-3 2 )

Of course one needs to justify that we have found all root systems of rank two. We will leave
this here as an exercise.

DEFINITION 2.7.5. Let (®,V) be a root system. Let
A(®) = {p € Aut(V) | p(®) = &}
be the group of automorphisms leaving ® invariant. The subgroup W = W(®) of A(P),
generated by the reflections s,, a € ® | is called the Weyl group of the root system ®.

Since ® spans the vector space V, each ¢ € A(®) is determined by its restriction to ®.
Hence A(®) is isomorphic to a subgroup of the symmetric group Sym(®), hence finite.
LEMMA 2.7.6. Let (®,V) be a root system. Then the following holds.
(1) We have & = —9.
(2) For o € ® the reflection s, along o with s,(P) = ® is uniquely determined.
(3) There exists a uniquely determined injective map ® — V*, a — «Y, such that the
reflection s, along o with s,(®) = ® is given by
Sa: A= A — (N, a)a
forall N e V.
(4) For «, B € ® we have (o, ") =2 and {(a, ") € Z.
PRrROOF. For (1): If @ € ® then —a = s,() € .
For (2): Let s/, be another reflection along o with s/ (®) = ®. Then consider ¢ = s,s,, € A(P).
We have
(idy —¢) = (idy —s4)s,, + (idy —5.),
so that im(idy —¢) C Ra. Hence there is an o* € V* with
©(A) = A+ (A, a")a.
By induction, using « € ker(a*), it follows that
"N = A+ n\ a)a.
So we have, with n = |A(®)|,
A=¢"(A) = A+ n(\a")a,
hence |A(®)[(\, a*)a = 0 for all A € V, and thus o* = 0 and ¢ = id. So we have s/, = s = s,.

For (3): It remains to show the injectivity of the map a — «". This follows from Lemma [2.7.8]
For (4): Because of 3 # 0 the claim follows from (a, V)5 = a — sg(a) € Zp. O
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We also mention the following result, which is easy to show.

LEMMA 2.7.7. For ¢ € A(®) and o € ® we have g o s,0 0™ = Su). In particular, W (P)
is a normal subgroup of A(®).

The next result is as follows.

LEMMA 2.7.8. There ezists a scalar product (-,-) on V', which is A(®)-invariant, i.e., which
satisfies (p(N), p(p)) = (A, 1) for all A\, € V and p € A(®). For a € ® we have

2(\, «)

(v, @)

(A a¥) =

PROOF. Let ((-,-)) be any scalar product on V. Then

(A p) = D> (), e(w))

PEA(P)

|A(®)]
defines an A(®)-invariant scalar product on V. For o € ® ans A € V' we have

(@, 8a(A) +A) = (sa(@), 5a(5a(A) +A))

So we obtain

O

In case ® is irreducible we have only one such invariant scalar product, up to positive mul-
tiples. If ® is reducible, then the different irreducible components are orthogonal to each
other. We may normalize the scalar product on the irreducible components ¥ von ¢ by
max,ey (@, ) = 2.

For a given root system (®, V") define the dual root system (®¥,V*) by
PV ={a"|ac o}
We have (a¥)Y =« for all « € ® C V = V**. We can identify the Weyl groups of ® and of ®*.

In the next step we’ll consider all possible angles 0 < <(a, ) < 7 of two roots «, 5 € ®.
Clearly we have <(a, @) = 0 and <((«ov, —a) = 7. The following result shows that there are only
seven different possibilities.

PROPOSITION 2.7.9. Let o, € ® with § # +a. Then, up to permutation of a and f3,
exactly one of the following seven cases can arise.
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(@, 8 | (8,0%) | (e, B) | 55
0 0 /2 -
1 1 /3 1
—1 ~1 2/3 | 1
1 2 /4 2
~1 —2 3n/4 | 2
1 3 7/6 3
—1 -3 | 57/6 | 3

PROOF. Let 6 = <(a, ). Then we have

(o, B) =/ (a, )/ (B, B) cosb.

4cos’ O = 2(04,5) -2(5’0[) = (o, 8Y) - (B,").

(o, ) (B, D)
The factors on the RHS are integers. Hence we have 4 cos? 0 € Z with 0 < 4 cos? ) < 4. Because
of § # +a it follows that

This implies that

4cos’f € {0,1,2,3}.

If # =0 or 6 =m, then = +a, because other multiples of o don’t lie in ®. This was excluded.
So it is enough to discuss each of the above four possibilities for 4 cos? 6.

Case 1: We have 4cos?6 = 0. Then § = 7/2 and (o, 8Y) = (B,a") = 0.

Case 2: We have 4cos?6 = 1. Then we have either cos = 1/2, hence § = 7/3 and (a, 3Y) =
(B,a¥) =1, or we have cosf = —1/2 and (o, 8Y) = (3,a") = —1.

The other two cases are similar. O

As a corollary we obtain that our list of root systems in the rank two case is already
complete. We also obtain that we can have, in an irreducible root system, at most two different
root lengths. The length of a root « is given by ||| = v/(«, ). For § = 7/3 or § = 27/3 the
roots have equal length. But for § = 7/4,3m/4 the ratio of the length is always equal to v/2.
Recall that we always assume here that g # +a. So we really can have different root lengths.
For § = 7/6,57/6 the ratio of the root lengths is given by v/3. In the case that not all roots
have equal length we speak of long and short roots.

LEMMA 2.7.10. For o, 8 € ® with a # 3 and (o, 8) > 0 we have a — € ®.

PROOF. If (o, 8) > 0 then (a, 5Y) > 0. By our above table then either (o, 3Y) = 1 and
a— [ =sg(a) € @, or by permuting o and , (5,a") =1 and a — = —s,(5) € . O

Each hyperplane passing though zero in V' not containing a root decomposes V' into two
half spaces V. and V_, so that ® is decomposed into positive roots &, = & NV, and negative
roots _ =dNV_.

DEFINITION 2.7.11. Let ® be a root system in V' and ®, be the set of positive roots. A
root a € ® is called simple, if it cannot be written as a sum of two positive roots. The set II
of simple roots is called a basis of ®.

The name “basis” for II is justified as follows.
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PROPOSITION 2.7.12. Let ® be a root system with basis I C ®. Then I1 is an R-linearly
independent set and every root v € ® can be written as a linear combination

v = Znaa,

where the coefficients n, are either all in Z>q, or all in Z<.

PROOF. Let a, # € II be simple roots with o # 5. Then (a, ) <0, i.e., the angle between
two different roots is always obtuse. Otherwise we would have a — € & by Lemma [2.7.10]
and hence £(o — ) € ®,. Because of

a=(a—pF)+p
f=B-a)+ta
this would yield a contradiction to the simplicity of a or 5.

To show that the simple roots are linearly independent over R, suppose that

a€cll
Then let
=Y o= Y
a€ll Bell
ra>0 ’I’B<0

We obtain that

()= 3 ral-ra)(aB).

a,BeIl
ra>0,73<0

because of (o, ) < 0 we obtain (g,e) < 0 and therefore ¢ = 0. By construction of ®, there
exists an n € V with (n,«) > 0 for all & € ¢,. It follows that

0=(n,6) =Y raln,a) =Y —rs(n,B) > 0.

a€ll Bell
o >0 T'[-j<0

So the sums must be empty and we obtain r, = 0 for all a € II.
For the second claim we may assume that v € &, , otherwise we pass to —v. If v € II, then we

are done. Otherwise we have v = v 4+ 9 with 71,7 € ®,. As above it follows then, with 7,
that

(,7) > (n,7) and (n,7) > (17,72)-
We can proceed inductively. After finitely many steps we are done, since @, is a finite set. [

For a given representation v = Y .y no we define the height of v by
ht(vy) = Z Ne-
acll

DEFINITION 2.7.13. Let ® be a root system with basis IT = {ay, ..., a,}. Define the Cartan
matriz A = (A;;) € My(Z) by
2(062', aj)
(o, ) -

By Proposition we have the following result.
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PROPOSITION 2.7.14. The Cartan matrix of a root system has the following properties.
(1) Ay =2 foralli=1,... ¢
(2) Ay € {0,~1,~2,—3) fori# .

Define integers n;; := A;;A;;. We have n;; € {0,1,2,3} fiir i # 5.

DEFINITION 2.7.15. Let ® be a root system with basis II = {ay,...,as}. The Dynkin
diagram of ® is the graph, which is given as follows: for each simple root «; there exists a
vertex ¢, and each two different vertices ¢ and j are connected by exactly n;; edges.

