JACOBI-JORDAN ALGEBRAS
DIETRICH BURDE AND ALICE FIALOWSKI

ABSTRACT. We study finite-dimensional commutative algebras, which satisfy the Jacobi iden-
tity. Such algebras are Jordan algebras. We describe some of their properties and give a
classification in dimensions n < 7 over algebraically closed fields of characteristic not 2 or 3.

1. INTRODUCTION

Finite-dimensional commutative associative algebras (with and without 1) have been studied
intensively. In particular, many different classification results have appeared in the literature,
see [15], [7], [10], [II] for recent publications, and the references given therein. On the other
hand, many important classes of commutative non-associative algebras have been studied, too.
Examples are Jordan algebras, commutative power-associative algebras, commutative alterna-
tive algebras, Bernstein algebras and many more. We mention also pre-Lie algebras, Novikov
algebras and LR-algebras, which we studied in a geometric context, see [3], [2], [4]. In each
case there, the subclass of commutative algebras therein automatically satisfies associativity.
In particular, the classification of such algebras includes the classification of commutative as-
sociative algebras as a special case. See for example the classification of Novikov algebras in
low dimension [5].

Here we want to study another class of commutative non-associative algebras. They satisfy
the Jacobi identity instead of associativity. It turns out that they are a special class of Jordan
nilalgebras. For this reason we want to call them Jacobi-Jordan algebras. These algebras are
also related to Bernstein-Jordan algebras. Although they seem to be similar to Lie algebras at
first sight, these algebras are quite different.

We are grateful to Manfred Hartl, who asked what is known about commutative algebras sa-
tisfying the Jacobi identity. We are also grateful to Ivan Shestakov for answering some questions
on the subject, and paying our attention to Bernstein-Jacobi algebras.

2. JACOBI-JORDAN ALGEBRAS

Let A be a finite-dimensional algebra over a field K. We will always assume that the char-
acteristic of K is different from 2 or 3, although some of our results also hold for characteristic
2 or 3. We denote the algebra product by z - y. The principal powers of an element x € A are
defined recursively by #' = z and #'*' = z- 2%, Also, let A' = A and define A* =37, . A'AJ
recursively for all integers k > 2. We say that A is nilpotent, if there is a positive integer k
with A% = (0). The algebra A is called a nilalgebra of nilindex n, if the subalgebra generated
by any given a € A is nilpotent, i.e., if y" = 0 for all y € A, and there exists an element x € A
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with 2771 £ (0. If an algebra A is a commutative nilalgebra of nilindex n < 2, then all products
vanish because of z -y = 1((z +y)? —2? —y?)) =0 for all z,y € A.

Definition 2.1. An algebra A over a field K is called a Jacobi-Jordan algebra if it satisfies the
following two identities,

(1) r-y—y-x=0

(2) - (y-2)+ty - (z-2)+z (x-y)=0

for all z,y,z € A.

In other words, Jacobi-Jordan algebras are commutative algebras which satisfy the Jacobi
identity. In the case of Lie algebras, the product is not commutative but anti-commutative.
Then the Jacobi identity has equivalent formulations which are not necessarily equivalent in
the commutative case. Obviously the Jacobi identity implies that 23 = 0 for all x € A, since
3 # 0. Hence a Jacobi-Jordan algebra is a nilalgebra. Since the algebra is commutative, we
have 23 =z - (v -2) = (v - 2) - @

Natural examples of Jacobi-Jordan algebras are barideals of Bernstein-Jordan algebras, which
are special instances of train algebras of rank 3 (see [I7], [I8] and the references therein.)
However it is not known whether every Jacobi-Jordan algebra arises as a barideal of some
Bernstein-Jordan algebra, see [18], section 3.

The name of Jordan in the definition of a Jacobi-Jordan algebra is justified by the following
observation.

Lemma 2.2. A Jacobi-Jordan algebra is a commutative nilalgebra and a Jordan algebra.

Proof. Of course we have 2 = 0 for all x € A by if 3 # 0. Furthermore by the Jacobi
identity with z = x we obtain

0=2"-y+2r-(v-y)
for all z,y € A. Replacing y by z - y yields

- (y-a)=a®-(v-y) =22 (v (x-y))
=z (=22 (v-y) =2 (2 y)
2oy)
for all z,y € A. Hence A is a Jordan algebra. 0

:(gj

Note that a Jacobi-Jordan algebra is a Jordan algebra in any characteristic. However, the
statement concerning nilalgebra need not be not true in characteristic 3. For example, the
1-dimensional algebra with basis e and product e - e = e in characteristic 3 is commutative and
satisfies the Jacobi identity. However, it is not a nilalgebra.

