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Abstract. We describe a new method to determine faithful representations of
small dimension for a finite-dimensional nilpotent Lie algebra. We give various
applications of this method. In particular we find a new upper bound on the mi-
nimal dimension of a faithful module for the Lie algebras being counterexamples
to a well-known conjecture of J. Milnor.

1. Introduction

Let g be a finite-dimensional complex Lie algebra. Denote by µ(g) the minimal
dimension of a faithful g-module. This is an invariant of g, which is finite by Ado’s
theorem. Indeed, Ado’s theorem asserts that there exists a faithful linear repre-
sentation of finite dimension for g. There are many reasons why it is interesting
to study µ(g), and to find good upper bounds for it. One important motivation
comes from questions on fundamental groups of complete affine manifolds and left-
invariant affine structures on Lie groups. A famous problem of Milnor in this area
is related to the question whether or not µ(g) ≤ dim(g) + 1 holds for all solvable
Lie algebras. For the history of this problem, and the counterexamples to it see [9],
[2] and the references given therein.
It is also interesting to find new proofs and refinements for Ado’s theorem. We
want to mention the work of Neretin [10], who gave a proof of Ado’s theorem, which
appears to be more natural than the classical ones. This gives also a new insight
into upper bounds for arbitrary Lie algebras.
From a computational view, it is also very interesting to construct faithful repre-
sentations of small degree for a given nilpotent Lie algebra g. In [6] we have given
various methods for such constructions. In this paper we present another method
using quotients of the universal enveloping algebra, which has many applications
and gives even better results than the previous constructions. We obtain new up-
per bounds on the invariant µ(g) for complex filiform nilpotent Lie algebras g. In
particular, we find new upper bounds on µ(g) for the counterexamples to Milnor’s
conjecture in dimension 10.
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The paper is organized as follows. After some basic properties we give estimates on
µ(g) in terms of dim(g) according to the structure of the solvable radical of g. In
the third section we describe the new construction of faithful modules by quotients
of the universal enveloping algebra. We decompose the Lie algebra g as a semidi-
rect product g = d n n, for some ideal n and a subalgebra d ⊆ Der(n), and then
constructing faithful d n n-submodules of U(n). This is illustrated with two easy
examples.
In the fourth section we give some applications of this construction. First we prove
a bound on µ(g) for an arbitrary Lie algebra g in terms of the dim(g/n) and dim(r),
where n denotes the nilradical of g, and r the solvable radical. Then we apply the
construction to show that µ(g) ≤ dim(g) for all 2-step nilpotent Lie algebras. Fi-
nally we apply the method to obtain new estimates on µ(g) for filiform Lie algebras
g, in particular for dim(g) = 10. As for the counterexamples to Milnor’s conjecture
in dimension 10, we give an example in Example 4.13. It is quite difficult to see that
this Lie algebra satisfies µ(f) ≥ 12, so that it does not admit an affine structure,
see [2]. On the other hand, it was known that µ(f) ≤ 22. Our new method gives
µ(f) ≤ 18, which is up to now the best known upper bound.

2. Definitions and basic properties

All Lie algebras are assumed to be complex and finite-dimensional, if not stated
otherwise. Denote by c the nilpotency class of a nilpotent Lie algebra.

Definition 2.1. Let g be a Lie algebra. We denote by µ(g) the minimal dimension
of a faithful g-module, and by µ̃(g) the minimal dimension of a faithful nilpotent
g-module.

Note that µ̃(g) is only well defined, if g is nilpotent. On the other hand, every
nilpotent Lie algebra admits a faithful nilpotent g-module of finite dimension [1].
Recall the following lemma from [5].

Lemma 2.2. Let h be a subalgebra of g. Then µ(h) ≤ µ(g). Furthermore, if a and
b are two Lie algebras, then µ(a⊕ b) ≤ µ(a) + µ(b).

Definition 2.3. Denote by bm the subalgebra of glm(C) consisting of all upper-
triangular matrices, by nm = [bm, bm] the subalgebra of all strictly upper-triangular
matrices, and by tm the subalgebra of diagonal matrices.

The following result is in principle well known. However, it appears in different
formulations, e.g., compare with Theorem 2.2 in [7].

Proposition 2.4. Let n be a nilpotent Lie algebra and ρ : n → gl(V ) be a linear
representation of n of degree m. Then ρ can be written as the sum of two represen-
tations ρ = δ + ν, such that

(1) δ(n) ⊆ tm and ν(n) ⊆ nm relative to a suitable choice of basis of V .
(2) δ([n, n]) = 0, and δ and ν commute.
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(3) [ρ(x), ρ(y)] = [ν(x), ν(y)] for all x, y ∈ n.

Proof. By the weight space decomposition for modules of nilpotent Lie algebras we
can write

V =
s⊕
i=1

V λi(n),

where λ ∈ Hom(n,C) are the different weights of ρ, and V λi(n) are the weight
spaces. In an appropriate basis of V the operators ρ(x) are given by block matrices
with blocks λi(x) ∗

. . .
0 λi(x)

 .

Then let δ(x) be the diagonal part given by ⊕iλi(x) id|V λi , and put ν = ρ− δ. Now
it is easy to see that δ and ν are representations. In fact, the λi are characters, so
that δ([n, n]) = 0. Also, δ commutes with ν, since it is a multiple of the identity on
each block. This shows (1) and (2), which in turn imply (3). �

The next proposition gives a lower bound on µ(n) in terms of the nilpotency class
of n. As a special case we recover the well-known estimate n ≤ µ(f) for a filiform
Lie algebra f of dimension n.

Proposition 2.5. Let n be a nilpotent Lie algebra of class c and dimension n ≥ 2.
Then we have c+ 1 ≤ µ(n).

Proof. If n is abelian, then µ(n) ≥ d2
√
n− 1e ≥ 2 = c+ 1 by proposition 2.4 of [5].

Assume now that n is not abelian. Consider a faithful representation ρ : n ↪→ gl(V )
of degree m. Let ρ = δ + ν be a decomposition according to proposition 2.4. Then
[ρ(x), ρ(y)] = [ν(x), ν(y)] for all x, y ∈ n. Hence the non-trivial nilpotent Lie algebras
ρ(n) and ν(n) have the same nilpotency class c. Since the nilpotency class of nm is
m − 1, and ν(n) ⊆ nm, it follows c ≤ m − 1. If we take ρ to be of minimal degree,
we obtain c+ 1 ≤ µ(n). �

Corollary 2.6. Let f be a filiform nilpotent Lie algebra of dimension n. Then
n ≤ µ(f).

There has been some interest lately in determining µ̃(n) for nilpotent Lie algebras
n. We find that µ̃(n) coincides with µ(n) for a broad class of nilpotent Lie algebras.