To every Dynkin diagram we associate the quadratic form

¢ ¢
Q(xq,...,x¢0) = QZLU? - Z /i TiT;
i=1 ij=1
i#]

The Dynkin diagram and its quadratic form are determined by the Cartan matrix. For the
four root systems of rank two they are given as follows.

a b c d
[ ] L o—o e— «—
1 2 1 2 1 2 1 2

o A 0

Ard A (29) 223 + 223

Ay (%3 223 — 2x179 + 203

By (%73) |22% —2V2m25 + 223

Gy | (275 | 227 —2v3a2s + 243

Note that the Dynkin diagram is connected if and only if ® is irreducible.

PROPOSITION 2.7.16. The quadratic form Q(x1,...,xs) of a root system ® is positive defi-
nite.

PROOF. Recall that we have, for ¢ # j, that

because of (a;, ;) < 0 we obtain

= 9 Q)
[[cvil[| v
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Then we can rewrite @) as follows:
¢

Q(z1,...,x0) = Z

ij=1

2(0[1', Oéj) ,jljixj
vl o]

¢

l
~a(3 3 )
— llaill" = llay|

Jj=1

=2(y,y).

This shows that Q(x1,...,z,) > 0. If Q(z1,...,2,) = 0, then it follows that y = 0. Since the
a; are linearly independent, this implies z; = 0 for all 7 and we are done. ([l
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2.8. The classification of Dynkin diagrams

Let g be a semisimple complex Lie algebra with Cartan subalgebra h and root system &.
Then the Cartan matrix and hence the Dynkin diagram is independent of the choice of h, and
also independent, up to renumbering of the fundamental roots «;,...,a, € II. The connected
components of the Dynkin diagrams satisfy the following properties:
(A) The graph is connected.
(B) Two different vertices are connected by 0, 1,2 or 3 edges.
(C) The associated quadratic form is positive definite.

THEOREM 2.8.1. The graphs satisfying the conditions (A), (B), (C) are given as follows:

| ® ® ® ®------- ——o
2 ® ® ® ®------- ——»
3 ° ® ® ®-------

4 ° ® I ® °

5 ° ® ® I ® °

6 ° ® ® ® I ® °
7 —e—»—o

8 [ —riK= ]

Here we have £ > 1 for Ay, £ > 2 for By and £ > 4 for D,.

ProOOF. First we show that all listed graphs satisfy the three conditions. This is clear for
conditions (A) and (B). Hence we will focus on (C'). By Sylvester’s criterion, a quadratic form
Zi, ; @ijrixj is positive definite if and only if all of the leading principal minors are positive, i.e.,
if the principal submatrices of its symmetric matrix (a;;) have positive determinant, i.e., if

det(ai;) > 0, det (Gn am) > 0,...,det(a;;) > 0.
Q21 Q22

So let I' be a graph with ¢ vertices if the above list. We’ll show by induction on ¢, that
Q(xy,...,xy) is positive definite.
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¢=1: Then I' = A; and Q(z1) = 227 is positive definite.

¢ =2: Then I' is Ay, By or G5. The symmetric matrices representing Q(x1, z3) for these types
have positive leading principal minors:

G2) (e ) (s 3

¢ > 3: Every graph I' of the list given in Theorem has at least one outer vertex, say ¢,
which is connected to exactly one other vertex, say £ — 1, by exactly one edge. Denote this
graph by I'y, and by I'y_; the graph obtained from I'y, by deleting the vertex ¢. Furthermore
let I'y_2 be the graph obtained from I'y,_; by deleting the vertex £ —1. We note that the graphs
['y_; and I'y_5 again are contained in the list. Denote by Sy the symmetric matrix representing
the quadratic form Q(z1,...,z¢) of T'y. The last column of S, is given by (0,...,0,—1,2)".
Using Laplace expansion along this column for det S, we obtain

det Sg = 2det Sg,1 — det Sg,Q.

This enables us to compute det .S, for all graphs of the list inductively. For example, consider
the graph of type A,. We already know that det A; = 2 and det Ay = 3, see above. Then by
det Ay = 2det A;_; —det Ay_o we obtain det A, = ¢ + 1 by induction. Indeed, deleting an outer
vertex ¢ from the graph A,, one obtains A,_1, and so on. Similarly we obtain

det B, = 2,
det Dy = 4,
det Fy = 2det B3 — det By =1,
det Eg = 2det D5 — det Ay = 3,
det E; = 2det Dg — det A5 = 2,
det Fg = 2det D; — det Ag = 1.

Note that I',_; and I';_s may not be of the same type as I',. For example, deleting an outer
vertex ¢ of Fy one obtains Bs. Deleting further ¢ — 1, we obtain By;. But in every case
the determinants are positive. Now the principal minors of the symmetric matrix for I’y are
themselves symmetric matrices to certain subgraphs of I'y. We may chose a numbering such
that all subgraphs are connected. The given list has the nice property that every connected
subgraph again appears in the list. Hence the determinant of every principal minor of the given
symmetric matrix is positive. Thus the quadratic form for ', is positive definite.

It remains to prove the converse direction, namely that every graph satisfying (A), (B), (C) is
contained in our list. We need some more lemmas.

LEMMA 2.8.2. For every graph of the following list, the determinant of the associated qua-
dratic form Q(xy,...,xy) equals zero.
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7 @ @ @ @ @ I @ ®
8 @  J L4
9 @ @ «<—» —°

Here { > 2 for Aél) and C’él), >3 for Bél) and ¢ > 4 for Dél).

Note that a graph I'y in this list has ¢ + 1 vertices. We might consider the graph of, say,

AEI) as a regular (¢ + 1)-gon, for each ¢ > 2. We'll also need the next lemma, in order to prove
the converse direction of the theorem.

LEMMA 2.8.3. Let T be a graph satisfying (A), (B), (C), and I" be a connected graph obtained

from T' by either deleting vertices or by decreasing the number of edges between two vertices.
Then also I satisfies (A), (B), (C).

Proof of Theorem Let T' be a graph satisfying (A), (B), (C). Let us call the list of
graphs from the list of Lemma the list of forbidden subgraphs. This name is justified by
Lemma and Lemma [2.8.3] which imply that I' must not contain such a subgraph. In
particular, I' cannot contain any cycles, because otherwise I" would have a forbidden subgraph

of type Aél) for some ¢ > 2.

Assume that I' contains a triple edge. Then I' is the graph G5, because otherwise I' would

contain a forbidden subgraph Ggl). So we may assume from now on that I' contains no triple
edge. Then I' can only contain a single double edge, because otherwise we’d have a forbidden

subgraph Cél) for some ¢ > 2. Moreover I' cannot in addition a a double edge also have a



2.8. THE CLASSIFICATION OF DYNKIN DIAGRAMS 81

ramification point, because otherwise we’d have a forbidden subgraph Bél) for some ¢ > 3.
Thus I' looks like a chain with only a single double edge. In case this double edge sits at an
end, our graph is By. If not, we have F}j, because otherwise we’d have a forbidden subgraph

F 4(1). Form now on we may assume that I' has no double and no triple edges. In case I' has
no ramification point, we have the graph A, for some ¢ > 1. In case there is a ramification
point, it must be the only one, because otherwise we’d have a forbidden subgraph Dél) for some
¢ > 5. Hence I has exactly one ramification point P, from which exactly three edges lead off,
because otherwise we’d have a subgraph Dfll). Denote the number of vertices on these three
edges by 01,05, (3, where mit £; > {5 > f3. Then I" has in total 1 + ¢ + ¢35 + {3 vertices, with P
as vertex in the center of I'. We have /3 = 1, because otherwise we would have ¢; > 2 for all i,
so that there would be a subgraph Eél). In case that ¢, = 1, we have I' = D, for some ¢ > 4. If
{5 > 1, then it follows that ¢y = 2, because otherwise {1, ¢, > 3 and I would have a subgraph
Eél). Thus we may assume now that ¢35 = 1,/; = 2. Then ¢; < 4, because otherwise we’d

have a subgraph Eél). So I' is of type Eg, F; or Eg. We are indeed done. All graphs satisfying
(A), (B), (C) are contained in the list of Theorem [2.8.1] O

Proof of Lemma [2.8.2]:

PROOF. First let I = Aél) . Each row of the symmetric matrix for the associated quadratic
form has one entry equal to 2, and two entries equal to —1, and the other entries equal to zero.
The sum of all column vectors of this matrix then is zero, since each component of this vector

is the sum of the row entries, hence equal to 2 — 1 — 1 = 0. Hence det AED =0.