Remark 2.3. Any Jacobi-Jordan algebra is power-associative, i.e., the subalgebra generated by
any element is associative. This follows from the fact that a Jacobi-Jordan algebra is a Jordan
algebra, see lemma , and any Jordan algebra is power-associative, see [16].

Lemma 2.4. The class of Jacobi-Jordan algebras and commutative nilalgebras of index at most
three coincides.
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Proof. Any Jacobi-Jordan algebra is a commutative nilalgebra of index at most three, because
we have 2° = 0 for all x € A. Conversely, linearizing z° = 0 yields 22 - y + 2(x - y) - & = 0 and
the Jacobi identity. ([l

Lemma 2.5. A Jacobi-Jordan algebra is nilpotent.

Proof. Albert has shown that any finite-dimensional Jordan nilalgebra of characteristic different
from 2 is nilpotent, see [16]. This implies that any Jacobi-Jordan algebra is nilpotent. U

Remark 2.6. In general, commutative nilalgebras need not be nilpotent. Even commutative
power-associative nilalgebras need not be nilpotent, although this has been conjectured by
Albert in 1948. Suttles gave the following counterexample of a 5-dimensional commutative
power-associative nilalgebra with basis eq, ..., e; and products

€163 =€2°-€4= —€1 65 =¢€3, €1°€3=2~064, €263 = E5.

It is solvable, has nilindex 4, but is not nilpotent, see also the discussion in [12]. The conjecture
was reformulated, in the sense of Albert, namely that every commutative power-associative
nilalgebra is solvable.

3. CLASSIFICATION IN DIMENSION AT MOST 4

There are several classification results of non-associative algebras in low dimensions, which
yield, as a special case, a list of isomorphism classes of Jacobi-Jordan algebras. We assume that
K is an algebraically closed field of characteristic different from 2 and 3, if not said otherwise.
However, in our case of Jacobi-Jordan algebras, it is enough to look at the classification lists of
commutative, associative algebras of dimension n < 4. The reason is as follows:

Proposition 3.1. A Jacobi-Jordan algebra A of dimension n < 4 is associative, and A3 = 0.

Proof. Tt is proved in [12] that any commutative power-associative nilalgebra A of nilindex 3
and of dimension 4 over a field K of characteristic different from 2 is associative, and A3 = 0.
Since by lemma any Jacobi-Jordan algebra is power-associative, the claim follows. It is easy
to see that the argument also works in dimension n < 3, for nilindex at most 3. 0J

On the other hand, we may also consider the list of nilpotent Jordan algebras in low dimen-
sions, over an arbitrary field of characteristic different from 2 and 3. For algebras of dimension
n < 2 the classification is well-known (it coincides with the classification of nilpotent Jordan
algebras in dimension 2). In dimension 1 there is only one Jacobi-Jordan algebra, the zero alge-
bra Ag;. The second index number indicates the dimension. In dimension 2 there are exactly
two algebras, the zero algebra Ag; @ Ag 1, and Ay, given by the product e; - e; = e;. Both
algebras are Jacobi-Jordan algebras, satisfy A% = 0, and hence are associative. The following
result is part of several different classification lists, e.g., of [1], [10], [13], and [14].

Proposition 3.2. Any Jacobi-Jordan algebra of dimension n < 3 over an algebraically closed
field of characteristic different from 2 and 3 is isomorphic to exactly one of the following alge-
bras:
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Algebra Products Dimension
A(),l — 1
Aoq @ Ao - 2
ALQ €1 €1 = €y 2
Ap1 @ Ao @ Ao - 3
Ao ® Aoy €1-€e1 = e 3
A1,3 €1-€1 = €3, €3 €3 = €2 3

Remark 3.3. The only indecomposable Jacobi-Jordan algebra in dimension 3 is A; 3. Note that
it is isomorphic over an algebraically closed field of characteristic not 2 or 3 to the “commutative
Heisenberg algebra”, given by the products

€1 €y = €3 = €9 €.

In general we have the commutative, associative algebras H,,, with basis (21, ..., Zm, Y1, - - - Ym, 2)
and products x; - y; = y; - x; =z fore=1,...,m.

In dimension 4 we obtain the following classification list, see Table 21 in [14].

Proposition 3.4. Any Jacobi-Jordan algebra of dimension 4 over an algebraically closed field
of characteristic different from 2 and 3 is isomorphic to exactly one of the following 6 algebras:

Algebra Products
Abq -
Ao ® A%,l €1-€e1 = €
A3 @ Ao €1+€1 = €3, €3°€3 =€
A2 @ Ao €1+ €] = €3, €3 €3 = €4
Arg €1-€1 =€, €1 €3 =¢€3"€] = €4
Az €1-€1 =€, €3 €4 =€4°€3 =€

There are also exactly six complex Jacobi-Jordan algebras of dimension 4. In fact, the
classification of all 4-dimensional complex nilpotent Jordan algebras, listed in [I], remains valid
for every algebraically closed field of characteristic different from 2 and 3. This is also noted in
[rx), )

Remark 3.5. All our Jacobi-Jordan algebras of dimension at most 4 appear as barideals of
Bernstein-Jacobi algebras, classified by Cortes and Montaner in [6].