Lemma 2.7. Let n be a nilpotent Lie algebra satisfying Z(n) ⊆ [n, n]. Consider a
linear representation ρ of n with above decomposition ρ = δ + ν. Then ρ is faithful
if and only if ν is.

Proof. A representation of a nilpotent Lie algebra n is faithful if and only if the
center Z(n) acts faithfully. Since ρ(x) = ν(x) for all x, y ∈ [n, n], and Z(n) ⊆ [n, n],
ρ and ν coincide on Z(n). Hence the center acts faithfully by ρ if and only if it acts
faithfully by ν. �
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Corollary 2.8. Let n be a nilpotent Lie algebra satisfying Z(n) ⊆ [n, n]. Then
µ(n) = µ̃(n).

Remark 2.9. The condition Z(n) ⊆ [n, n] on nilpotent Lie algebras n is not too
restrictive. In fact, n always splits as C` ⊕ m with Z(m) ⊆ [m,m]. In particular,
if the center is 1-dimensional, or if n is indecomposable, the condition is satisfied.
This includes n being filiform nilpotent.

We are also interested in estimating µ(g) in terms of dim(g). We present results
which depend on the structure of the solvable radical of g. A first result is the
following.

Lemma 2.10. For any Lie algebra g we have
√

dim(g) ≤ µ(g).

Proof. Suppose that g can be embedded into some glm(C), then

dim(g) ≤ dim(glm(C)) = m2.

In particular this holds for m = µ(g). �

Lemma 2.11. Let g be represented as b nδ a for a Lie algebra b and an abelian Lie
algebra a, such that the homomorphism δ : b→ gl(a) is faithful. Then we have

µ(g) ≤ dim(a) + 1.

Proof. Let dim(a) = r and aff(a) = glr(C) nid Cr ⊆ glr+1(C) be the Lie algebra of
affine transformations of a = Cr. Define

ϕ : b nδ a→ aff(a), (b, a) 7→ (δ(b), a).

Then it is obvious that ϕ is faithful if and only if δ is faithful. Moreover the degree
of the representation is r + 1. �

Denote by rad(g) the solvable radical of g.

Proposition 2.12. Let g be a Lie algebra such that rad(g) is abelian. Then we have

µ(g) ≤ dim(g),

and the only Lie algebras which satisfy equality are the abelian Lie algebras of di-
mension n ≤ 4 and the Lie algebras e8 ⊕ · · · ⊕ e8.

Proof. The claim is clear for simple and abelian Lie algebras, see [5]. Since the µ-
invariant is subadditive, it also follows for reductive Lie algebras. Now suppose that
g is not reductive. Then we can even show that µ(g) ≤ dim(g)− 2. Let a = rad(g),
and s nδ a be a Levi decomposition, where the homomorphism δ : s→ gl(a) is given
by δ(x) = ad(x)|a. Since s is semisimple we can choose an ideal s′ in s such that
s = ker(δ)⊕ s′ and g = ker(δ)⊕ (s′ nδ′ a), where δ′ = δ|s′ . Note that δ′ : s′ → gl(a)
is faithful. Now s′ is non-trivial, since otherwise g = ker(δ)⊕ a would be reductive.
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This implies dim(s′) ≥ 3 and dim(ker(δ)) = dim(s) − dim(s′) ≤ dim(s) − 3. Since
ker(δ) is semisimple, and by lemma 2.11 we obtain

µ(g) ≤ µ(ker(δ)) + µ(s′ nδ′ a)

≤ dim(ker(δ)) + dim(a) + 1

≤ dim(s)− 3 + dim(a) + 1

= dim(g)− 2.

Finally we assume that µ(g) = dim(g). By the above inequality, g needs to be
reductive. If g is simple, then only g = e8 satisfies the condition, see [5]. For a
semisimple Lie algebra s = s1⊕· · ·⊕s` we have µ(s) =

∑
i µ(si) and µ(si) ≤ dim(si).

This implies that the only semisimple Lie algebras s satisfying µ(s) = dim(s) are
direct sums of e8. Also, the only abelian Lie algebras satisfying the condition are the
ones of dimension n ≤ 4. On the other hand, any reductive Lie algebra g satisfying
µ(g) = dim(g) must be either semisimple or abelian: if g = s⊕C`+1 with ` ≥ 0 and
a non-trivial semisimple Lie algebra s, then µ(s⊕ C) = µ(s), see [5], and

µ(g) ≤ µ(s⊕ C) + µ(C`)

≤ µ(s) + `

≤ dim(s) + `

≤ dim(g)− 1.

This is a contradiction, and we are done. �

Our next result is that µ(g) ≤ dim(g) + 1 for any Lie algebra with rad(g) abelian
or 2-step nilpotent. We need the following two lemmas.

Lemma 2.13. Let g be a nilpotent Lie algebra and D a derivation of g that induces
an isomorphism on the center. Then µ(g) ≤ dim(g) + 1.

Proof. The center Z(g) is a nonzero characteristic ideal of g, such that D(Z(g)) ⊆
Z(g). Denote by d the 1-dimensional Lie algebra generated by D, and form the split
extension d n g. By assumption this is a Lie algebra of dimension dim(g) + 1 with
trivial center. Hence its adjoint representation ad: d n g → gl(d n g) is faithful.
Together with the embedding g ↪→ d n g we obtain a faithful representation of g of
degree dim(g) + 1. �

Lemma 2.14. Let g be a Lie algebra with Levi decomposition g = s n r, such that
s ≤ Der(r). Suppose D is a derivation of the radical r. Then the map π : snr→ snr
given by (X, t) 7→ (0, D(t)) is a derivation of g if and only if [D, s] = 0.

Proof. Consider any pair a = (X, t) and b = (Y, s) of elements in g. We need to
show that π([a, b]) = [π(a), b] + [a, π(b)]. The commutator of a and b is given by
[(X, t), (Y, s)] = ([X, Y ], X(s)− Y (t) + [t, s]) so that

π([(X, t), (Y, s)]) = (0, D([t, s]) + (D ◦X)(s)− (D ◦ Y )(t))

= (0, [D(t), s] + [t,D(s)] + (D ◦X)(s)− (D ◦ Y )(t)).
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We have π((X, t)) = (0, D(t)) and π((Y, s)) = (0, D(s)), hence

[π((X, t)), (Y, s)] + [(X, t), π((Y, s))] = [(0, D(t)), (Y, s)] + [(X, t), (0, D(s))]

= (0, [D(t), s] + [t,D(s)] + (X ◦D)(s)

− (Y ◦D)(t)).

We see that π is a derivation of g if and only if these two expressions coincide for
all X, Y ∈ s and all s, t ∈ n. This is the case iff [D,X](s) = 0 for all X ∈ s and all
s ∈ n. This finishes the proof. �

Proposition 2.15. Let g be a Lie algebra such that rad(g) is nilpotent of class at
most two. Then we have µ(g) ≤ dim(g) + 1.