For all other graphs I' we can find an outer vertex ¢, which is connected exactly to one other
vertex ¢ — 1, by either a single or a double edge. In case of a single edge, we have as above

det Sy = 2det Sy — det Sy_s.
In case of a double edge we have
det Sy = 2det Sy_; — 2det Sy_s.
This enables us to compute all determinants inductively as we have done before.
det Bél) = 2det A3 — 2(det A;)* = 0,
det C{ = 2det By — 2det A, = 0,
det DS) = 2det Dy — (det A;)* = 0,
det BV = 2det Eg — det A5 = 0,
det BV = 2det E; — det Dg = 0,
det B = 2det B — det By = 0,
det Ggl) =2det Gy — det A; =0,
det F4(1) = 2det Fy — det Bs = 0.
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Furthermore we have
det B{" = 2det D, — 2det Dy, =0, (>4,
det OV = 2det B, — 2det B,_; =0, (>3,
det DI = 2det Dy — det Ay Dy_y =0, €3> 5.

U
Proof of Lemma [2.8.3):
PrROOF. We only need to show that I satisfies again (C). So let Q(xy,...,z,) be the

quadratic form of T, and Q'(z1, ..., x,,) the one from I, with m < ¢. Then we have
¢ ¢
Q(xy,...,xp) = 22%2 — Z Vi TiT
i=1 ij=1
i#]
m m
Ql(xh s ,.fl'm) = 22:3:22 - Z \/ n;j‘rlxﬁ
i=1 ij=1
i7#]

with integers n;j < ny; for 1 <4,j < m. Assume that @)’ is not positive definite. Then there
exist real numbers ¥, ..., ymn, not all zero, such that

Q.- ym) <0.

Then we also have

Q(|y1|a RS |ym|a07' .- 70) = Qny - Z Vnijlyi||yj|
i=1 ij=1
i
<2}yl = )\ v
i=1 ij=1
i)
=Q' (Y1, Ym)
<0.
But this says that Q(v) < 0 with v # 0. Thus Q(z1,...,z,) is not positive definite, a contra-
diction, and we are done. O

The next step in the classification of semisimple Lie algebras is to relate Cartan matrices
bijectively to Dynkin diagrams. A Dynkin diagram is uniquely determined by the Cartan
matrix, by the condition n;; = A;jAji. However, the converse is not true in general. The
Cartan matrix is not uniquely determined by the Dynkin diagram. Indeed, if n;; = 2, then the
above equation can be either 2 = 1-2 or 2 = —2-—1. Similarly for n;; = 3. This happens exactly
for the graphs By, Fy, Go. But we can restore uniqueness here quite easily by introducing an
orientation into the Dynkin diagram.

DEFINITION 2.8.4. In the Dynkin diagram we draw an arrow from the vertex ¢ to the vertex
g if and only if ||ay|| > ||oy ]|, i-e., if [Aji] > | Al



2.8. THE CLASSIFICATION OF DYNKIN DIAGRAMS 83

In the picture below the arrow in the left diagram means that ||oy| = v/2||q;, i-e., that
Ay = —1,A;; = —2. For the right diagram we have ||a;|| = V3o, and Ay; = —1, Aj; = —3.
So we may consider the arrow as an inequality sign for the length of the fundamental roots.

For the diagrams of type By, F;, G5 the direction of the arrow is irrelevant since these diagrams
are symmetric. However, for By, ¢ > 3 it makes a difference. Therefore we split up this type
into two types as follows.

This finally leads to the classical list of Dynkin diagrams of simple Lie algebras. By summarizing
the obtained result we can now formulate the classification of simple complex Lie algebras.

THEOREM 2.8.5 (Cartan, Killing). Let g be a finite-dimensional complez simple Lie algebra.
Then g is isomorphic to one of the Lie algebras of the following table.

type g rank(g) | [P dim(g) W
A, | sl,1(C) | n>1 | n(n+1) | n(n+2) (n+1)!
B, | 502,41(C) | n>2 2n? n(2n +1) nl-2m

(
Cn | sp2n,(C) | n>3 2n? n(2n +1) n!.2n
D, | 509,(C) | n>4 |2n(n—1)|n(2n—1) n!.2n-t

Fy f4(C) 4 48 52 27 . 32

FEg ¢6(C) 6 72 78 27.3%.5
E; ¢7(C) 7 126 133 210.34.5.7
Fg es(C) 8 240 248 214.35.52.7

Here |[W| is the cardinality of the Weyl group. The associated Cartan matrices are given as
follows, uniquely up to permutation of the indices of A;;:
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2 -1
-1 2 -1
-1 2 -1
-1
Ay =
-1
-1 2 -1
-1 2 -1
-1 2
2 -1
-1 2 -1
-1 2 -1
-1
By =
-1
-1 2 -1
-1 2 -1
-2 2
2 -1
-1 2 -1
-1 2 -1
-1
Cy =
-1
-1 2 -1
-1 2 =2
-1 2
2 -1
-1 2 -1
-1 2 -1
-1
Dy = 1
-1 2 -1
-1 2 -1 -1
-1 2 0
-1 0 2
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2 -1 0 0
-1 2 -1 0
Fy= 0o -2 2 -1
0o 0 -1 2
2 1
-1 2 -1
-1 2 -1 -1
Ee = -1 2
-1 2 -1
-1 2
2 -1
-1 2 -1
-1 2 -1
E, = -1 2 -1 -1
~-1 2
-1 2 -1
-1 2
2 -1
-1 2 -1
-1 2 -1
-1 2 -1
Fy = -1 2 -1 -1
1 2
1 2 -1
—-1 2

Two simple Lie algebras having the same Cartan matrix are isomorphic, see [10].

REMARK 2.8.6. The following table gives an overview of all complex simple Lie algebras of
dimension n, with n < 1224:
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n g n g n g n g
3 A, [[105] Bs,C; || 325 D13 728 | Ao
8 AQ 120 Alo, DS 351 B13, 013 741 Blg7 019
10| By, Cy || 133 E, | 360 Ars 780 | Dy
14| Gy ||136| Bs,Cs | 378 D 783 | Aoy
15 A; | 143] A, {399 Ao 820 | Bao, Cao
21| Bs,C5 || 153 | Dy || 406 | By, Ci || 840 | Asg
24| A, |[168| A | 435 Dis 861 | Dy
28| Dy |[171| By, Cy | 440 Asg 899 | Asgg
35 A5 190 D10 465 Bl5, 015 903 Bgl, 021
36 | By,Cy || 195 | Ay; || 483 Agy 946 | Dy
45| Ds | 210 | By, Cyo | 496 Dis 960 |  Asp
48| Ag [[224| Ay | 528 Age, Big, Cis | 990 | O
52| F, ||231| Dy | 561 D5 1023 | Ag
55| Cs |[248| Es | 575 Ao 1035 | Dys
63| A, 1253 By, Cu ||595| B, Ciz | 1081 | Bag, Cos
66| Dg ||255| A5 | 624 Aoy 1088 | Asy
78 | Bs,Cs || 276 | D1 | 630 Dis 1128 | Doy
80| As | 288 Ajs ||666| Bis,Cis | 1155| Ass
91 D7 300 Blg, 012 675 A25 1176 BQ47 024
99 | Ay |323| Ay, || 703 Do 1224 | Asy
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2.9. Serre’s structure theorem

Having classified all complex simple and semisimple Lie algebras by Dynkin diagrams and
Cartan matrices, one would like to associate to every Dynkin diagram a unique simple Lie
algebra, whose Dynkin diagram is the given one. J. Tits was the first, who proved in 1966
that this can be done. However, his construction does not work for all types simultaneously.
In particular, the construction for each exceptional type is different. Jean-Pierre Serre found
a uniform construction of all simple Lie algebras by generators and relations, which is directly
derived from the root system. This gives an elegant way of realizing the simple, exceptional
Lie algebras. Let us shortly describe this construction.

Let «, $ be roots and define
(8, a)

(o, )

(B,a) :=2

The the root string goes § + ja goes from  — ra till 5+ qo, where r — g = (5, ). Let 11 be
the basis of the root system ®. If o, § € II, then § — « is not a root, since we have a positive
and a negative coefficient. The the root string is

B,+a,....0+qo
with ¢ = — (5, ). Therefore we have
(ad z4)~ P+ ly, =0
for z, € g, and x3 € gg, but
(adwa)zg 0, 0<k<—(B ),

for zo, # 0,25 # 0. Let II = {ay,...,a,}. Then we may take e; € g,, and f; € g_,, with
h; = [e;, fi], such that

€1y,...,6€, fla--wf@; hla"'ahé

generates the Lie algebra, and we have the following relations:

(ade;) " Hle; = 0, i # j,
2.15) (ad f;) =@t f; = 0, 4 # 5.
Serre’s Structure Theorem now is as follows.

