A ZASSENHAUS CONJECTURE AND CPA-STRUCTURES ON SIMPLE
MODULAR LIE ALGEBRAS

DIETRICH BURDE AND WOLFGANG ALEXANDER MOENS

ABsSTRACT. Commutative post-Lie algebra structures on Lie algebras, in short CPA structures,
have been studied over fields of characteristic zero, in particular for real and complex numbers
motivated by geometry. A perfect Lie algebra in characteristic zero only admits the trivial
CPA-structure. In this article we study these structures over fields of characteristic p > 0. We
show that every perfect modular Lie algebra in characteristic p > 2 having a solvable outer
derivation algebra admits only the trivial CPA-structure. This involves a conjecture by Hans
Zassenhaus, saying that the outer derivation algebra Out(g) of a simple modular Lie algebra
g is solvable. We try to summarize the known results on the Zassenhaus conjecture and prove
some new results using the classification of simple modular Lie algebras by Premet and Strade
for algebraically closed fields of characteristic p > 3. As a corollary we obtain that that every
central simple modular Lie algebra of characteristic p > 3 admits only the trivial CPA-structure.

1. INTRODUCTION

Post-Lie algebras and post-Lie algebra structures arise in many areas of mathematics and
physics. We have studied these structures in the context of geometric structures on Lie groups,
in particular for nil-affine actions on Lie groups. Here post-Lie algebras arise as a natural
common generalization of pre-Lie algebras [19] 24! [31], 6, [7, 8] and LR-algebras [10} [11]. We have
obtained several results on the existence of post-Lie algebra structures [9, 12} 13 [14]. Originally
post-Lie algebras have been introduced by Vallette [34] in connection with the homology of
partition posets and the study of Koszul operads and by Loday [28] within the context of
algebraic operad triples. Then several authors have studied them in connection with modified
Yang-Baxter equations, double Lie algebras, R-matrices, isospectral flows, Lie-Butcher series
and other topics [23].

A particular interesting class of post-Lie algebra structures are commutative structures, so-
called CPA-structures. We have studied CPA-structures for several classes of finite-dimensional
Lie algebras over a field of characteristic zero, e.g. for semisimple, perfect and complete Lie
algebras, see in [I4, [I5]. In particular, we have shown that CPA-structures on perfect Lie
algebras in characteristic zero are trivial, i.e., given by the zero product. We also extended
this result to some classes of perfect infinite-dimensional Lie algebras [16]. The aim of this
article is to generalize the result to modular Lie algebras over a field of characteristic p > 0. In
particular, we are interested in CPA-structures on simple modular Lie algebras. It turns out
that we can determine such structures if we know that the outer derivation algebra Out(g) is
solvable. But this leads us directly to a conjecture by Hans Zassenhaus, which says that Out(g)
is solvable for all simple modular Lie algebras. Zassenhaus posed this conjecture in 1939 in his
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book [36]. We collect the known results on this conjecture from the literature. For algebraically
closed fields of characteristic p > 3 we can use the classification results by Wilson and Strade to
verify the conjecture in this case. We obtain that Out(g) is solvable of derived length at most
three. For p = 2 and p = 3 there are counterexamples arising from the simple constituents of
the classical Lie algebras 4 and g, respectively.

In order to apply the results on the Zassenhaus conjecture to CPA-structures we need another
property concerning the outer derivation algebra for a Lie algebra g. We say that g is taut if
every Lie algebra homomorphism ¢: g — Der(g) maps g into Inn(g). A simple modular Lie
algebra g having a solvable outer derivation algebra is taut, but the converse need not be true.
In fact, the simple modular Lie algebra psl;(Fs) is taut, but its outer derivation algebra is not
solvable. This is one of the counterexamples to the Zassenhaus conjecture mentioned above.
We can try to consider a weaker conjecture here. Namely, we conjecture that every simple
modular Lie algebra is taut.

Using the results on taut Lie algebras and the Zassenhaus conjecture we prove that every CPA-
structure on a central simple Lie algebra of characteristic p > 3 is trivial. Furthermore we show
that every CPA-structure on a perfect taut Lie algebra in characteristic p # 2 is trivial, and
that every CPA-structure on a simple taut Lie algebra in characteristic p = 2 is either trivial
or adjoint.

2. PRELIMINARIES

Let g denote a Lie algebra over a field K of arbitrary characteristic. We always assume that
g is finite-dimensional over K. The derived series of g is defined by

where the ideals g¥) are defined by g = [g@~", g@=Y] for all i > 1. A Lie algebra g is called
k-step solvable if g*) = 0, but g*~1) £ 0 for some k > 1. In this case we call k the solvability
class of g, and denote it by d(g). It is also called the derived length of g.