Proof. Let s n n be a Levi decomposition for g. If rad(g) is abelian, the claim
follows from proposition 2.12. Now assume that n is nilpotent of class two. As
in the proof of proposition 2.12 we may assume that s acts faithfully on n and
that s ⊆ Der(n). Now n2 = [n, n] is an s-submodule of n, since s acts on n by
derivations, and n2 is invariant under these derivations, because it is a characteristic
ideal. Since s is semisimple, there exists an s-invariant complement n1 to [n, n].
The s-module decomposition n1 + n2 of n defines a linear transformation D of n as
follows: D|n1 = idn1 and D|n2 = 2 idn2 . This is in fact a derivation of n. Note that
D commutes with s in Der(n). The derivation D then extends to a derivation π of
g = s n n by lemma 2.14. Since D is an isomorphism, π|Z(g) is also an isomorphism.
By lemma 2.13, we may then conclude that µ(g) ≤ dim(g) + 1. �

3. Quotients of the universal enveloping algebra

3.1. Order and length functions. Let n be a nilpotent Lie algebra of dimension
n and class c. Consider a strictly descending filtration of n of the following form

n = n[1] ⊃ n[2] ⊃ · · · ⊃ n[C+1] = 0,

where the n[i] are subalgebras satisfying [n[i], n[j]] ⊆ n[i+j] for all 1 ≤ i, j ≤ C + 1.
We say that the filtration is of length C, and we call it an adapted filtration. For
example, such a filtration is given by the descending central series ni for n of length
c. To any such filtration associate an order function

o : n→ N ∪ {∞}, x 7→ max
t∈N
{x ∈ n[t]}.

If we let n[t] = 0 for all t ≥ C + 1, then it makes sense to define o(0) =∞. It is easy
to see that the order function o satisfies the following two properties

o(x+ y) ≥ min{o(x), o(y)},
o([x, y]) ≥ o(x) + o(y)

for all x, y ∈ n.

For a given subalgebra m of n satisfying m ⊃ n[2] we obtain an induced filtration

m ⊃ n[2] ⊃ · · · ⊃ n[C+1] = 0,
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and an associated order function. We extend the order function to the universal
enveloping algebra U(n) of n as follows. Choose a basis x1, . . . , xn of n such that
the first n1 elements span a complement of n[2] in n, the next n2 elements span
a complement of n[3] in n[2], and so on. We identify the basis elements xi of n
with the images Xi in U(n) by the natural embedding. The Poincaré-Birkhoff-Witt
theorem states that the monomials Xα = Xα1

1 · · ·Xαn
n form a basis for U(n). Now

we set o(Xα) =
∑n

j=1 αjo(Xj). For a linear combination W =
∑

α cαX
α we define

o(W ) = minα{o(Xα) | cα 6= 0}.
Furthermore we define a length function

λ : U(n)→ N ∪ {∞}
by λ(0) = ∞, λ(1) = 0 and λ(Xα) = λ(Xα1

1 · · ·Xαn
n ) =

∑n
i=1 αi. Here 1 denotes

the unit element of U(n). For a linear combination W =
∑

α cαX
α we set λ(W ) =

minα{λ(Xα) | cα 6= 0}.
The following result is well known for functions o and λ with respect to the standard
filtration of n. It easily generalizes to all adapted filtrations we have defined.

Lemma 3.1. For all X, Y ∈ U(n) we have the following inequalities:

(1) o(X + Y ) ≥ min{o(X), o(Y )}.
(2) o(XY ) ≥ o(X) + o(Y ).
(3) λ(X + Y ) ≥ min{λ(X), λ(Y )}.
(4) λ(X) ≤ o(X).

Note that all nonzero elements of n have length 1. Let

Vt = {X ∈ U(n) | o(X) ≥ t}.
This is an n-submodule of U(n), where the action is given by left-multiplication.
Furthermore we have n ∩ Vt = {0} for all t ≥ C + 1.

3.2. Actions on U(n). The Lie algebra n acts naturally on U(n) by left multipli-
cations. We denote this action by xY , for x ∈ n and Y ∈ U(n). We will show that
semidirect products d n n for subalgebras d ≤ Der(n) also act naturally on U(n).
First of all, d acts on n by derivations. Thus we already have an action of d on n.
For D ∈ Der(n) let D(1) = 0 and define recursively D(XY ) = D(X)Y + XD(Y )
for all X, Y ∈ U(n). Then the action of d n n on U(n) is given by

(D, x).Y = D(Y ) + xY

for all (D, x) ∈ d n n, and all Y ∈ U(n). This is well defined, and we have the
following useful lemma concerning faithful quotients.

Lemma 3.2. Suppose that W is a d n n-submodule of U(n) such that W ∩ n = 0.
Then the quotient module U(n)/W is faithful.

Consider a nilpotent Lie algebra n together with the standard filtration given by
the lower central series. We have the following result.
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Proposition 3.3. Let n be a nilpotent Lie algebra of dimension n and nilpotency
class c. Let d be a subalgebra of Der(n) acting completely reducibly on n. Then Vc+1

is a d n n-submodule of U(n) such that the quotient module U(n)/Vc+1 is faithful of
dimension at most 3√

n
2n.

Proof. Choose a basis for n associated to the standard filtration of n as in section 3.1,
but with the additional requirement that each complement C [i] to n[i] is also invariant
under the action of d, i.e., D(C [i]) ⊆ C [i] for all D ∈ d. This is possible since the
n[i] are characteristic ideals, hence invariant under d, so that they are submodules,
which have a complementary submodule by the complete reducibility. Associate a
PBW-basis for U(n) as before. Consider a basis element xj ∈ C [i]. Then o(xj) = i
and o(D(xj)) ≥ i, since D(xj) is again in C [i], so has order i or ∞. Hence it follows
that o(D(W )) ≥ o(W ) for all W ∈ U(n). This means that Vc+1 is a d-submodule of
U(n). Since we already know that Vc+1 is a n-submodule, it is a d n n-submodule
of U(n). The quotient is faithful by lemma 3.2. Its dimension is bounded by 3√

n
2n,

which was shown in [3], where it was considered just as an n-module. �

3.3. The construction of faithful quotients. Let n be a nilpotent Lie algebra,
together with some adapted filtration n[t] of length C, and a subalgebra d ≤ Der(n).

Definition 3.4. An ideal J of n is called compatible, with respect to n[t] and d, if it
satisfies

(1) D(J) ⊆ J for all D ∈ d,
(2) J is abelian.
(3) n[t] ⊆ J ⊆ n[t+1] for some t ≥ 0.