THEOREM 2.9.1 (Serre). Let ® be a root system of rank ¢ with basis II = {ay,...,a}.
Then the complex Lie algebra, which is generated by the 3¢ elements e;, f;, h; fori=1,...¢
and satisfies the relations (2.9), ... ,(2.15)), is semisimple and its roots system is isomorphic to
.
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ProoFr. We will only give an idea for the proof. One starts with the free Lie algebra f in
30 generators

Xy, X Y1, Y 2y 2
Let g be a semisimple Lie algebra defined by generators and relations with (2.9)—(2.15)). Then
there exists a unique Lie algebra homomorphism ¢: f — g with ¢(X;) = e;, p(Y;) = f; and
©(Z;) = h;. Let a be the ideal in f generated by the elements

(Zi, Z3), [ X3, Y5 = 04523, [ Zi, X)) — (e, i) X5, [ 23, Y] + (o, i) Y5

Consider the quotient Lie algebra
m=f/a.

It satisfies the first five relations from above. Denote by x;,y;, 2; the images of X;,Y;, Z; in m.
We realize m as Lie subalgebra of the Lie algebra End(A) with a tensor algebra A = T'(V') for
a suitable vector space V with basis vy,...,v,. We let act f on A, whose kernel contains a,
so that we obtain an induced action of m on A, ¥: m — End(A). The elements z;,y;, z; are
linearly independent and the z; generate an ¢-dimensional abelian Lie subalgebra 3 of m. This
yields a decomposition

m=m_oDj3>Dm,,

where m, is the Lie subalgebra generated by the x;, and m_ the Lie subalgebra generated by
the y;. Writing ¢;; := (o, ;) we define for all i # j in {1,2,...,¢} the elements

zi; = ad(ax;) "9 (x),
yi; = ad(y:) "9 (y5).

The sixth and seventh relation from above,, namely (2.14) and (2.15)) hold if and only if the
ideal € generated by the z;; and y;;, is the zero ideal. We have, for all k£ and i # j,

(2.16) ad(2) (yig)
(2.17) ad(y) (24)

The claim is now that the quotient

?

0
0.

g:=m/t

is a finite-dimensional complex semisimple Lie algebra with Cartan subalgebra h = 3/¢ and
root, system ®.

To see this, let i be the ideal in m generated by the z;; and j be the ideal in m_ generated by
the y;;. Then we have

i+jC¢t
We claim that i and j are ideals in m. Indeed, every y;; is a weight vector for 3, and [3, m_] C m_.
Therefore we have [3,j] C j]. On the other hand, we have [z, m_] C 3+m_ and [z, y;;] = 0 by
(2.16]). The Jacobi identity now implies that ad(xy)(j) C j. Since the ) generate m,, it follows

that [my,j] C j, again with the Jacobi identity. Therefore j is an ideal of m. In the same way
also i is an ideal in m, and hence their sum i+j. This deal contains the generators of £, so that

E=i+j.
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In particular we have 3N € = 0, so that 3 is isomorphic to an ¢-dimensional abelian subalgebra
of g = m/¢ by projection. As vector space sum we obtain, because of jNm, = 0 and iNnm_ = 0,
then

g=n_ S5 h S5 Ny,
with n_ =m_/j and ny = my/i. The x;,y;, z; generate a Lie algebra sl(2), hence a simple Lie
algebra. So the projection map is an isomorphism on each sl(2). Denote the images of x;, y;, 2;
by e;, fi, h;. Then g is generated by the 3¢ elements

€1,...,6€p, fla"'?ffa hla"'vhfa

and all relations (2.9)—(2.15)) are satisfied. Furthermore g has no nonzero abelian ideals, hence
is semisimple. The root system of g is given by ®. 0






CHAPTER 3

Representations of semisimple Lie algebras

Let g be a finite-dimensional Lie algebra over an algebraically closed field K of characteristic
zero. Every finite-dimensional representation of g is semisimple by Weyl’s Theorem, so it suffices
to study the simple representations of g. We will often assume that K = C. For a reference,
see [31].

3.1. Classification by the highest weight
Let h be an abelian Lie algebra. The elements of h* are called weights.

DEFINITION 3.1.1. Let V' be a representation of an abelian Lie algebra h and A € h* be a
weight. The weight space V) to X is defined by the subspace
Vi={veV|Hv=AH)v VH € b}.
If Vi, # 0, then X is called a weight of V. We denote the set of all weights of V' by
P(V)=F(V)={Aeb" [ Vi #0}.

In case of a semisimple Lie algebra g with Cartan subalgebra b, we have considered V = g
as a representation of h via the adjoint operation. Then the nonzero weights of V' just form
our root system ®, which often is also denoted by R in the literature, i.e.,

R=3="Py(g)\0.

The weight space V, to a € R then was denoted by g,. For each root a € h* there is a
coroot @V € b and a reflection s,: h* — bh*. These reflection generate the Weyl group, a finite
subgroup,

W =W(R) C GL(b").

DEFINITION 3.1.2. Let R C bh* be a root system. The maximal convex subsets in the
complement of the union of the reflection hyperplanes

(R)o\ | ker(a”)
acR
are called Weyl chambers.
The Weyl group acts freely and transitively on the set of Weyl chambers. We denote by
R™ the set of positive roots. It has a basis IT = II(R"), whose elements are called simple roots.

We obtain a bijection between the set of all systems of positive roots and the set of all Weyl
chambers by the assignment

Rt - C(RY) ={re(R)g| (\a") >0 Vac R}

The Weyl chamber C'(R") is called the dominant Weyl chamber associated to the system RT of
positive roots. The reflections s, with o € TI(R™) are called simple reflections. They are just

91
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the reflections at the walls of the dominant Weyl chamber, and they generate the Weyl group.
The image of a chamber under such a reflection at one of its walls is just separated from its
reflection image by this wall, i.e., we have

Sa(RT) = R\ {a} U{-a}
for every simple root a € TI(R™).

DEFINITION 3.1.3. Let g be a complex semisimple Lie algebra with Cartan subalgebra b
and root system R = R(g,h). For each system of positive roots RT C R we define a partial
order on the set h* of all weights by

A> p<= e u+R,

where R denotes the submonoid in §* generated by R™, i.e., the set of all finite sums of positive
roots including the empty sum, the zero. Let V' be a representation of g and assume that there
is a maximal element p in the set of weights Py (V') with respect to this partial order. Then pu
is called the highest weight of V' with respect to RT, and every nonzero element in V), is called
a highest weight vector.

REMARK 3.1.4. It can happen, for some infinite-dimensional representations V' of g, that
V' does not have any h-weights at all, i.e., with V' # 0 but By (V) = 0. It can also happen
that P, (V) is not empty, but doesn’t possess a maximal element. We'll see that all simple
finite-dimensional representation always have a highest weight. In fact, they are even classified
by this highest weight.

Denote the set of isomorphism classes of finite dimensional simple representations of g by

Rep(g).

THEOREM 3.1.5 (Classification by the highest weight). Let g be a complex semisimple Lie
algebra with Cartan subalgebra b and Rt C R(g,h) by a system of positive roots. Denote by

X+:{)\€h*|<)\,06\/>EZZO VOéGR+}
the set of dominant integral weights, with respect to RT. Then we have a bijection
Rep(g) = X,

V= pu,
where i is the highest weight of V' with respect to RT.

In order to give a proof we’ll need several preparations. We will first prove a part by
elementary methods, i.e., not using the universal enveloping algebra. Later we’ll give a full
proof making heavy use of it. Let us start with an example.

EXAMPLE 3.1.6. The classification result is true for g = sly(C) with Rt = {a}. Then
m -5 is the highest weight of the simple representation V(m) in dimension m+1, and we have
X+ = $ N, which is in bijection to N via § - m +— m.

This follows from Theorem [1.5.2]
Denote the lattice of integral weights for a root system R by
X={ebh"|{\a')€Z Vaec R}

Then by definition all roots are integral weights, i.e., R C X and the lattice of integral weights
is invariant by the action of the Weyl group.
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Let IT = {ay,...,a,} C RT be the basis of R. Then the coroots oy, ..., a, form a basis of the
vector space h. The elements of its dual basis are denoted by
W1y -y Wp.
They are called the fundamental dominant weights and are characterized by (w;,aj) = dy;.
They form a Z-basis of the lattice of integral weights X. The set of dominant integral weights
X" =Nw; +...+Nw,

is just the intersection of X with the closure of the dominant Weyl chamber.

LEMMA 3.1.7. Let V' be a representation of a semisimple Lie algebra g with root system R.
Then
gV C Vorn Ya€e R ANeb™

Proor. This follows immediately from the definition of a weight space and the formula
HXv=[H,Xlv+XHv VHeh Xecguvel.
OJ

LEMMA 3.1.8. Let a = b+ ¢ be a decomposition of a Lie algebra a as a vector space sum of
two subalgebras b and ¢. Let V' be a representation of a and U C V be a subspace invariant by
b. Then the c-subrepresentation W of V', which is generated by U, is invariant by a.