4. CLASSIFICATION IN DIMENSION 5

In dimension 5 there appears for the first time a Jacobi-Jordan algebra which is not asso-
ciative. The classification of nilpotent, commutative associative algebras of dimension n = 5
over an algebraically closed field can be found in Poonen’s article [15]. For characteristic # 2,3
there are 25 algebras, corresponding to the list of local algebras in dimension 6, see table 1
in [I5]. If we “forget” the unit element, we obtain the list of 5-dimensional algebras without
unit. The classification list of 5-dimensional associative Jacobi-Jordan algebras is a sublist of
these 25 algebras, consisting of 14 algebras. We first show that there is only one Jacobi-Jordan
algebra in dimension 5 which is not associative.
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Proposition 4.1. Any Jacobi-Jordan algebra of dimension 5 over an algebraically closed field
of characteristic different from 2 and 3 s associative or isomorphic to the following algebra,
given by the products of the basis {e1,...,es} as follows:

€1-€1 =€, €1 €4 =E€4°€1 = Eg,

1
61'65265'61:—563, €g €4 = €4+ €9 = €3.

This algebra is not associative. It 1s, up to isomorphism, the unique nilpotent Jordan algebra
A of nilindex 3 with A3 # 0.

Proof. Let A be a 5-dimensional Jacobi-Jordan algebra. If A% = 0, then A is associative. Now
assume that A3 # 0. Then A has nilindex 3, because otherwise A2 = 0. Hence we can use the
arguments given in [§] for the case of Jordan nilalgebras of nilindex 3. There is only one such
algebra up to isomorphism. There exists x,y € A such that y - 22 # 0. Using the identities

2y +2w-y)-w=

2® (y-2) +2a-y) - (2
2z -y)? +a* -y’ =0,

we see that {y,z,y - 22 2% y -z} is a basis of A. Since dim(A?) < 3 by Lemma 1.4 of []], we
have A? = span{y - 2%, 22,y - }. Since y* € A? there exist a, 8,7 € K such that

vi=ay- 2?4 B’ + vy -z
A direct computation using the above identities shows that 43 = —72, see [§]. By setting

2 2 L oo 1 L
L=, =10, 3 =Y 27, e4 =Y — QT — VT, e =Y T — T
2 2 2
we see that {eq, ..., e5} is a basis of A with the above products. This algebra is a Jordan-Jacobi
algebra which is not associative, because (ej - e1) - e4 = ez and ey - (€1 - €4) = —%63. O

We will explain now by example how to read Poonen’s classification list [I5], enabling us to
obtain a list of 5-dimensional associative Jacobi-Jordan algebras. Isomorphism types of such
algebras are in bijection with isomorphism types of local commutative associative algebras with
1, of rank 6 and of nilindex < 3.

Example 4.2. The local unital commutative associative algebra of rank 6 in Table 1 of [15],
given by K[z, y]/I with ideal I = (zy,yz, 2%, y* — w2, 2°) yields the 5-dimensional associative
Jacobi-Jordan algebra given by the products

€1°€1 =€z, €1 €4 = €4°€1 = €5, €363 = E€5.

To see this we compute a Groebner basis for the ideal I in K[x,y], with respect to the
standard lexicographical order: G = {23, zy, vz —y?, v, y2, 2*}. Therefore we obtain a basis for
the quotient K[z, y|/I by B = {z,z* vy, z,y*} = {e1,...,e5}. We use here, that the monomials
which are not divisible by a leading monomial from G form a basis of the quotient. Now we
compute the products e; - e;. We have e; - e; = 22 =€y, €16 =23 =0, € -3 =ay = 0,
e1-eq =z =1y>=e3, € -e5 =ay®> =0, and so forth.
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Proposition 4.3. Any indecomposable associative Jacobi-Jordan algebra of dimension 5 over
an algebraically closed field of characteristic not 2 and 3 is isomorphic to exactly one of the
following 7 algebras:

Algebra Products Ideal T in [15]

Ais €1-€1 =€, €] -€3 =€3€1 = €5, €363 = €4 (%Z/)S

A275 €1 €1 = €2, €1-€4 =€4°-€1 = €5, €3*€3 = €5 (Iy,yZ,ZQ,yQ—IZ,I'B)

A375 €1 €1 = €9, €1 €4 = €4 €1 = €5, (Iy,ZQ,CL’Z—yZ7ZL'2+y2—ZL‘Z)

€3-€3 = —€y+ €5, €3-€4 =€4°€3 = €5

Ay €1-€ = €9, €3-€3 = €4, €5 €5 = —€9 + €4 (vy, vz, 92, 2% + y* — 2%)

Ass |er-e1 =€, e3-e3=ey, e3-€5=e5-€3=—ea+es| (2% 2y, yz, 02 +y> — 2?)