Denote by 〈〈J〉〉 the linear subspace of U(n) generated by all Xy for X ∈ U(n)
and y ∈ J . By assumption J satisfies

n = n[1] ⊃ · · · ⊃ n[t] ⊇ J ⊇ n[t+1] ⊃ · · · ⊃ n[C+1] = 0.

For the rest of this section choose a basis x1, . . . , xn of n such that the first n1

elements span a complement of n[2] in n, the next n2 elements span a complement of
n[3] in n[2], and so on, including a basis of a complement of J in n[t], and a complement
of n[t+1] in J . A basis for J is then of the form xm, . . . , xn for some m ≥ 1. By the
PBW-theorem we obtain standard monomials Xα in U(n) according to this basis.

Lemma 3.5. Let J be a compatible ideal in n. Then 〈〈J〉〉 is the linear span of the
standard monomials Xα1

1 · · ·Xαn
n with (αm, . . . , αn) 6= (0, . . . , 0). For any W ∈ U(n)

and any y ∈ J we have λ(Wy) ≥ λ(W ) + 1.

Proof. First note that the monomials Xα1
1 · · ·Xαn

n with (αm, . . . , αn) 6= (0, . . . , 0)
belong to 〈〈J〉〉. They even span 〈〈J〉〉: assume that T = Xi1 · · ·Xi` is a standard
monomial of length `, and xk be a basis vector of J , i.e., m ≤ k. If i` ≤ k then Txk is
one of our fixed standard monomials of length `+1, and obviously contained in 〈〈J〉〉.
Otherwise there exists a minimal ir such that ir−1 ≤ k < ir. Then, by definition
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of our basis for n, all Xir , · · · , Xi` are in J . Since J is abelian, Xir · · ·Xi`xk =
xkXir · · ·Xi` . Then we obtain Txk = Xi1 · · ·Xir−1xkXir · · ·Xi` . This is a standard
monomial as above, contained in 〈〈J〉〉, and of length `+1. For an arbitrary element
W =

∑
cαX

α in U(n) we have, using (3) of lemma 3.1,

λ(Wxk) = λ
(∑

α

cαX
αxk
)

≥ min
α
{λ(Xαxk)}

≥ min
α
{λ(Xα) + 1}

= λ(W ) + 1.

Since the standard monomials T = Xα span U(n) as a vector space, the claim follows
by a similar computation. �

We define a subset

L2 = 〈W ∈ U(n) | λ(W ) ≥ 2〉
of U(n). Note that it is a vector space since a linear combination of elements of it
is an element again of length at least two. We have n ∩ L2 = 0, since the nonzero
elements of n have length 1.

Lemma 3.6. Let J be a compatible ideal in n, and d be a subalgebra of Der(n).
Then

WJ = 〈〈J〉〉 ∩ L2

is a d n n-submodule of U(n), such that the quotient U(n)/WJ is faithful.

Proof. By the above remark, WJ is a vector space. Let x ∈ n, W ∈ U(n) and
xk ∈ J such that Wxk ∈ WJ . We want to show that x(Wxk) = (xW )xk again
is in WJ . By definition it is in 〈〈J〉〉. For the length we obtain, using lemma 3.5,
λ((xW )xk) ≥ 1 + λ(xW ) ≥ 2. Hence WJ is invariant under the action of n. Now
we will show that WJ is invariant under d, so that it is a d n n-submodule of U(n).
Let D ∈ d be a derivation. Then D(Wxk) = D(W )xk + WD(xk). Both terms on
the RHS are in 〈〈J〉〉 by definition, and since D(xk) ∈ J . It remains to show that
their length is at least 2. Since by assumption Wxk ∈ WJ , we have λ(W ) ≥ 1. This
implies λ(D(W )) ≥ 1, and λ(D(W )xk) ≥ λ(D(W )) + 1 ≥ 2. For the second term
we obtain λ(WD(xk)) ≥ λ(W ) + 1 ≥ 2. Since the sum of two elements of length at
least 2 has lenght at least 2, we obtain D(Wxk) ∈ WJ . Finally, we show that the
quotient U(n)/WJ is faithful. By lemma 3.2 is suffices to show that n ∩WJ = 0.
This follows from n ∩WJ ⊆ n ∩ L2 = 0. �

We remark that the above quotient module will not yet be finite-dimensional
in general. We will achieve this by enlarging the submodule via VC , where again
Vt = {X ∈ U(n) | o(X) ≥ t}, and C denotes the length of the filtration attached to
a compatible ideal J .
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Proposition 3.7. Let J be a compatible ideal in n. Suppose that o(D(x)) ≥ o(x)+1
for all x ∈ n and all D ∈ d.Then

ZJ = 〈WJ , VC ∩ L2〉
is a d n n-submodule of U(n), such that the quotient U(n)/ZJ is faithful and finite-
dimensional.

Proof. We first show that 〈VC ∩L2〉 is a d n n-submodule of U(n). The assumption
also implies that o(D(W )) ≥ o(W ) + 1 for all W ∈ U(n). Then for every (D, x) in
d n n and every W ∈ VC ∩ L2 we have

o((D, x).W ) = o(D(W ) + xW )

≥ min{o(D(W )), o(xW )}
≥ o(W ) + 1

≥ C + 1.

Hence 〈VC ∩ L2〉 is mapped into VC+1 under the action of d n n. But we have
VC+1 ⊆ VC ∩ L2, because VC+1 ⊆ VC and VC+1 ⊆ L2. For the latter inclusion we
note that every nonzero element of length at most one has order at most C, so that
all elements of order at least C + 1 have length at least two. Hence all (D, x).W are
contained in 〈VC ∩ L2〉. This implies that ZJ is a d n n-submodule, using lemma
3.6. Since VC+1 ⊆ ZJ we have dim(U(n)/ZJ) ≤ dim(U(n)/VC+1). Since the latter
dimension is finite, we obtain that U(n)/ZJ is finite-dimensional. Finally we show
that the quotient module is faithful. Since n ∩ ZJ ⊆ n ∩ L2 = 0 it follows from
lemma 3.2. �

3.4. Algorithmic construction. We want to apply proposition 3.7 to construct
faithful modules of small dimension for a given nilpotent Lie algebra g. The input
is the Lie algebra g with a given basis, together with a decomposition g = d n n, for
some ideal n, a subalgebra d ⊆ Der(n), and choices of an admissible filtration n[t],
a compatible ideal J , and so on, such that the assumptions of the proposition are
satisfied. The output will be a faithful g-module of finite dimension. How small this
dimension is, will depend on clever choices of n,d, J , g[t], and so on. The algorithmic
construction can be derived from proposition 3.7. Let us illustrate this explicitly for
the standard filiform Lie algebra g of dimension 4, with two different choices. We
choose a basis x1, . . . x4 of g such that [x1, xi] = xi+1 for i = 2, 3.