Proor. We need to show that XW C W for all X € b. Fix an r € N and consider the
subspace
Wir)=X1---Yvl|i<rY;eq.
We have W = |, W (r) and it suffices to show that XW (r) C W(r) for all » > 0 and all X € b.
We will do this by induction over r. For r = 0 we have W (0) = U, which is invariant by b by
assumption. For the induction step we’ll use the identity

XYy Yo=Y XYy - Yo+ [ X, Y ]Ys- - Yu

We apply the induction hypothesis on the RHS on the first term, and then writing [X, )] = z+y
with z € b and y € ¢, again on the second term. 0

PROPOSITION 3.1.9. Let V' be a simple representation of g. Assume that the set P(V)
has a mazimal element with respect to the partial order on b* associated to R*. Then this
mazximal element is already the highest weight of V. In particular, every finite-dimensional
simple representation of g has an highest weight.

PROOF. It is enough to prove the first part. We have the decomposition g = b @& n, where

b=b0 P go. n=EP -0
a€Rt acRt
If A € P(V) is maximal then V) is an b-invariant subspace. By Lemma it follows that
the n-subrepresentation W of V', generated by V), is already a g-subrepresentation. Since V' is
simple, this implies W = V. Hence the weight space V) generates the whole space V' by the
action of n. Then the claim follows from Lemma by weight translation. O

LEMMA 3.1.10. Let V be a finite-dimensional representation of g. Then all weights of V' in

h* are integral and the set of weights P(V') is invariant under the Weyl group action. In other
words, P(V) C X and W - P(V) = P(V).
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PROOF. Let a € R and let
g7 =0 ® Ka' ©g,
be the subalgebra of g, which is isomorphic to sly(K). In fact, the coroot a" has the property
that there is an isomorphism sly(K) = g%, diag(1l, —1) — a". The eigenvalues of diag(1, —1)
on V are integers, as we know. Thus we have (\,a") € Z for all A € P(V). For 0 # v € V},
m = (\aY), Kty = ga, Kyo = g_o we have y7v # 0 for m > 0 and z,;™v # 0 for m < 0.
Hence we always have V)_,,, # 0, and therefore s,(A\) = A — ma € P(V) for all generators s,
of W. U

COROLLARY 3.1.11. The maximal weights of a finite-dimensional representation V' of g are
all integral and dominant.

PROOF. Let A € P(V) be a weight, which is not dominant, i.e., there exists a positive root
a € RT with (A, ") < 0. Then s,(\) =X — (A, a¥)a € P(V) and we have s,(\) > X. So A is
not maximal, a contradiction. 0]

LEMMA 3.1.12. Let g be a finite-dimensional complex semisimple Lie algebra. Suppose that
Vo and W are two simple representations of g having the same highest weight. Then V = W .

PRrROOF. Let A be the highest weight of V' and W. Chose nonzero vectors v € V) and
w € Wy and let U C V & W be the subrepresentation generated by (v, w). We claim that U is
simple. Consider the decomposition g = b@®n as in the proof of Proposition|3.1.9 Then the line
L through (v, w) is invariant by b. By Lemma[3.1.8 U is generated by (v, w) as representation
of n. In particular, U is the direct sum of its weight spaces by Lemma[3.1.7 and L = U,. Every
subrepresentation of U is invariant under the Cartan subalgebra and hence itself the direct sum
of its weight spaces. Hence every proper subrepresentation A of U lies in €9 ux Upe So we have
m1(A) # V and m(A) # W for the projections. Since V and W are simple, we obtain m1(A) =0
and m(A) =0, i.e., A= 0. Hence U is simple and the nonzero maps m;: U -V, m: U - W
have to be isomorphisms, because kernel and image of these maps are subrepresentations of the
simple representations U, respectively V and W. Hence we obtain V =U = W. 0

REMARK 3.1.13. We have proved Theorem [3.1.5| except for showing the surjectivity, i.e.,
that for each dominant integral weight A there exists a finite-dimensional simple representation
with highest weight \. Here there seems to be no general argument available avoiding the
universal enveloping algebra. Of course we might prove surjectivity directly for, say, the case
sl,+1(C). For each i the representation A“C™™! has highest weight w; = &1+ - - +&; and highest
weight vector e; A --- A e;. For each integral dominant weight A € X we may construct a
representation with highest weight \ by forming suitable tensor products of the representations
A'C"! where a suitable simple summand must be the desired representation with highest
weight .
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3.2. The universal enveloping algebra

Let A be an associative algebra and denote by Ay the Lie algebra with Lie bracket [z,y] =
TY — YT.

DEFINITION 3.2.1. A universal enveloping algebra U(g) of a Lie algebra g over K is a pair
(U, ) consisting of a K-algebra U and a Lie algebra homomorphism c¢: g — U, such that
the universal property holds: for every K-algebra A and every Lie algebra homomorphism
p: g — Ap there exists a unique homomorphism @: U — A such that ¢ = poc.

A universal enveloping algebra, if it exists, is unique by the usual argument. The universal
property can be reformulated by saying that for every K-algebra A the pre-composition of the
map c induces a bijection

Homg (U, A) ~ Homy(g, AL)
between the K-algebra homomorphisms U — A and the Lie algebra homomorphisms g — Aj.
In the language of category theory, taking the universal enveloping algebra is the left adjoint
functor of the functor A — Ay, from the category of K-algebras to the category of Lie algebras
over K. As K-algebra, U(g) is already generated by the image of g.

EXAMPLE 3.2.2. For g =0 we have U(g) = K and for g = K we have U(g) = K|[X].

If {X} is a basis of g, then the polynomial ring U = K[X] in one variable is a universal
enveloping algebra for g with canonical map c¢: g — K[X] given by aX +— aX.

LEMMA 3.2.3. Let V' be an abelian group and (U, c) a universal enveloping algebra of a Lie
algebra g over K. Then there is a bijection of U-module structures on V' as ring modules and
g-module structures on V' as Lie algebra representations.

PROOF. A structure on V' as U-module is by definition a ring homomorphism ¢: U —
End(V'). The restriction of ¢ to K C U turns V into a K-vector space, and induces a homomor-
phism of K-algebras ¢: U — Endg(V), and then a Lie algebra homomorphism ¢: U, — gl(V).
Composing with ¢ we obtain a Lie algebra homomorphism ¢ o ¢: g — gl(V), i.e., a represen-
tation of g. Altogether we have assigned a g-module structure on V to a given U-module
structure on V. To show that the assignment is bijective we give the inverse assignment. A
representation V' of a Lie algebra g is a Lie algebra homomorphism p: g — (End(V)),. By
the universal property of U we can extend this homomorphism uniquely to a homomorphism
p: U — End(V) of K-algebras. So we obtain a U-module structure on V. It is easy to see that
these two assignments are inverse to each other. 0

For X € g we often write X again for its image ¢(X) € U(g). Note that the natural map
g — U(g) is injective, by the so-called PBW-Theorem:

THEOREM 3.2.4 (Poincaré-Birkhoff-Witt). Ewvery Lie algebra g possesses a universal en-
veloping algebra U(g). If (X\)aea is a basis of g and < a total order on A, then the ordered
monomials Xxqy -+ Xagy with A(1) < -+ < X(r) form a basis of U(g).

We will give a proof in several parts. The empty monomial, for » = 0, is the unit 1 € U(g).
For the existence of a universal enveloping algebra, we first recall the following definition.

DEFINITION 3.2.5. Let V' be a K-vector space. A free K-algebra over V is a pair (T, c)
consisting of a K-algebra V' and a linear map c¢: V' — T such that the universal property holds:
for every K-algebra A and every linear map ¢: V — Ay there exists a unique homomorphism
¢: T — A such that p = poc.
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A free algebra, if it exists, is unique by the usual argument.
LEMMA 3.2.6. Let V' be a K-vector space. Then there exists a free K-algebra T(V') over V.

Proo¥r. Consider the tensor algebra T'(V') over V| i.e., the K-algebra
TV)=PVv=KoveVel)oVaVelV)s:
r>0

together with its universal property. It has a K-bilinear multiplication, uniquely determined
by the rule

(M@ U)W @ @Wy) = (1@ BV QW1 R+ ® Wy).
The embedding “as second summand” ¢: V' < T (V') then has the required universal property.
O
Now we can prove the first part of the PBW-Theorem.

PROPOSITION 3.2.7. Let g be a Lie algebra over a field K and I be the ideal of T(V)
generated by the elements x @y —yQx — [x,y| for x,y € g. Then the K-algebra U(g) = T(g)/I
together with the map c¢: g — T(g) — U(g) is a universal enveloping algebra of g.