A6,5 €1-€1 = €2, €1 - €3 = €3 €] = €5, (12795%3/2722)
61'64264'61:%62

A775 €1 €1 = €9, €3+ €3 = —€9, (ZL’Q,yQ, zz,wz,xy — 2W,TZ,
€4 €5 = €5 €4 =36 Tw, Yz, yw)

For decomposable algebras we have also identified the associative Jacobi-Jordan algebras
among Poonen’s list in table 1 of [I5]. The result is as follows.

Proposition 4.4. Any decomposable associative Jacobi-Jordan algebra of dimension 5 over
an algebraically closed field of characteristic not 2 and 3 s isomorphic to exactly one of the
following 7 algebras:

Algebra Products Ideal I in [15]
AS,I — (2,9, 2,w,v)?

A1,2 S> Aal €1:€1 = €2 (1'2, y27 227 TY,rz,TW, Yz, yw, 2w, U)3)
Az ® Af, €1-€ =€y, €363 =€y (22,92, 2%, w? 2y, vz, 2w, Yz, yw)
A2,4 > Ao,l €1 €] = €2, €364 = €4 €3 = €2 (x2,y2 + zw, 22, wQ, Ty, 37279311173/2»91”)
Aig ® Aoa €161 = €3, €3°€3 = €4 (2%, 2y, 2,92, y°, 2%)
Alp @ Arz|e1-e1=eg, €3-€3=r¢4, €565 = ¢4 (vy, v2, 9%, 2°, %)
A174 D A[)J €1 €1 = €9, €1 €3 =€3°€1 = €4 (ZE271’y, JZZ,yZ,yZZ, 23)

5. CLASSIFICATION IN HIGHER DIMENSIONS

In dimension 6 there are already infinitely many isomorphism classes of commutative, asso-
ciative algebras over any algebraically closed field, see [15]. Therefore it is natural to stop here
with a classification of Jacobi-Jordan algebras. On the other hand some subclasses still have
a nice classification. In particular we may consider the classification of Jacobi-Jordan algebras
which are not associative.

In dimension 6 we still have only finitely many different ”non-associative” Jacobi-Jordan alge-
bras.
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Proposition 5.1. Any non-associative Jacobi-Jordan algebra of dimension 6 over an alge-
braically closed field of characteristic not 2 and 3 is isomorphic to exactly one of the following
5 algebras, with 3,6 € {0,1}:

Algebra A Products dim A?
A1,6 €1-€1 =€z, €1 €3 =€3°€1 = €5, €1 €4 = €4"€1 = Cg, 4
€3 - €3 = €4, 63'65265'63:_%66
A276(5, 5) €1 €1 = €2, €1 €3 =€3" €1 = —ﬁeg, €1 €4 = €4 €1 = €5, 3
B,(;E{O,].} 61'65265'61:—%66, € €4 = €4+ €9 = €4
e3 - e3 = deg, €3- €5 = €5 €3 = [Ieg

Proof. Tt is shown in [9] that a Jordan nilalgebra of nilindex 3 satisfies A> = 0, and hence is
associative, or satisfies A% # 0 and 3 < dim A? < 4. For dim A? = 4 and A® # 0 there is
only one algebra [9], which is isomorphic to A;¢. It is indeed not associative, since we have
(e1-e3)-e3= —%eg and e - (e3 - e3) = es.

For dim A% = 3 there is a 2-parameter family of algebras A(3,9). It is shown in [9] that these
are the only ones with dim A% = 3, but the isomorphism classes of the algebras A(3,d) are not
determined. However, it is not difficult to see by explicit calculations that we obtain exactly
four algebras, i.e., A(0,0), A(0,1), A(1,0), A(1,1) up to isomorphism. Let us give an example.
For 8 # 0 we have an algebra isomorphism ¢: A(3,0) ~ A(1,0) given by

260 0 0 0 0

o 0 0 0 —-120
1 0 0 5 0 0
=11 0 1% o of
2
0 28 0 0 0 O
0O 0 0 0 0 1
with det(y) = 2. Similarly we obtain A(0,0) ~ A(0,1) for § # 0 and A(S,0) ~ A(1,1) for

8,6 # 0. We denote these algebras by As6(3,9) in the above table. They are not associative,
since (eq-e7)-e; = —%eﬁ and ey - (e1 - e1) = eg. O
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