Example 3.8. Write g = d n n with n = 〈x1, x3, x4〉 and d = 〈ad(x2)|n〉. Choose

the filtration n = n[1] ⊃ n[2] ⊃ n[3] ⊃ n[4] = 0 of length C = 3 by n[2] = 〈x3, x4〉
and n[3] = 〈x4〉. Choose J = n[2] as the compatible ideal. Then all conditions of the
proposition are satisfied, and we obtain a faithful g-module of dimension 5.

First note that we really have a filtration, J is indeed a compatible ideal, and the
assumption for the derivations in d is satisfied. Now the basis elements of order at
most 3 in U(n) are given as follows: 1 has order 0; X1 has order 1; X3, X

2
1 have
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order 2, and X3
1 , X1X3, X4 have order 3. Also, 1 has length 0, and X1, X3, X4 have

length 1. Then we obtain

U(n) = 〈1, X1, X3, X
2
1 , X

3
1 , X1X3, X4〉+ V4,

〈〈J〉〉 = 〈X3, X1X3, X4〉+ V ′4 ,

WJ = 〈X1X3〉+ V ′′4

ZJ = 〈X1X3, X
3
1 〉+ V4.

where V ′4 , V
′′
4 are subspaces of V4. Hence we obtain that

U(n)/ZJ = 〈1, X1, X3, X2
1 , X4〉

where the bar denotes the cosets. This is a faithful g-module of dimension 5. We
can compute it explicitly, giving the action of the generators x1, x2 of g.

x1 · 1 = X1, x1 ·X1 = X2
1 , x1 ·X3 = 0, x1 ·X2

1 = 0, x1 ·X4 = 0,

x2 · 1 = 0, x2 ·X1 = [X2, X1] = −X3, x2 ·X3 = 0, x2 ·X2
1 = X4, x2 ·X4 = 0.

Here we have

x2 ·X2
1 = [X2, X

2
1 ]

= [X2, X1]X1 +X1[X2, X1]

= −X3X1 −X1X3

= −[X3, X1]− 2X1X3

= X4 − 2X1X3,

so that x2 ·X2
1 = X4. Note that this g-module has a submodule, generated by X2

1

with a faithful quotient of dimension 4. Since µ(g) = 4, the result is optimal.
In the second example we will directly obtain a faithful 4-dimensional g-module. It
will not be isomorphic to the above quotient module.

Example 3.9. Write g = d n n with n = 〈x2, x3, x4〉 and d = 〈ad(x1)|n〉. Choose

the filtration n = n[1] ⊃ n[2] ⊃ n[3] ⊃ n[4] = 0 of length C = 3 by n[2] = 〈x3, x4〉
and n[3] = 〈x4〉. Choose J = n[1] as the compatible ideal. Then all conditions of the
proposition are satisfied, and we obtain a faithful g-module of dimension 4.

Note that J is an abelian ideal of codimension 1 in g. With D = ad(x1)|n we have
D(x2) = x3 and D(x3) = x4. The elements of order at most 3 in U(n) are given as
follows: 1 has order 0; X2 has order 1; X3, X

2
2 have order 2, and X3

2 , X2X3, X4 have
order 3. Then we obtain

U(n) = 〈1, X2, X3, X
2
2 , X

3
2 , X2X3, X4〉+ V4,

〈〈J〉〉 = 〈X2, X3, X
2
2 , X

3
2 , X2X3, X4〉+ V ′4 ,

WJ = 〈X2
2 , X

3
2 , X2X3〉+ V ′′4

ZJ = 〈X2
2 , X

3
2 , X2X3〉+ V4.
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where V ′4 , V
′′
4 are subspaces of V4. Hence we obtain that

U(n)/ZJ = 〈1, X2, X3, X4〉.

This is a faithful g-module of dimension 4. It is given by

x1 · 1 = 0, x1 ·X2 = X3, x1 ·X3 = X4, x1 ·X4 = 0,

x2 · 1 = X2, x2 ·X2 = 0, x2 ·X3 = 0, x2 ·X4 = 0.

4. Applications

4.1. A general bound. It is interesting to ask for good estimates on µ(g) for
arbitrary Lie algebras. So far, general bounds have only been given for nilpotent
Lie algebras. For example, if g is nilpotent of dimension r and of class c, then
µ(g) ≤

(
r+c
c

)
, see [8]. Independently of c we have µ(g) ≤ 3√

r
2r, see [3]. There

have been some attempts to find similar estimates for solvable Lie algebras. We will
present here such a bound for arbitrary Lie algebras g. Denote by n the nilradical
of g, and by r its solvable radical. We may assume that r is non-trivial, because
otherwise the adjoint representation is faithful. Hence let dim(r) = r ≥ 1. We will
show that µ(g) ≤ µ(g/n) + 3√

r
· 2r.

We start with the following result of Neretin [10], which we have slightly reformulated
for our purposes.

Proposition 4.1. Let g be a complex Lie algebra with solvable radical r and Levi
decomposition g = sn r. Let p be a reductive subalgebra of g and m a nilpotent ideal
satisfying the following properties:

(a) p ∩m = 0,
(b) [g, r] ⊆ m and s ⊆ p,
(c) p acts completely reducibly on m.

Then there exists a nilpotent Lie algebra h of dimension dim(g)− dim(p) such that
g embeds into a Lie algebra (p⊕ C`) n h, with ` = dim(g/(p n m)), and the action
of p⊕ C` on h is completely reducible.

We note the following corollary.

Corollary 4.2. Let g be a complex Lie algebra with solvable radical r and nilradical
n. Then there exists a nilpotent Lie algebra h of dimension dim(r) such that g embeds
into a Lie algebra (g/n) n h, and the action of g/n on h is completely reducible.

Proof. In the notation of the above proposition write g = s n r and choose p = s,
and m = n. Then the conditions (a) − (c) are satisfied. Indeed, s ∩ n ⊆ s ∩ r =
0. Furthermore [g, r] is a nilpotent ideal, hence is contained in n. Finally, s acts
completely reducibly on n, because s is semisimple. The result follows. �

We obtain the following bound on µ(g):
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Proposition 4.3. Let g be a complex Lie algebra with nilradical n and solvable
radical r. Assume that dim(r) = r ≥ 1. Then we have

µ(g) ≤ µ(g/n) +
3√
r
· 2r

Proof. We can embed g into a Lie algebra (g/n) n h as in the corollary, where h is
a nilpotent Lie algebra of dimension dim(r), and q = g/n is reductive. This means
g ⊆ qnh, and hence µ(g) ≤ µ(qnh) by lemma 2.2. Now we want to apply proposition
3.3 to q n h. For that we need that q is a subalgebra of Der(h), or equivalently, that
q acts faithfully on h. However, we may always decompose the reductive Lie algebra
q as q = q1 ⊕ q2, where q1 commutes with h, and q2 acts faithfully and completely
reducibly on h. Again by lemma 2.2, we obtain µ(qnh) ≤ µ(q1)+µ(q2nh). We have
µ(q1) ≤ µ(q) because of q1 ⊆ q. Furthermore we have µ(q) ≤ dim(q) by proposition
2.12. Now proposition 3.3 can be applied to q2 n h, and we obtain

µ(g) ≤ µ(q n h)

≤ µ(q1) + µ(q2 n h)

≤ dim(q) +
3√
r
· 2r

�

4.2. Two-step nilpotent Lie algebras. It is well known that we have µ(g) ≤
dim(g) + 1 for all two-step nilpotent Lie algebras g, see [3]. As an application of
our algorithm we are able to refine the result slightly. Of course, for special classes
of two-step nilpotent Lie algebras (such as for Heisenberg Lie algebras) much more
can be shown. We prove the following result.