PROOF. Let p: T(g) — U(g) be the projection and ¢: g — T'(g) be the canonical map, so
that ¢ = p - 1.We have

since by construction x®@y—y®x —|[x,y] € I = ker(p). Hence c is a Lie algebra homomorphism.
For the universal property of U(g) consider the following diagram.

Let ¢: g — A be a homomorphism from g into a K-algebra A. Since ¢ is linear, there is a unique
extension to a ring homomorphism @: T(g) — A. Since ¢ is a Lie algebra homomorphism from
gto Ap, we have p(x ® y —y @z — [x,y]) = 0, hence () = 0. Hence @ factorizes over a ring
homomorphism ¢: U(g) — A as desired. O

LEMMA 3.2.8. The monomials from the PBW-Theorem span the universal enveloping alge-
bra.

ProOF. Consider the subspace U, in U(g) generated by all monomials of length < r, i.e.,

the image of
@ o

0<s<r
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in U(g). Then we show by induction that U, is spanned by the ordered monomials of length
< r. Indeed, let Xy --- X,y be a monomial. We have

Xo) X+ = Xoan X + [Xow s Xaa+n)]-
We may write the commutator as a finite linear combination of monomials, so that the coset of

a monomial of length 7 in U,./U,_; does not depend on the order of the factors. This enables
us to carry out the induction over 7. 0

For the last step, we use a shorter notation for the Lie algebra element X, with A € A. So
let us write \' := X,.

LEMMA 3.2.9. Let g be a Lie algebra over K with basis (N)xen and < be a partial order
on A. Denote by K[\ en or just K[\ the polynomial ring in the variables A for X € A. Then

~

there is an action g x K[\ — K[)] such that
MAAa - Ar = Mg - A,
whenever A < Ay < Ag--- <\,
For a proof, see [31], Lemma 4.3.24 and Lemma 4.3.26.

Proof of the PBW-Theorem m The construction of U(g) in Proposition m shows that g
has a universal enveloping algebra, which is unique by the universal property. The monomials
given at the PBW-Theorem span the universal enveloping algebra by Lemmﬁ 3.2.8, We are left

to show that the ordered monomials are linearly independent. Consider K[)\] as U(g)-module,
see Lemma [3.2.9] If A --- )/ is an ascending monomial in U(g), then

-~

PVEREDY '1K[X}:X1X2"')\v~-

T

-~

However, since the ascending monomials are linearly independent in K [)], they must have been
already linearly independent in U(g). O

Recall that the opposite algebra (AP, o) of an algebra (A, ) is defined by the K-bilinear product
boa := a-b. If g — U is a universal enveloping algebra, then so is g?” — U°. The multiplication

by (—=1): g =5 g% extends to a K-algebra isomorphism
S UE>U°”7 u = ul,
which is called the principal antiautomorphism of U. If V is a representation of g, then V* is
the contragredient representation defined by (uf)(v) = f(u'v) forall f € V*,v €V andu € U.
DEFINITION 3.2.10. Let V be a vector space. Define the symmetric algebra of V' by
SV)=T(V){(z®y—y ).

The symmetric algebra is the universal enveloping algebra of the abelian Lie algebra. It
inherits a grading from 7'(V'). For a Lie algebra g the universal enveloping algebra also inherits
the filtration from 7(g). Denote the associated graded algebra by gr(U(g)). We obtain a version
of the PBW-Theorem without coordinates as follows.

THEOREM 3.2.11. Let g be a Lie algebra over a field K. The two surjections T'(g) — S(g)

and T(g) = gr(T(g)) — gr(U(g)) have the same kernel and hence define an isomorphism of
graded K -algebras
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COROLLARY 3.2.12. The universal enveloping algebra of a Lie algebra has no zero-divisors.
The universal enveloping algebra of a finite-dimensional Lie algebra is Noetherian.

PrROOF. A K-algebra with an exhausting filtration beginning with zero has no zero-divisors,
respectively is Noetherian if this is true for the associated graded ring. However, the graded
ring is a polynomial ring over a field by the above theorem, hence has no zero-divisors. If g is
finite-dimensional, the polynomial ring has only finitely many variables. So it is Noetherian by
Hilbert’s Basissatz. U
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3.3. The construction of highest weight modules

In section 3.1 on the study of finite-dimensional representations of semisimple Lie algebras
we haven’t answered the question whether or not every integral dominant weight arises as the
highest weight of some finite-dimensional simple representation. We can now give a positive
answer using the universal enveloping algebra. As before, let g be a semisimple Lie algebra,
with Cartan subalgebra h and R be a system of positive roots in R = R(g,b).

DEFINITION 3.3.1. Let A € b* be a weight. Denote by I, the left ideal in U(g) generated
by all X € g, with a € R" and all H — A\(H) with H € . The quotient

A(A) = U(g)/ 1

is called the Verma module of highest weight X. The coset of 1 € U(g) is called the canonical
generator of A(X\) and is denoted by vy € A(N).

Verma modules are named after Daya-Nand Verma, who wrote his his Ph.D. thesis (1968)
about this topic as a student of Nathan Jacobson at Yale University. We have the following
structure theorem for Verma modules.

PROPOSITION 3.3.2. Let A € b* be a weight.

1. Let ..., 3 € R" be the positive roots, listed in a fized order, and y_, € g_o be the
generators of the roots spaces for negative roots. Then the vectors yZ‘(”‘> = -yg(ﬁ)vA,

index by all multiindices m: Rt — N, form a basis of the Verma module A()).

2. Every Verma module A(X) has a weight space decomposition of the form

AN =D AN,

H<A

and its highest weight space A(N\)y is one-dimensional with basis v.

3. We have
dim(A(N),) = PO~ p),

where P: h* — N is the Kostant partition function, counting the number of differ-
ent non-negative decompositions of a weight into a sum of positive roots.

PROOF. Given scalars \j,..., A\, € K, the polynomial ring K[Hy,..., H,] has a basis of
polynomials of the form (H; — ;)" .. (H, — X\,)™") for multiindices n: {1,...,7} — N. In
particular, if Hy,..., H, is a basis of i, and «, ..., 3 are the positive roots in a fixed order, and
Ta € Ga, Yo € §_o are basis vectors, then the PBW-theorem implies that the products

Y@y Oy = AP (Hy = A )0 gl D)

are a basis of U(g), for m,l: R — N and n: {1,...,r} — N. By considering this basis with
Ai := A(H;), the span of the basis vectors with n # 0 or £ # 0 yields the left ideal I in Uf(g).

m(a)

Hence the cosets of the yq --y;n(ﬁ ) for m: R* — N yield a basis for the Verma module
A(N) = U(g)/I,. By definition we have Hvy = A(H)v, for all H € h. Thus v, is a weight
vector for the weight A\, and the first part is proved. Now the other two parts are obvious. [
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REMARK 3.3.3. We may reformulate the first part as follows: A()) is a free U(n) submodule
of rank one with basis vy, where n = @ .+ 9-o. In formulas, the multiplication yields a
bijection U(n) = A(A) given by u — uwy.

We consider an example for Kostant’s partition function.

EXAMPLE 3.34. Let R be of type Ay with Rt = {a, B, + B}. If an element pu can be
expressed as a non-negative integer linear combination of the positive roots, we have

P(nia +nof) = 1+ min(ny, na).
If not, then P(u) = 0.

Indeed, if i is a non-negative integer linear combination of the positive roots p = nja +
nsf + nz(a + B), we also obtain presentations as a linear combination of o and 5. Conversely
we obtain representations by replacing av + 3 a number of times.

LEMMA 3.3.5. Let L be a representation of g, A € b* be a weight and v € Ly be a weight
vector satisfying gov = 0 for all « € R*. Then there exists a unique homomorphism of
representations A(N) — L with vy — v.

PROOF. For every R-module M, the evaluation at 1p induces a bijection Homp(R, M) =
M. The universal property of quotients shows that for every left ideal I C R the evaluation at
1z + I induces a bijection

Hompz(R/I,M) = {m € M | Im = 0}.
Now apply this for R = U(g) and I = I in the above situation. Since by assumption Iyv = 0,
the claim follows. OJ

The classification of simple highest weight modules is as follows.

PRrRoOPOSITION 3.3.6. We have the following assertions.

1. For every weight X € b* the Verma module A(N) has a largest proper submodule
rad A(N).

2. The corresponding quotient module L(X\) = A(X)/rad A(N) is simple. So we obtain a
bijection between the elements of b* and simple representations with a highest weight,
up to isomorphism, by X\ — L(\).

3. If a simple representation L has a maximal weight, then this weight already is the
highest weight of L.

PROOF. The weight space decomposition of A(A) induces a weight space decomposition
N = D,y Ny for every h-submodule N of A(A). In case that N is a g-submodule, Ny # 0
already implies that N = A(\). Thusif N is a proper g-submodule we obtain N C € LA A(N).
Hence the sum of all proper submodules is again a proper submodule. So claim 1. follows.