The lower central series of g is given by

¢’=92¢'2¢g°2¢°2 -
where the ideals g’ are recursively defined by g° = [g,g"!| for all i > 1.

Definition 2.1. Let g be a Lie algebra. The intersection of all ideals g is denoted by
g™ = m g®.
Then g(>) = 0 if and only if g is solvable. Similarly we define
o =[g"
ieN

Let Der(g) be the Lie algebra of derivations of g and Inn(g) the ideal of inner derivations of
g. The quotient Lie algebra Der(g)/Inn(g) is called outer derivation algebra of g and is denoted
by Out(g). In terms of Lie algebra cohomology we have Z'(g,g) = Der(g), B'(g,g) = Inn(g)
and H'(g, g) = Out(g), where g denotes the adjoint g-module.
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The centroid C(g) of a Lie algebra g is the space of K-linear maps ¢: g — g commuting with
all inner derivations of g, i.e., satisfying

o([z,y]) = [p(z), y]

for all z,y € g. The centroid of a simple non-associative algebra A is a field, see [25], chapter
10. Such an algebra A is then called central simple, if the centroid C(A) coincides with the
base field. So we have the following definition for Lie algebras.

Definition 2.2. A simple Lie algebra g over K is called central simple, if C(g) = K.

A central simple Lie algebra g remains simple for any field extension F' over K, i.e., the Lie
algebra gr = g ®x F' is still simple over F'. In particular, g is still simple over the algebraic
closure of K.

Example 2.3. The simple Lie algebra W (1,2)") of dimension 3 over Fy is central simple.
However, the simple Lie algebra W (1,2)Y) ®g, Fy of dimension 6 over Fy is simple but not
central simple.

Here W (1,2) is a Lie algebra of Witt type. The Lie brackets with respect to a (e, f, h) are
given by

e, fl=h, le,h] =e, [f,h] = .
It is up to isomorphism the only simple Lie algebra of dimension 3 in characteristic 2 [20]. Both
W(1,2)M and W (1,2)" ®g, Fy are discussed in [35].
We recall the definition of post-Lie algebra structures on pairs of Lie algebras (g,n) over K
[12]:

Definition 2.4. Let g = (V,[,]) and n = (V,{,}) be two Lie brackets on a vector space V'
over K. A post-Lie algebra structure, or PA-structure on the pair (g,n) is a K-bilinear product
x -y satisfying the identities:

(1) roy—y-x=[ry —{z,y}
(2) [yl z=2-(y-2)—y- (v 2)
(3) z-{y, 2z} ={x -y, 2z} +{y,z -z}

for all z,y,z € V.

Define by L(z)(y) = z -y and R(z)(y) = y -  the left respectively right multiplication
operators of the algebra A = (V,-). By (3)), all L(x) are derivations of the Lie algebra (V,{, }).
Moreover, by , the left multiplication

L: g — Der(n) C End(V), x — L(x)

is a linear representation of g. A particular case of a post-Lie algebra structure arises if the
algebra A = (V) is commutative, i.e., if z -y = y - x is satisfied for all z,y € V, so that we
have L(z) = R(z) for all z € V. Then the two Lie brackets [z,y] = {z,y} coincide, and we
obtain a commutative algebra structure on V' associated with only one Lie algebra [14]:
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Definition 2.5. A commutative post-Lie algebra structure, or CPA-structure on a Lie algebra
g is a K-bilinear product x - y satisfying the identities:

(4) Toy=y-x
(5) [yl z2=2-(y-2)—y-(z-2)
(6) x-[y,z]:[x-y,z]—i-[y,w-z]

for all z,y,z € V.

3. A CONJECTURE BY ZASSENHAUS
Hans Zassenhaus posed in 1939 in his book [36] the following conjecture.

Conjecture 3.1 (Zassenhaus). The outer derivation algebra of a simple non-abelian Lie algebra
i prime characteristic s solvable.

This is stated between “Satz 77 and “Satz 8” on page 80 in [36], where he discusses two other
related conjectures on simple modular Lie algebras. In characteristic zero the outer derivation
algebra is trivial as a consequence of the first Whitehead Lemma: we have H'(g,g) = 0 for a
simple Lie algebra g of characteristic zero. In prime characteristic Whitehead’s Lemma does
not hold in general and the outer derivation algebra of a simple Lie algebra need not be trivial.

Remark 3.2. The Zassenhaus conjecture for Lie algebras is an analogue of the Schreier con-
jecture for finite groups. The Schreier conjecture asserts that the outer automorphism group
of every finite simple non-abelian group is solvable. It was proposed by Otto Schreier in 1926
and is known to be true as a result of the classification of finite simple groups. Up to now
no simpler proof is known for it. The classification yields an even stronger statement, namely
that the outer automorphism group of every finite simple non-abelian group has derived length
d < 3.