Proposition 4.4. It holds µ(g) ≤ dim(g) for all two-step nilpotent Lie algebras g.

Proof. We can write g = g1 ⊕ g2 with Z(g2) ⊆ [g2, g2] and g1 abelian. Assume
that we already know that µ(g2) ≤ dim(g2). Then, by lemma 2.2, it follows µ(g) ≤
µ(g1) + µ(g2) ≤ dim(g)− dim(g2) + µ(g2) ≤ dim(g). Hence we may assume that g
satisfies Z(g) ⊆ [g, g]. Let dim(g) = n and choose an ideal n ⊆ g of codimension 1
containing the commutator of g. Let x1, . . . , xn be a basis of g, such that x2, . . . , xn
span n. Then g = 〈x1〉 ⊕ n as a vector space. Let d = 〈ad(x1)|n〉, and we may

write g = d n n. Let n[1] ⊃ n[2] ⊃ 0 be the filtration of length C = 2 given by
n[1] = n and n[2] = Z(g) = [g, g]. Recall here that n ⊃ [g, g]. Choose J = Z(g) as
a compatible ideal. It satisfies the conditions of definition 3.4, since it is invariant
under all derivations of d, and it is abelian. Note that we have D(n[1]) ⊆ [g, g] = n[2]

for all D ∈ d, so that o(D(x)) ≥ o(x)+1 for all x ∈ n. Now we can apply proposition
3.7 with these choices. We obtain a faithful module U(n)/ZJ = U(n)/L2, which has
dimension n, since it is spanned by the classes of 1, x2, . . . , xn. �
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4.3. Filiform nilpotent Lie algebras. We wish to apply proposition 3.7 to filiform
nilpotent Lie algebras f of dimension n in order to improve the known upper bounds
for µ(f). Let f1 = f and fi = [f, fi−1]. Let β(f) be the maximal dimension of an
abelian ideal of f. It is well known that n/2 ≤ β(f) ≤ n − 1. Denote by pk(j) the
number of partitions of j in which each term does not exceed k. Let pk(0) = 1 for
all k ≥ 0 and p0(j) = 0 for all j ≥ 1.

Proposition 4.5. Let f be a filiform nilpotent Lie algebra of dimension n having an
abelian ideal J of dimension 1 ≤ β ≤ n− 1. Then we have µ(f) ≤ f(n, β), where

f(n, β) = β +
n−2∑
j=0

pn−1−β(j).

Proof. Let x1, . . . , xn be an adapted basis of f in the sense of [11]. Then choose
n = 〈x2, . . . , xn〉 and d = 〈ad(x1)|n〉, so that f = d n n. Define a filtration n[1] ⊃
n[2] ⊃ · · · ⊃ n[C] ⊃ 0 of length C = n − 1 by n[1] = n and n[i] = fi for i ≥ 2. We
may write J = 〈xm, . . . , xn〉 with m ≥ 2 and n − m + 1 = β. It is easy to see
that J is a compatible ideal in the sense of definition 3.4. Furthermore we have
o(D(x)) ≥ o(x) + 1 for all x ∈ n and all D ∈ d. Now we can apply proposition
3.7. We obtain a faithful module U(n)/ZJ . We will show that its dimension is
β +

∑n−2
j=0 pn−1−β(j). It is generated by the classes

{Xm, . . . , Xn} ∪ {Xα = Xα2
2 · · ·X

αm−1

m−1 | o(Xα) ≤ n− 2}.
There are β monomials in the first set. The cardinality of the second set is given by

#{(α2, . . . , αm−1) ∈ Zm−2
≥0 | 1 · α2 + 2 · α3 + · · ·+ (m− 2) · αm−1 ≤ n− 2}

=
n−2∑
j=0

#{(α2, . . . , αm−1) | 1 · α2 + 2 · α3 + · · ·+ (m− 2) · αm−1 = j}

=
n−2∑
j=0

pm−2(j).

Since m− 2 = n− 1− β we obtain the required dimension. �

Note that for β = 1 we obtain the bound from [3]:

µ(f) ≤ f(n, 1) = 1 +
n−2∑
j=0

p(j) < 1 + e
√

2π(n−1)/3.

Here p(j) denotes the unrestricted partition function, and p(0) = 1. The following
result shows that our bound from the above proposition yields an improvement.

Proposition 4.6. Let n ≥ 3. Then f(n, β) is monotonic in β, i.e., it holds

f(n, n− 1) ≤ f(n, n− 2) ≤ · · · ≤ f(n, 2) = f(n, 1),

with equality for β = 1 and β = 2.
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The proof is easy, and we leave it to the reader. We can also determine f(n, β)
explicitly for large β:

Proposition 4.7. Let n ≥ 4. Then it holds

f(n, n− 1) = n,

f(n, n− 2) = 2n− 3,

f(n, n− 3) =
n2 + 3n− 12 + 2bn/2c

4
.

If β = n − 1, then β = β(f), and f is the standard graded filiform Lie algebra.
Then the bound µ(f) ≤ f(n, n − 1) = n is optimal, since we already know that
µ(f) = n in this case. See also example 3.9 for the case n = 4.

Remark 4.8. It is also easy to show that

f(n, β) ≤ β +
(2n− β − 3)n−β−1

(n− β − 1)!

for all n ≥ 3 and all 1 ≤ β ≤ n− 1.

We can also derive a bound on µ(f) which only depends on n. For this we take
the smallest possible β = β(f) in terms of n, which is given by β = dn/2e. Then
n− 1− β = bn/2c − 1, and we obtain the following result:

Corollary 4.9. Let f be a filiform nilpotent Lie algebra of dimension n ≥ 3. Then

µ(f) ≤ n− 1 +
n−2∑
j=0

pbn2 c−1(j).
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4.4. Filiform Lie algebras of dimension 10. We may represent all complex
filiform Lie algebras of dimension 10 with respect to an adapted basis (x1, . . . , x10)
as a family of Lie algebras f = f(α1, . . . , α13), with 13 parameters satisfying the
following polynomial equations:

α11(2α1 + α7)− 3α2
7 = 0,

α13(2α1 − α7 − α11) = 0,

α13(2α3 + α9)− α12(2α1 + α7) = 3α11(α2 + α8)− 7α7α8.