Concerning the second claim, the quotient module L(\) is certainly simple with highest weight
A. Conversely, every simple representation with highest weight A is a quotient of A(\), and the
kernel of the associated surjection has to be the largest proper submodule of A(\). ([l
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DEFINITION 3.3.7. Let p = %ZaER+ a be the half-sum of the positive roots. Define an
action of the Weyl group W on h* by

z-A=z(A+p)—p.
This action is called the dot action.

Note that we conjugate the usual action of the Weyl group by a fixed translation. Recall
that the reflection map s, satisfies s,(p) = p — .

LEMMA 3.3.8. For every simple root o € 11 and every weight A € h* with (A + p,a’) € N
there is a module monomorphims

Asa - A) = A(N).

PROOF. For a simple root a we have (p,a") = 1 and hence s, - A < A is equivalent to
(A, a¥) € N. Now let a € R with n = (\,a") € N. For z,, € g, and y, € g_, we obtain

n+1 _
Tal, Ux=0

by a computation which is analogous to the one in the proof of Theorem [1.5.2] If in addition
a € II, then we even have x5y’ vy = 0 for all 3 € R" \ {a} and all i € N, because i — 3
then is never a sum of positive roots. Since we have s, - A = A — (n + 1), it follows that
0 # y""uy € A(N),,.» and we obtain by the universal property of the Verma module, as
coinduced representation a nonzero homomorphism A(s, - \) — A()), mapping the canonical
generator of A(s, - ) to y"v,. Since all Verma modules are free of rank one over the integral
domain U(n), this homomorphism must be injective. O

PROPOSITION 3.3.9. Let A € b*. Then the simple module L(\) of highest weight \ is
finite-dimensional if and only if N € X, i.e., if X is integral and dominant.

PROOF. If L()) is finite-dimensional then A € X* by Corollary [3.1.11] Conversely, let
A € XT. Lemma shows that, for a simple root o with (A, @) integral and non-negative,
a highest weight vector of L()) generates a finite-dimensional g®-subrepresentation of L(\).
Now for every representation V' of g the sum W of all finite-dimensional g*-subrepresentations,
for arbitrary fixed @ € R, is a g-subrepresentation of V. If we have (\,a") € N for every
simple root «, then L()\) is the sum of its finite-dimensional g*-subrepresentations for every
simple root a. Furthermore we have s, P(L(A)) = P(L())), see Lemma [3.1.7] for every simple
reflection s, € W. But then P(L())) is necessarily stable under the Weyl group, and hence
finite. It follows that dim(L(\)) < oco. O



102 3. REPRESENTATIONS OF SEMISIMPLE LIE ALGEBRAS
3.4. The Weyl formulas

We recall the notations of this chapter. Let g be a semisimple Lie algebra with Cartan
subalgebra h and root system R = R(g, ), let X be the lattice of integral weights, and Rt be
a system of positive roots. Let X be the set of dominant integral weights with respect to R*.
Let p € b* be the half-sum of positive roots.

We will start with the Weyl dimension formula, which is good for examples. The proof will
follow later from a more general result.

THEOREM 3.4.1 (The Weyl dimension formula). For every A € X% the dimension of the
simple representation L(\) with highest weight X is given by

dim(L()\)) = HocreAtp,0")  Tlaer-A+p, oz)'

HaeRJr <:07 av> HaeR+ (p7 a)

Since (#,aY) = 2B.9) it ig clear that the second equality holds.

(a,@)

EXAMPLE 3.4.2. Let g be of type Ay, with Rt = {a}. If \(H) = m, then A = mp, so that
the Weyl formula gives

dim(L(\) = AFpa) _mrDea)

(p, ) (p, )
EXAMPLE 3.4.3. Let g be of type Ay. Then RT = {aq, a0, 00 + s} and p = oy + az. Then
A = mywy + maows with my, ma € Zso and (w;, ;) = §;5. We compute (A + p,oq) = my + 1,
(A+p, az) = ma+1 and (M-p, ay+ag) = mi+ma+2. Also, [[ cp+(p, @) = (+az, a1+ay) = 2.
Hence the Weyl formula gives

1 1 2
dim(L())) = (mq 4+ 1)(mg —|—2)(m1 +mg + )
EXAMPLE 3.4.4. Let g be of type Bo, with RT = {a, 8, + B3,2a + B}. We have (a, ) =

—(o, 8) = %(5,5) =1 and A = myw; + mowos, and the Weyl formula gives

dim(p () = M e 2 Dlm 2 £ 3)m me £2)

Indeed, we have p = 2a0 + %ﬁ and an easy calculation shows that w; = a4+ %B, wy = a+ .
So we have

m
A = mywy + mowy = (my + mg)a + (71 + mz) 3

with positive integers my, ms. Then
A+pa)A+p,B)(A+pa+B)(A+p,2a+ B)
(ps@)(p, B)(p, a + B)(p, 20 + B)
_ (m1 +1)/2)(ma + 1)((m1 + 3)/2 + ma) (ma + my + 2)
(1/2)(1)(3/2)(2)
_ (m1 + 1)(m2 + 1)(m1 + 2m2 + 3)(m1 + mo + 2)
6

dim(L(\)) =
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EXAMPLE 3.4.5. Let g be of type Go, with R™ = {«, 5, a+ B, 2a+ 3,3a+ 8, 3a+28}. With
A = mywy + mows the Weyl formula gives
1
dim(L(\)) = m(ml + 1)(mg + 1)(my + 2ma + 3)(my + ma + 2)

Let Zh* be the group ring of the additive group (h*,+). Viewing A € h* as an element of
Zh* we’'ll write e* instead of A so that the sum \ + p is not ambiguous. Hence {¢* | A € h*}
is a Z-basis of Zh* with e*e# = e**#. The ring Zbh* is an integral domain, because every two
elements lie in a subring ZF for a finitely generated subgroup £ C h*. Since F is a free abelian
group the group ring ZF is isomorphic to a ring of Laurent polynomials. So we don’t have zero
divisors.

DEFINITION 3.4.6. Let V' be a finite-dimensional representation of g. We define the char-
acter ch(V') € Zh* of V by
ch(V) = (dimV,)e".
peb*
Note that ch(V) is invariant under the Weyl group W. This follows from the representation
theory of sly(K). Indeed, suitable powers of the generators of g, and g_, provide isomorphisms
between the weight spaces for A and s,()\).

Recall that the length of an element w in a Weyl group W, denoted by [(w), is the smallest
number k so that w is a product of k reflections by simple roots. So, the notion depends on
the choice of a positive Weyl chamber. In particular, a simple reflection has length one. The
Weyl dimension formula is a consequence of the following Weyl character formula.

THEOREM 3.4.7 (The Weyl character formula). For every integral dominant weight A € X+
we have for the character of the finite-dimensional simple representation L(\) of highest weight

A the formula
> pew (—1)[(Wer o)
> e (1) @) ewe

ch(L(}A)) =

in the quotient field of Zb*.

EXAMPLE 3.4.8. For g of type Ay we have p = %a, X' = Np and we obtain for all n > 1

that
6(n+1)P — ef(n‘i’l)p

Ch(L(np)) = = P + e(n72)p —+ 6(”*4)p 44 e P,

epP — e P
REMARK 3.4.9. The Weyl character formula and its generalization by Kac yields several
famous combinatorial identities. Let

e(t) =[x —t").
n>1
As an example, we obtain the Euler pentagonal identity
e(t) = Z(—l)jtj(3j+l)/2,
JEL
we obtain the Gaufs identity
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we obtain the Jacobi identity
(33(t) — Z(_l)J(Qj + 1)J'(J'+1)/2’
Jj=0
and Jacobi’s triple product identity

n n— — n— n n2
[[a-MA+2 0+ 271 = D 2"
n=1 n=-—oo

Consider the set Abb(h*,Z) of all maps f: h* — Z. We write such maps as infinite formal

sums
F=>fe
Aeh*
We can extend the definition of a character of a representation of g with finite-dimensional
weight spaces with ch(V') € Abb(h*,Z). We want to do computations with characters of Verma
modules. For this reason we introduce the following extended character ring.

DEFINITION 3.4.10. Denote by Z(h*) C Abb(h*,Z) the set of all maps f: h* — Z, whose
support is contained in a finite union of sets of the form {\ — > n,a | n € Abb(R",N)}.

We may view Zb* C Z(h*) as the subset of all maps with finite support. The multiplication
in h* extends to a commutative, associative multiplication in Z(h*) by

(fo) )= D FNg(w),

because the support condition ensures that only finitely many terms do not vanish in these
sums.