What is known about the Zassenhaus conjecture? There are many different results in the
literature, in particular in the context of the classification of simple modular Lie algebras over
an algebraically closed field of characteristic p > 3. However, there seems to be no general
survey available on the outer derivation algebra. Hence we will try to collect the relevant
results from the literature ourselves.

Shortly after Zassenhaus had posed the conjecture, Jacobson published counterexamples in
[26], p. 515, over an imperfect field of arbitrary characteristic p > 0. However, it seems that
the examples have an obvious non-trivial ideal, so that the Lie algebras are not simple over
the given field. In general it is reasonable to restrict the Zassenhaus conjecture to algebraically
closed fields. Nevertheless we also have results in some cases for finite fields or even for arbitrary
fields of characteristic p > 0. In order to use the classification of simple modular Lie algebras
we need to assume that p > 3. But again, we also have some results for p = 2 or p = 3.
According to the classification theorem of Premet and Strade every simple modular Lie algebra
over an algebraically closed field of characteristic p > 3 belongs to one and only one type:
classical, Cartan or Melikian.

3.1. Classical type. The first class of simple modular Lie algebras consists of the classical
Lie algebras of Chevalley type. Here it is usually assumed that p > 3, but the construction
works for any field of characteristic p > 0. Given a simple Lie algebra L over C, Chevalley
constructed a basis with integral structure constants. Hence we obtain from L a modular Lie
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algebra Lp by tensoring with any field F' of characteristic p > 0. The Lie algebra Lr may fail
to be simple, even for p > 3. But for p > 3 this happens only in one case. In fact, Ly is always
simple for p > 3 except for type A, with n = —1 mod p, where Ly has a 1-dimensional center
Z. Then the quotient Lr/Z = psl, (F) is simple. The list of classical simple Lie algebras over
F for p > 3 is given by

ATUpT/n' + 17 p5[(n+ 1)7p ’ n+ 17 BTL7 Cm -DTH G27 F47 E67 E77 ES'
Note that the exceptional types here are included in the class of classical simple Lie algebras.

We recall the following result, which is Lemma 2.7 in [1].

Proposition 3.3. Let g be a classical simple Lie algebra over an algebraically closed field F
of characteristic p > 3. Then Out(g) = 0 unless g = psl, | (F) with p | n + 1 in which case
Der(g) = pgl,,41(F) and Out(g) =F.

What can we say in characteristic p = 3 about the Zassenhaus conjecture for simple modular
Lie algebras of classical type? Taking the list for p > 3 it is well known that all types given
there remain simple for p = 3 except for go and eg, see [I§], p. 204 or [33], p. 209. The Lie
algebra gs is no longer simple, but has a simple ideal I = psl;(IF), generated by the short roots,
with go/I = I. The Lie algebra ¢ of dimension 78 has a 1-dimensional center Z, and the
quotient eg/Z is a simple Lie algebra of dimension 77.

By Corollary 3.3 and 3.4 in [22] and by the table in section 4 of [3] we have the following result.

Proposition 3.4. Let I be an algebraically closed field of characteristic p = 3 and g be a simple
Lie algebra of classical type different from psls,, (F), g2, or ¢g. Then Out(g) = 0.

Now the simple Lie algebra g = psl;(IF) immediately yields a counterexample to the Zassen-
haus conjecture. One can easily compute its outer derivation algebra over F3 and hence over F.
This is well known in the literature, see for example [2], Theorem 1, but hasn’t been associated
explicitly to the Zassenhaus conjecture.

Proposition 3.5. Let F be a field of characteristic p = 3. Then the derivation algebra of
g = psly(F) is given by Der(g) = go, and the quotient by Inn(g) = g is given by Out(g) = g. In
particular the outer derivation algebra of g is simple and non-solvable.

For the series of simple Lie algebras psls,, (IF) over a field F of characteristic 3 the case m = 1
is the only exception regarding Proposition [3.3] We have the following result, which follows
from Corollary 3.4 on page 73 in [22].

Proposition 3.6. Let F be an algebraically closed field of characteristic 3. Then we have
Der(psls,,(F)) = pgls,,, (F) for all m > 2. Hence Out(psls,,(F)) = F is abelian for all m > 2.

For ¢ we have the following result.

Proposition 3.7. Let F be a field of characteristic p = 3 and g = e¢/Z be the simple Lie
algebra of dimension 77. Then Out(g) is abelian.