We call the parameters admissible, if they define a Lie algebra, i.e., if they satisfy
these equations. Note that we obtain other equations as consequences, such as

α13(α
2
1 − α2

7) = 0.

The explicit Lie brackets are given as follows:

[x1, xi] = xi+1, 2 ≤ i ≤ 9

[x2, x3] = α1x5 + α2x6 + α3x7 + α4x8 + α5x9 + α6x10

[x2, x4] = α1x6 + α2x7 + α3x8 + α4x9 + α5x10

[x2, x5] = (α1 − α7)x7 + (α2 − α8)x8 + (α3 − α9)x9 + (α4 − α10)x10

[x2, x6] = (α1 − 2α7)x8 + (α2 − 2α8)x9 + (α3 − 2α9)x10

[x2, x7] = (α1 − 3α7 + α11)x9 + (α2 − 3α8 + α12)x10

[x2, x8] = (α1 − 4α7 + 3α11)x10

[x2, x9] = −α13x10

[x3, x4] = α7x7 + α8x8 + α9x9 + α10x10

[x3, x5] = α7x8 + α8x9 + α9x10

[x3, x6] = (α7 − α11)x9 + (α8 − α12)x10

[x3, x7] = (α7 − 2α11)x10

[x3, x8] = α13x10

[x4, x5] = α11x9 + α12x10

[x4, x6] = α11x10

[x4, x7] = −α13x10

[x5, x6] = α13x10

We want to determine as good as possible upper bounds on µ(f), for all Lie
algebras f = f(α1, . . . , α13). The results will depend on the parameters, and we have
to introduce a case distinction. For each case we choose a particular construction
which yields a faithful f-module V of some dimension 10 ≤ dim(V ) ≤ 18. This
improves the known bound 10 ≤ µ(f) ≤ 22 from [2] for such Lie algebras. We can
also construct a faithful f-module V = V (α1, . . . , α13), which does not depend on a
case distinction for the parameters. In other words, such a module gives an upper



FAITHFUL MODULES 17

bound on µ(f) for all admissible parameters at the same time. We call such a module
a general f-module. We will give such a module explicitly.

Proposition 4.10. There is a general faithful f-module V58 = V58(α1, . . . , α13) of
dimension 58.

Proof. The faithful f-module V58 is obtained by proposition 4.5 as follows. Take
J = 〈x6, . . . , x10〉 as compatible ideal. This means β = 5 and the construction yields
a module with a basis consisting of f(10, 5) = 58 monomials. The computation of
f(10, 5) uses (p4(0), · · · , p4(8)) = (1, 1, 2, 3, 5, 6, 9, 11, 15). The basis consists of the
following standard monomials, writing xi for Xi.

order monomials
0 1
1 x2

2 x3, x
2
2

3 x4, x2x3, x
3
2

4 x5, x2x4, x
2
3, x

2
2x3, x

4
2

5 x6, x3x4, x2x5, x
2
2x4, x2x

2
3x3, x

3
2x3, x

5
2

6 x7, x
2
4, x3x5, x2x3x4, x

3
3, x

2
2x5, x

3
2x4, x

2
2x

2
3, x

4
2x3, x

6
2

7 x8, x4x5, x2x
2
4, x

2
3x4, x2x3x5, x

2
2x3x4, x2x

3
3, x

3
2x5, x

4
2x4, x

3
2x

2
3, x

5
2x3, x

7
2

8 x9, x3x
2
4, x

2
5, x2x4x5, x

2
3x5, x

2
2x

2
4, x2x

2
3x4, x

4
3, x

2
2x3x5, x

3
2x3x4

x2
2x

3
3, x

4
2x5, x

5
2x4, x

4
2x

2
3, x

6
2x3, x

8
2

9 x10

Denote this basis by v1, . . . , v58, ordered lexicographically. Note that v58 = x10

generates the center of f. The module is determined by the action of the generators
x1 and x2 of the Lie algebra f = f(α1, . . . , α13). It is given by

x1.v1 = 0,

x1.v2 = v3,

x1.v3 = v5,

x1.v4 = 2v6 − α1v8 − α2v13 − α3v20 − α4v30 − α5v42 − α6v58,

x1.v5 = v8,

x1.v6 = v9 + v10,

x1.v7 = 3v11 − 3α1v15 + α1(α1 − α7)v20 + (2α1α2 − 2α2α7 − α1α8)v30

+ (2α1α3 − α1α9 + α11α3 + α2
2 − 2α2α8 − 3α3α7)v42 + (2α1α4 − α1α10

+ 3α11α4 + α12α3 − α13α5 + 2α2α3 − 2α2α9 − 3α3α8 − 4α4α7)v58,
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x1.v8 = v13,

x1.v9 = v14 + v15,

x1.v10 = 2v14 − α7v20 − α8v30 − α9v42 − α10v58,

x1.v11 = v16 + 2v17 − α1v22 + α1α7v30 + (α1α8 − α11α2 + α2α7)v42

+ (α1α9 − 2α11α3 − α12α2 + α13α4 + α2α8 + α3α7)v58,

x1.v12 = 4v18 − 6α1v25 + α1(4α1α7 − α2
1 − 3α1α11)v42

+ (4α2
1α8 − α2

1α12 − 3α2
1α2 − 6α1α11α2 + 3α1α11α8 + α1α12α7 + 2α1α13α3

− α1α13α9 + 11α1α2α7 − 7α1α7α8 + α11α13α3 + 6α11α2α7 + α13α
2
2

− 2α13α2α8 − 3α13α3α7 − 8α2α
2
7)v58,

x1.v13 = v20,

x1.v14 = v21 + v22,

x1.v15 = v22,

x1.v16 = 2v23 + v25 − α1v31 + α1α11v42 + (α1α12 + α11α2 − α13α3)v58,

x1.v17 = 2v23 + v24,

x1.v18 = v26 + 3v27 − 3α1v34 + (2α2
1α11 − α2

1α7 − 2α1α11α7 − 2α1α13α2

+ α1α13α8 + α1α
2
7 + 2α13α2α7)v58,

x1.v19 = 5v28 − 10α1v37 + α1α13(4α1α7 − α2
1 − 3α1α11)v58,

x1.v20 = v30,

x1.v21 = 2v31 − α11v42 − α12v58,

x1.v22 = v31,

x1.v23 = v32 + v33 + v34,

x1.v24 = 3v33 + (α2
7 − 2α11α7 + α13α8)v58,

x1.v25 = 2v34 − α1v44 + α13α2v58,

x1.v26 = 3v35 + v37 − 3α1v45 + α1α13(α1 − α7)v58,

x1.v27 = 2v35 + 2v36 − α1v46 − α1α13α7v58,

x1.v28 = v38 + 4v39 − 6α1v50,

x1.v29 = 6v40 − 15α1v53,

x1.v30 = v42,

x1.v31 = v44,

x1.v32 = v43 + 2v45,

x1.v33 = 2v43 + v46 − α13α7v58,

x1.v34 = v45 + v46,

x1.v35 = v47 + 2v48 + v50,
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x1.v36 = 3v48 + v49,

x1.v37 = 3v50,

x1.v38 = 4v51 + v53,

x1.v39 = 2v51 + 3v52,

x1.v40 = v54 + 5v55,

x1.v41 = 7v56,

x1.v42 = v58,

x1.v43 = 0,

x1.v44 = −α13v58,

x1.v45 = · · · = x1.v58 = 0.