LEMMA 3.4.11. The character of a Verma module A(XN) is given by
ch(AN)=e* [T 1 +e+e™+..)
a€Rt

In particular, in Z(h*) we have

( I]a- e—a)> ch(A(N)) = €.

a€RT

PROOF. Rewriting the results of Proposition on the structure of Verma modules in
our new terminology gives

DAN) = 37 P(—p)

o
= H (14+e e +..).
a€ERT
This shows the first formula. The second one follows directly from the first one. OJ
REMARK 3.4.12. The character satisfies a very nice property, namely
ch(M ® N) = ch(M) - ch(N).

Here it is enough to assume that M, N are h-modules with finite-dimensional weight spaces,
and that they are the sum of their weight spaces, and that ch(M), ch(V) in Z({h*).
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In the next step we want to study the eigenvalues of the Casimir operator for a Verma
module. The Killing form s of g induces an isomorphism ®: h — B§*, characterized by
(R(h),h") = k(h,h') for all h,h" € h. Denote by (A, p) the bilinear form on h* correspond-
ing to the Killing form on h under the isomorphism . If & sends h to A, then u(h) = (A, p)
for all © € h*. We know that this bilinear form is positive definite on the subspace (R)q. It is
invariant under the Weyl group.

LEMMA 3.4.13. Every endomorphism of a Verma module is the multiplication with a scalar.
Proor. Consider the maps

K — Endg(A(N)) <= Endg (A(N)y).

P

The second map is injective, because A(\), generates A(\) by Proposition . The compo-
sition of both maps must be a bijection, since dim(A(M),) = dim(v,) = 1 by Prop081t10n 332
Thus all maps are bijections and we are done. O

LEMMA 3.4.14. Let C' = Cy; be the Casimir operator of g with respect to the Verma module
A(X). Then C acts on A(X) as multiplication with the scalar

a=A+p, X+p)—(p,p).

PROOF. By Lemma we know that C acts as multiplication with a scalar and we only
have to find out by which scalar it acts on the highest weight space A()),. Let a € R™. Chose
To € 9o and y, € g_, such that k(z,,y,) = 1. Let hy,..., h, be an orthonormal basis of b
with respect to the Killing form . Then we have

C'= ) Yoo + Tl + Zfﬂ

a€RT
— Z 2Yao + [Ta, Ya| + Zh?,
ac€Rt i=1

which acts on A(\), by the scalar

= Z M[Tas Yal]) —1—2)\

aeRt

Writing A = &(h) we obtain

e\ = Z K(h, [Tas Ya)) + Z r(h, hi)?.

Because of k(h, [Ta, Ya)|) = K([h, Zal, Ya) = a(h)E(Tq, yo) We obtain
cx =2p(h) + k(h,h)

= (2p,A) + (A A)

=A+pA+p) = (p.p)
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REMARK 3.4.15. One can also show the formula of Freudenthal, which is a recursive formula
for the dimensions of the weight spaces L(\), in a simple representation L(A). We have

dim(LA)) (A +pl” = [+ ") =2 D> > dim(LA) o) (1 + v, ).

a€Rt j2>1
The next lemma is a result concerning composition series of Verma modules.

LEMMA 3.4.16. Every Verma module A(\) is of finite length and every simple subquotient
of A(X) is a simple highest weight module L(p) with i < X and (u+ p, e+ p) = A+ p, A+ p).

PRrROOF. The second claim follows from Proposition[3.3.6] part 3 and Lemma[3.4.14] because

the Casimir operator acts on each subquotient of A()\) again by the scalar ¢y. In particular we
know that there are only finitely many p, which can be a highest weight of a simple subquotient
of A(A). Indeed, A < p implies that 4 = A 4+ v with v € (R), and there are only finitely many
elements of the root lattice v € (R) with (A + p, A+ p) = (A +v + p, A+ v + p), because this
equation is equivalent to the equation (v,v) + 2(X + p,v) = 0. And the bilinear form (-,-) is
positive definite on (R)g, so that our equation can have only finitely many solutions in the
lattice (R).
Furthermore every nonzero subquotient S of A(A) has a simple subquotient. Indeed, every
nonzero module over a ring has a simple subquotient. So for each such simple subquotient S
there is a weight p with (u+p, u+p) = (A +p, A+ p) and S, # 0. Taking a strictly decreasing
filtration of A(X) we can estimate the length [(A(X)) by

Ao < 3 dim(A),),

pn<A
(utpptp)=(A+p,A+p)

O

ProOPOSITION 3.4.17 (Kostant’s character formula). Let A € X be a dominant inte-
gral weight. Then the character of a simple representation L(\) with highest weight X\ is
the alternating sum over the characters of the Verma modules A(w - \) with w € W, where
w-A=w(A+p)—p, ie.,

ch(L(A) = > (=1)!™ ch(A(w - N)).

weWw

PROOF. Let us write |A| = y/(A, A) for A € (R)q. By Lemma [3.4.16| we can write
h(AN) = Y dieh(L(p)

HSA
ltpl=|A+p]

for suitable a} € N with a3 = 1. The corresponding matrix is unitriangular, hence invertible.
So we can invert the formula and can also write

L) = 3 Heh(A(n)

7590
|u+pl=|A+pl

for suitable ¥y € Z with by = 1. So far, everything is valid for all \ € Ho. Now we know in
addition that A is integral and dominant so that L(\) is finite-dimensional by Proposition m



3.4. THE WEYL FORMULAS 107
and that ch(L(\)) is invariant under the Weyl group W. Multiplying both sides of the last

equation by
H (ea/Z . e—a/2) — P H (1 . e—a)

a€R* aeR*

H (eo‘/Q — e_o‘/Q) ch(L(\)) = Z Vet P = Z d,e”,
a€Rt m v

where d, = b ", dy;p, =1 and d, = 0if [v| # [N+ p| or v £ A+ p. It is easy to see that the
LHS changes sign if we apply a simple reflection sg on it. Hence the same is true for the RHS,
so that d, = (—1)")d,, for all w € W. In particular we have d, = 0 if not |v| = |X 4 p| and
wv < A+ p for all w € W. By Lemma [3.4.18 below it follows that d, = 0 if not v € W(A + p).
Together with dy;, = 1 and reparametrization we obtain Kostant’s formula. 0

we obtain

We still have to state and prove Lemma [3.4.18 which we’ve used in the last proof.

LEMMA 3.4.18. Let A € X be an integral dominant weight and v € X an integral weight.
Then |v| = |u| and wv < p for all w € W imply that v € W p.

PROOF. We may consider a conjugate of v, which lies in X*. This is always possible. So
we may assume that v € X*. Hence we only have to show that v < p and |u| = |v| imply that
1 = v. Since the scalar product of a vector from the dominant Weyl chamber with a positive
root is always nonnegative, ;1 — v and v enclose an obtuse angle. Hence the sum must have at
least the length of each of the two summands, and the equality of their lengths is only possible
when the corresponding summand coincides with the sum. ([l

Proof of Theorem |3.4.7], i.e., of Weyl’s character formula: consider the equation
H (ea/Q _ efa/Q) Ch(L()\)) _ Z (_1)l(w)€w()\+p)’
aERT weW

which comes from the proof of Kostant’s formula in Proposition |3.4.17| and divide it by its
specialization at A = 0, which is the so-called Weyl’s denominator formula

ef H (1 — e_“) = H (ea/2 — e_a/Q) = Z(—l)l(w)ew".
acRt aceRt wew

This gives exactly Weyl’s character formula. 0

REMARK 3.4.19. Weyl’s denominator formula can be used among other things to show that

ch(L(np)) = e™ H (I+e“+e >4 4e ™),

a€Rt

for any semisimple Lie algebra.

Proof of Theorem|[3.4.1], i.e., of Weyl’s dimension formula: consider the ring homomorphism
a: Zh* — 7 with a(e*) = 1 for all A € h*. We would like to apply Weyl’s character formula.
For this we need to apply an abstract version of L’Hopital’s rule. Consider the subring ZX in
the group ring Zh* and the group homomorphism 9, : ZX — ZX with 0,(e") = (u,a¥)et. Tt
is easy to see that the Jar are commuting ring derivations. For D = [] .+ On € End(ZX) we
have aDe* = T[], p+ (11, V). Tt follows that aDe®* = (—1)"®aDe* for simple reflections w and
then for arbitrary w € W. By Weyl’s character formula and his denominator formula we have
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(eﬂ IT - )) (L) = 3 (1)

a€ERT weW
Applying aD on both sides we obtain

aD (e” H (1- e_a)> a(ch(L(N))) = |W| H (A + p,a).

acRt a€eR*

Now a(ch(L(A))) = dim(L(\)), and factors 1 — e~ which are not hit by a derivation, vanish
under a. So dividing the equation by the one obtained for A = 0 gives the result. 0
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