Proof. In fact, g has a derivation algebra of dimension 78, so that the outer derivation algebra
is 1-dimensional. This follows from a computation with GAP. ([l

For p = 2 the only simple Chevalley algebras are As,,Gs, Eg, Fs. The algebras of type
Agnit, Bn, Cy, Dy, E7 have a non-zero center, and Fy has a 26-dimensional ideal J generated
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by the short roots. We have Fy/J = J and this is a simple Lie algebra in characteristic 2, see
[4], or [29], section 5.1. Furthermore Fj has up to isomorphism only one such simple ideal of
dimension 26. This yields another counterexample to the Zassenhaus conjecture, see [4].

Proposition 3.8. Let F be a field of characteristic p = 2 and J be the simple ideal in Fy
generated by the short roots. Then Der(J) = Fy and Out(J) = J is simple and non-solvable.

According to Seligman [32], this has been first shown in [30], for an algebraically closed field
of characteristic 2.

3.2. Cartan type. The second class of simple modular Lie algebras consists of the Lie algebras
of Cartan type
W(m;n), S(m;n; ®)©, H(2r;n; @)@, K(2r + 1;0).

The characteristic zero versions of these Lie algebras are infinite dimensional Lie algebras occur-
ring in E. Cartan’s work of 1909 on pseudogroups in differential geometry. For the precise defini-
tion see [33], Chapter 4. These Lie algebras are filtered deformations of a special class, namely of
the graded simple algebras of Cartan type, denoted by W (m;n), S(m;n)®, H(2r;n)®, K(2r+
1;n)M. Let n = (n,...,ny,) and s = ny + - - - +n,,. The Witt algebra W (m;n) has dimension
mp® and is simple unless p = 2 and m = 1. The special algebra S(m;n)?) has dimension
(m —1)(p* — 1) and is simple for all p > 0 and all m > 1. The Hamiltonian algebra H(2r;n)®
is simple of dimension p* — 2, and finally the contact algebra K (2r + 1;n)1) is simple with

s, if2r+12% —3mod
dim(K (2r + 1;2)(1)) _ )P 1 r+ 1% —3 mod p,
p°—1, if 2r +1 = -3 mod p.

For p = 3 or p = 2 some of these algebras coincide with algebras of classical type, e.g., we have
H(2;1)® = psl(3) with 1 = (1,1) for p = 3. This does not happen for p > 3.

We have the following result.

Proposition 3.9. Let g be a simple Lie algebra of Cartan type over an algebraically closed field
of characteristic p > 3. Then Out(g) is solvable. More precisely, Out(g) is solvable of derived
length d < 1 for type W and type K, of derived length d < 2 for type S and of derived length
d < 3 for type H.

Proof. The proof is due to Leinen and Puglisi, namely Proposition 5 in [27]. They showed that
Out(g) is solvable of derived length d < 4 over an algebraically closed field of characteristic
p > 7, using results of [5]. Here the assumption p > 7 was made because the classification at
this time was only known for p > 7. However, all results used are actually stated in [5] for
p > 3. Hence we immediately obtain the result of Proposition 5 for all p > 3. It remains to
refine the proof, so that we obtain derived length d < 3. We will use the notation of [5]. Let
adg(h) = {ad(z) | # € b} for a Lie algebra b and an ideal g in b.

First let g = W (m;n) be the Witt algebra. Consider its p-envelope g in the derivation algebra
Der(A(m;n)). See [5] for the definition of A(m;n). Then we have Der(g) = ady(g), see [5] p.
903. Hence it follows that

Der(g)(l) = adg@)(l) = adg(ﬁ(l)) = adg(g(l)) = Inn(g).

Here we have used that g) = g, Hence Out(g) is abelian. The same proof works for the
contact Lie algebra g = K(m;n).
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Let S = S(m;n,w) be the special Lie algebra. There are inclusions S C S - CS of algebras

in Der(A(m;n)), see [B], section 1 for the definitions. Let P denote the p-envelope of C'S in
Der(A(m;n)). Then we have Der(S) = adg(P) by [5], p. 903 and hence

Der(5)M = adg(P)® = adg(CSW).

Since S is an ideal of C'S of codimension at most one, the quotient cS / S is abelian and we
have (CS)M) C S. It follows that Der(S)!) C adg(S) and Der(S)? C adg(SM) = Inn(9).
Hence Out(S) is solvable of derived length at most two.

3

Let H = H(m;n,w) be the Hamiltonian Lie algebra. Similarly to type S, it follows from [5]

that Der(H)® C adg(H®) = Inn(H). Hence Out(H) is solvable of derived length at most
three. 0

It is easy to see that the bounds are sharp. In particular, there are simple Lie algebras of
Cartan type where the outer derivation algebra has exactly derived length d = 3 and hence is
not metabelian.

Example 3.10. Let F be a field of characteristic p > 3 and g = H(2;1)? be the Hamiltonian
algebra of dimension p* — 2. Then Out(g) is solvable of derived length d = 3.

This has been observed by J. Feldvoss. In fact Out(g)(!) is isomorphic to the 3-dimensional
Heisenberg Lie algebra.

3.3. Melikian type. In characteristic p = 5 another family of simple Lie algebras is known,
different from the classical or Cartan type. The algebras M(ny, nq) are called Melikian algebras
with parameters (ni,ns) € N2. They are simple of dimension 5721,

Proposition 3.11. Let M be a Melikian algebra over an algebraically closed field of charac-
teristic 5. Then Out(M) is abelian.

Proof. The proof works exactly the same way as the proof of Proposition for type W or K

because we have Der(M) = ad(M), see Theorem 7.1.4 and Theorem 7.2.2 in [33]. O

3.4. Summary. Let us summarize the results on the Zassenhaus conjecture for algebraically
closed fields of characteristic p > 3 and add some results for characteristic 2 and 3. By

Proposition [3.3] and the Zassenhaus conjecture has a positive answer in the following
case.

Theorem 3.12. Let g be a simple modular Lie algebra over an algebraically closed field of
characteristic p > 3. Then Out(g) is solvable of derived length at most three.

If g is a central simple Lie algebra over an arbitrary field F of characteristic p > 3, then
g ®p I is simple over F. Hence we obtain the following corollary.

Corollary 3.13. Let g be a central simple Lie algebra over a field of characteristic p > 3. Then
Out(g) is solvable of derived length at most three.

Remark 3.14. As we have seen in Propositions [3.8] and there are counterexamples to the
Zassenhaus conjecture for p = 2 and p = 3 arising from the simple constituents of the classical
Lie algebras f4 and go. On the other hand, we haven’t found other counterexamples so far
among the known new simple Lie algebras over an algebraically closed field in characteristic
3 and 2. In [I7], published in 1993, the outer derivation algebras for several families of new
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simple Lie algebras in characteristic 3 are computed. It is noted that it is always solvable. In
particular, all derivations are inner for the algebras L(e€) of Kostrikin, and Out(g) is abelian for
the algebras of type R and T' of Kuznetsov and the algebras Y (n) of Skryabin.

For characteristic p = 2 there are apparently too many simple Lie algebras to obtain conclusive
results and we only have verified the Zassenhaus conjecture for lists of known simple Lie algebras
in low dimensions over Fy. In particular, we have studied the lists of M. Vaughan-Lee [35] and
B. Eick [21]. The result is that all algebras have a solvable outer derivation algebra of derived
length at most three. In the list of [2I], up to dimension n < 20, there are only two different
algebras, namely g = 5(2,2) and Kap,(4) of dimension 14, where Out(g) has derived length
d=3.

4. TAUT LIE ALGEBRAS

For our results concerning CPA-structures on simple modular Lie algebras we will need a
short term for the following property of a Lie algebra.

Definition 4.1. Let g be a Lie algebra. We say that g is taut if every Lie algebra homomorphism
¢: g — Der(g) maps g into Inn(g).

Clearly every Lie algebra whose derivations are all inner is taut. However, the derivations of
a simple modular Lie algebra need not be inner in general. But we have the following result.

Proposition 4.2. Let g be a simple Lie algebra with dim(Out(g)) < dim(g). Then g is taut.

Proof. Let ¢: g — Der(g) be an arbitrary Lie algebra homomorphism and let 7: Der(g) —
Out(g) be the natural projection. Since g is simple, ¢(g) is a subalgebra of Out(g), which is ei-
ther trivial or isomorphic to g. But the latter cannot happen because of dim(g) > dim(Out(g)).
Hence ¢(g) C ker(m) = Inn(g), so that ¢ is taut. O

Taut Lie algebras are related to the Zassenhaus conjecture as follows.

Proposition 4.3. Let g be a simple modular Lie algebra satisfying the Zassenhaus conjecture.
Then g is taut.

Proof. Recall that h(>) = Ny for a Lie algebra h. Let ¢: g — Der(g) be a Lie algebra
homomorphism. Then we have

o(g) = p(g®) = ¢(g)™ C Der(g)> C Inn(g)
by the assumptions. O

Corollary 4.4. Let g be a central simple Lie algebra over a field of characteristic p > 3. Then
g s taut.

Proof. By Corollary we know that Out(g) is solvable, so that the claim follows from
Proposition [4.3] O

Is there a simple modular Lie algebra which is not taut? If so, it must be a counterexample
to the Zassenhaus conjecture. In fact, for p = 2 and p = 3 we have such a counterexample, see
Proposition and Proposition . These two simple Lie algebras g satisfy g = Out(g). We
have the following lemma.
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Lemma 4.5. Let g be a simple Lie algebra satisfying g = Out(g). Then g is taut if and only
iof the short exact sequence
0 — Inn(g) — Der(g) — Out(g) — 0

does not split.

Proof. We will show that g is not taut if and only if the above short exact sequence splits.
Hence suppose first that g is not taut, i.e., there is a homomorphism ¢: g — Der(g) with ¢(g)
not contained in Inn(g). Denote by 7: Der(g) — Out(g) the canonical projection. Then ¢(g)
is nonzero. Since g is simple we have ¢(g) = g. Then Inn(g) N (g) is an ideal in ¢(g), which
is trivial. So the subalgebra Inn(g) x ¢(g) of Der(g) induces a split extension. Since their
dimensions coincide, we conclude that Der(g) is a split extension of Inn(g) by ¢(g).

Conversely assume that the above sequence splits. Then there exists an embedding ¢: Out(g) —
Der(g) such that ¢(Out(g)) is not contained in Inn(g). Let 6: g — Out(g) be an isomorphism.
Then (¢ 0 #)(g) is not contained in Inn(g), so that g is not taut. O

For the counterexample given in Proposition we have the following result over Fj.
Proposition 4.6. The Lie algebra psly(F3) is taut.

Proof. Let s = psly(F3). We have Inn(s) = Out(s) = s and Der(s) = go, see Proposition [3.5]
We will show by a direct computation that the short exact sequence

0>s5—gr5s5—0
does not split. Then the claim follows from Lemma [3.6] Let

e1 = Eia, €9 = Ei3, €3 = Fay, eq = Eas, e5 = E31, eg = Fsy,
er = Fi1 — Fa, eg = Eyy — Fs3

be a basis for sl3(F3). Then the center is generated by I3 = e; — eg. This yields a basis for s,
again denoted by (ey,...,e7) with Lie brackets

1, e3] = eq, [ea, e5] = 2e7, [e4, €5] = e3,
le1, e4] = e, e, e6) = €1, [e4, e6] = er,
le1, e5] = —es, e, e7] = —eq, [e4, 7] = e,
[e1, e7] = —2e4, [e3, e6] = —es, [es, e7] = es,
[eg, €3] = —ey, [es, e7] = 2es, leg, €7] = —és.

Suppose that the sequence splits. Then there is a Lie algebra homomorphism ¢: s — go such
that o ¢ =id;. So ¢ has a 14 x 7-matrix of block form

(4

with the identity matrix I = I; and A = (a;;) € M7(F3). The condition that ¢ is a homo-
morphism is equivalent to a system of polynomial equations in the 49 variables a;; over Fs.
Specifying a particular value for a column vector v € F§ of A, it can be easily solved using
Grobner bases over Fs. It is no problem to check all possible 37 cases to see that there is no
solution. 0
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Remark 4.7. We also believe that the 26-dimensional simple Lie algebra s over 5 of Proposition
3.8 is taut, because again the short exact sequence

05— =550

probably does not split. However, we were not able to solve the 220

equations in 676 variables over Fs.

systems of polynomial

Furthermore we have checked several other families of simple Lie algebras in characteristic 2
and 3 and haven’t found an example which is not taut. So we have the following conjecture.

Conjecture 4.8. Fvery simple modular Lie algebra is taut.

5. CPA-STRUCTURES ON SIMPLE MODULAR LIE ALGEBRAS
We recall the following definition from [15].

Definition 5.1. A CPA-structure on a Lie algebra g is called inner, if there is a Lie algebra
endomorphism ¢ € End(g) such that the CPA-product is given by z -y = [p(z), y].

If g has trivial center, then any linear map ¢ € End(V') defining a CPA-structure this way
is already a Lie algebra homomorphism, see Lemma 2.8 in [I5]. It is easy to see that we
can generalize many structure results of [I5] on inner CPA-structures to fields of arbitrary
characteristic. In particular Lemma 2.11 of [I5] generalizes as follows.

Lemma 5.2. Let g be a Lie algebra over an algebraically closed field F of arbitrary characteristic
and suppose that x -y = [p(x),y] defines an inner CPA-structure on g. Let g = @, g be the
generalized eigenspace decomposition of g with respect to w. Then we have

(90, 85] € 9-02 N gap N B g2
for all o, B € F. In particular, [ga,95] # 0 implies a + 5 = 0.

For elements xy,...,z, in a Lie algebra g define
[x17 T, .T3] = [xlu [.TQ, x3“7
(1, T2, T3, 4] = |21, [22, [73, T4]]]

and so forth. By induction we obtain the following commutator formula.

Lemma 5.3. Let g be a Lie algebra and suppose that x -y = [p(x),y] defines an inner CPA-
structure on g. Then for all n > 1, for all elements x4, ...,x, and y in g we have

[xla cee 7xn] Y= i[[:clu s 7'Tn]7 @f(n)(y)]a
where the map f: N — N is defined recursively by f(1) =1 and f(n+1) =2f(n) + 1.

We have the following structure result on inner CPA-structures.

Proposition 5.4. Let g be a Lie algebra over an algebraically closed field F of arbitrary char-
acteristic p > 0 and suppose that © -y = [p(z),y| defines an inner CPA-structure on g. Let
g = @, cr 9o be the generalized eigenspace decomposition of g with respect to p. Then g de-
composes into a direct sum of ideals

0=0002Po.=neh
az#0
with the following properties.
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(1) (v,0) - (w,w') = (v-w,v" - w) for allv,w € n and V', w" € h.
(2) n®-n=0.
(3) If p # 2 then [[b,b], [, b]] =
(4) If p=2 then v-w = [v, W] for allv € [h,[h,b]] and w € b.

Proof. We follow the proof of Theorem 2.1.4 in [I5]. For o € F we have [go, go] C go, so that
n is an ideal of g. For all o, 8 € F* we have [g4, 93] C gap and [go, 93] C g_s2, so that b is an
ideal of g. By Lemma 2.1 of [15], n and b are also ideals for the CPA-structure. By construction
we have p(n) C n and ¢(h) C b, so that we may look at the restrictions ¢, and ¢, of ¢ to n
respectively h. For (z,y) and (2/,9y') in g = n @ b the CPA-structure is given by the formula
(z,y) - (2,y") = ([pn(z), 2'], [¢y(v), y']). This shows (1). By definition the endomorphism ¢, is
nilpotent so that the commutator formula implies (2). As in the proof of Theorem 2.1.4 in
[15] we conclude that we either have h® = [[h, b], [h, h]] = 0 or

b C (g; Ug) N (g1 Ug-1),
where o = i is a root of the polynomial X? + 1 in IF. In the second case we have
{i,—i}n{l, -1} =0

for p # 2, so that again h® = 0. This shows (3). Assume now that p = 2. Then we have
i=—i=1= —1sothat h® C g;. Hence by construction the restriction of ¢ to h® is
unipotent. Let xq, 2o,y € . By Lemma we have

[[z1, 2], 0 (y)] = [0 (1), [x1, 22]]
Y- 11,79
= [v1,32] - y
(1, 2], 0y ().

Since ¢y is an automorphism of b this implies

lg. 9], (¥ —idy)(g)] € 0.
Now let = € [h,h] and y, z € h. Then

[oy(2), [z, 9]] = [z, [y (), s (W] = [2, [z, 25 ()] = [, [, y]].

So we have indeed v - w = [v,w]| for all v € [h, [h, h]] and w € b. 0O
Now we are able to prove results for CPA-structures on simple modular Lie algebras.

Proposition 5.5. Let g be a Lie algebra over a field F of characteristic p # 2. If g is taut,
then every CPA-structure on g satisfies g©>) - g =0.

Proof. The left multiplication L: g — Der(g), x — L(z) is a Lie algebra homomorphism. Since
g is taut, it follows that L(x) € Inn(g) for all z € g. Hence there is a linear map ¢: g — g
such that L(z) = ad(¢(x)), i.e., z -y = [p(x),y] for all 2,y € g. By extending the base field F
to an algebraic closure F of it we can naturally extend g to § = F ®p g and the CPA-structure
L: g — Inn(g) to a CPA-structure L: § — Inn(g) by 1 ® v — 1 ® L(v). Let & := §/Z.(3),
where Z..(g) is the last term of the upper-central series of g. Then Z(¢) = 0, so that the
induced CPA-structure L: £ — Inn(&) is inner by Lemma 2.8 in [I5]. This says that ¢ is a Lie
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algebra endomorphism. By Proposition (2), (3) it follows that £°) . ¢ C (£2)> . ¢ =0, so
that §° - § C Z..(g). Since [§°, 5] = ) we also have

ﬁ(OO) g C g(OO) . (5(00) .9 C g(OO) - Zso(g) = 0.
But this implies that g - g = 0. U

Corollary 5.6. Let g be a perfect Lie algebra over a field of characteristic p # 2. Suppose that
g is taut. Then every CPA-structure on g is trivial. In particular, every perfect Lie algebra over
such a field having a solvable outer derivation algebra only admits the trivial CPA-structure.

Proof. Since g is perfect we have g(® = g. If g has a solvable outer derivation algebra, then it
is taut by Proposition Hence we have g - g = 0 by Proposition [5.5] 0

We come to a main result.

Theorem 5.7. Let g be a central simple Lie algebra of characteristic p > 3. Then every
CPA-structure on g is trivial.

Proof. Since g is taut by Corollary [4.4)and also perfect the claim follows from Corollary 5.6, O

What can we say about CPA-structures of simple modular Lie algebras in characteristic
2 or 37 Let us first investigate the case p = 3. All known simple modular Lie algebras in
characteristic 3 only admit the trivial CPA-structure, it seems. We just give one example here.

Example 5.8. Every CPA-structure on psly(IF3) is trivial.

This follows either by an easy direct computation, or by Corollary . Indeed, psly(F3) is
perfect and it is taut by Proposition 4.6, Recall that a simple Lie algebra with solvable outer
derivation algebra is taut, but that the converse need not be true, as we see here.

In characteristic 2 the Lie bracket is commutative, so that x - y = [z,y] defines a non-trivial
CPA-structure on any non-trivial Lie algebra. We call this structure the adjoint CPA-structure.
We can show the following result.

Proposition 5.9. Let g be a simple modular Lie algebra in characteristic 2. If g is taut, then
every CPA-structure on g is either trivial or adjoint.

Proof. Let L: g — Der(g) be the homomorphism induced by left multiplication. Since g is taut
we have by definition that L(g) C Inn(g). Since Z(g) = 0 the CPA-structure on g is inner, i.e.,
there exists a unique homomorphism ¢: g — g such that z -y = L(z)(y) = [¢(x),y]. Since g
is simple, o(g) is either trivial or isomorphic to g. In the first case we have g-g = 0. So we
may assume that ¢ is an isomorphism. Let £ be the perfect Lie algebra obtained from g by
extending the scalars over an algebraic closure of the ground field. Then ¢ naturally extends
to an isomorphism 1 : £ — £ and also defines an inner CPA-structure on . Now we can apply
part (4) of Proposition and decompose £ = n @ h as a direct sum of Lie algebras. Since 1) is
an isomorphism, we have n = 0 and € = bh. Since £ is perfect we have ) = idje. By restriction
we obtain ¢ = 1y = idg, so that z -y = [z,y] for all z,y € g. O

Example 5.10. Let g be a simple modular Lie algebra over Fy from the list of B. Eick [21].
Then every CPA-structure on g is trivial or adjoint.

Indeed, every such algebra is taut.

The following example shows that the CPA-structures may also depend on the base field.
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Example 5.11. Let g = W (1,2)M) ®g, Fy be the simple modular Lie algebra over Fy from
Example 2.3 Then g admits only the trivial and adjoint CPA-structure over Fa, but admits
other CPA-structures over an algebraic closure of 5.

One can explain how the other CPA-structures arise. In fact g is not central simple. It
decomposes over Fy as the sum g = a @ b of two simple ideals. There is a basis (z1, ..., z¢) of
g such that the Lie brackets are given by

[T, x2] = x3 [T, 23] = 24 (23, 76] = 2,
[21, 23] = 24 29, 25] = 21 + s, 4, 5] = w6,
[, 4] = x5 (T2, 6] = x5 + T35, (24, T6] = 3,
[1, 5] = 29 + 24, [x3, 4] = 21 + w6, (x5, x6) = 24.

All CPA-structures on g are explicitly given as follows, where a € Fy is a root of

XXP-1)=X(X-1)(X?2+X+1),

Ty Ty = axs +ola+ Das,  x9-23 = ’ry +ala+ Dag, 2376 = axy + ala — 1)y,
1113 = ala+ Day + o’ry, 2915 = axy + o’xg, xy - x5 = ala+ 1)z + azs,
vy -1y = ala+ Dag + o’rs, 13- 16 = 23 + axs, x4 - x5 = axg + a(a + 1)zs,
T - Ts = 02Ty + axy, T3 - Ty = ax; + a’xg, T5 - 16 = afa + 1)zy + o’y

For a = 0 we obtain the trivial CPA-structure and for o = 1 the adjoint one. The remaining
ones are given by a with o? + a4+ 1 = 0 over F,. Altogether we just obtain the four CPA-
structures from the decomposition g = a @ b, namely ad, ® ady, ad, @ 0p, 04 ® ad, and 04 B Op.

Remark 5.12. Tt is also possible to generalize results on post-Lie algebra structures on pairs of
Lie algebras from complex numbers to algebraically closed fields of characteristic p > 3. For
example, one can generalize Proposition 4.6 of [12] as follows: every post-Lie algebra structure
on a pair (g,n) with g and n simple, over an algebraically closed field of characteristic p > 3
satisfies either x -y =0 or z -y = [x,y] = —{x, y}, where the first Lie bracket is in g and the
second one in n. The proof over the complex numbers uses algebraic arguments which are still
valid, except for the fact that Out(n) is no longer trivial. However the proof still works by
using that Out(n) is solvable in this case.
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