x2.v1 = v2, x2.v2 = v4, x2.v3 = v6, x2.v4 = v7, x2.v5 = v9,

x2.v6 = v11, x2.v7 = v12, x2.v8 = v15, x2.v9 = v16, x2.v10 = v17,

x2.v11 = v18, x2.v12 = v19, x2.v13 = 0, x2.v14 = v23, x2.v15 = v25,

x2.v16 = v26, x2.v17 = v27, x2.v18 = v28, x2.v19 = v29, x2.v20 = 0,

x2.v21 = v32, x2.v22 = v34, x2.v23 = v35, x2.v24 = v36, x2.v25 = v37,

x2.v26 = v38, x2.v27 = v39, x2.v28 = v40, x2.v29 = v41, x2.v30 = 0,

x2.v31 = v45, x2.v32 = v47, x2.v33 = v48, x2.v34 = v50, x2.v35 = v51,

x2.v36 = v52, x2.v37 = v53, x2.v38 = v54, x2.v39 = v55, x2.v40 = v56,

x2.v41 = v57, x2.v42 = · · · = x2.v58 = 0.

�

Corollary 4.11. There is a general faithful f-module V20 = V20(α1, . . . , α13) of di-
mension 20.

Proof. We apply the algorithm Quotient from [6] to the module V58. This works as
follows. The space of invariants is given by

V f
58 = 〈α13v42 + v44, v43, v45, . . . , v58〉,

with dim(V f
58) = 16 for all parameters α1, . . . , α13. We choose a complement U of

Z(f) = 〈v58〉 in V f
58 by taking the above basis for V f

58 except for v58. Then U is a
submodule such that the quotient V43 = V58/U is a faithful module of dimension 43.
For the quotient, we may write the following relations

v43 = 0,

v44 = −α13v42,

v45 = · · · = v57 = 0.
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In other words, we may view v1, . . . , v42, v58 as a basis of V43. Now we repeat this
procedure. We have

V f
43 = 〈α13v30 + v31, v32, v33 + α7α13v42, v34, . . . , v41, v58〉,

with dim(V f
43) = 12 for all parameters α1, . . . , α13. We choose U from V f

43 by omitting
v58, and obtain a faithful quotient V32 = V43/U of dimension 32. We can take the
following quotient relations

v31 = −α13v30,

v32 = 0,

v33 = −α7α13v42,

v34 = · · · = v41 = 0.

In the next step we obtain dim(V f
32) = 10 for all parameters α1, . . . , α13. Choosing a

complement U as above we obtain a faithful module V23 = V32/U of dimension 23,
where the relations are given by

v21 = −2α13v20 − α11v30 − α12v42,

v22 = −α13v20,

... =
...

v29 = 0.

The dimension of the space of invariants V f
23 however does depend on the parameters.

It can be of dimension 5,6 or 7, depending on certain case distinctions. Without
case distinction we can still choose some subspace U of invariants not containing v58,
which need not be a maximal with this property. This way we arrive at a faithful
quotient V20 of dimension 20. If we continue with case distinctions we obtain many
different faithful quotients V of dimensions 10 ≤ dim(V ) ≤ 18. The quotient
algorithm stops if the space of invariants is 1-dimensional, spanned by v58. Then
there is no faithful quotient of lower dimension. �

Remark 4.12. Note that the choice of the complements U in the quotient algorithm
is not unique. For our choice we obtained faithful modules of dimensions 58, 43, 32
and 23. In general, the dimensions might depend on U . However, taking quotients
by invariants is no restriction. In fact, the following result is easy to show: let n be a
nilpotent Lie algebra, and V be a nilpotent n-module. Then every faithful quotient
of V can be obtained by taking successive quotients by invariants.

Example 4.13. Consider the Lie algebra f = f(α1, . . . , α13) with

(α1, . . . , α13) = (1, 0, 0, 0, 0, 0,−1, 1, 0, 0, 3,−16, 1).

We have µ(f) ≥ 12, and f admits no affine structure, see [2]. The above algorithm
yields a faithful quotient of V58 of dimension 18. Hence we have µ(f) ≤ 18, and this
is up to now the best known estimate.
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Note that the above Lie algebra has minimal β-invariant, namely β(f) = 5. The
Betti numbers are given by (b0, . . . , b10) = (1, 2, 3, 5, 6, 6, 6, 5, 3, 2, 1).

We come back to finding as good as possible estimates on µ(f) for all filiform Lie
algebras f = f(α1, . . . , α13) of dimension 10. Therefore we need to consider different
choices of admissible parameters, which give well defined classes of filiform Lie al-
gebras. The cases are as follows:

Case 1: 2α1 + α7 = 0.

Case 2: 2α1 + α7 6= 0.

Case 2a: α13 6= 0, α2
7 = α2

1 6= 0.

Case 2a1: α7 = α1.

Case 2a2: α7 = −α1.

Case 2a2a: 3α2 + α8 = 0.

Case 2a2b: 3α2 + α8 6= 0.

Case 2b: α13 = 0.

Case 2b1: α2
7 6= α2

1.

Case 2b2: α2
7 = α2

1.

Case 2b2a: α7 = α1.

Case 2b2b: α7 = −α1.

Case 2b2b1: 3α2 + α8 = 0.

Case 2b2b2: 3α2 + α8 6= 0.

Lemma 4.14. All above conditions are isomorphism invariants. In particular, al-
gebras of different cases are non-isomorphic.

Proof. Using the β-invariant we have

α1 = 0 ⇔ β(f/f5) = 4,

α7 = 0 ⇔ β(f2/f7) = 5,

α11 = 0 ⇔ β(f3/f9) = 6,

α13 = 0 ⇔ β(f4/f11) = 6,

α7 = α1 ⇔ β(f/f2 n f4/f7) = 4.

The Lie algebras of case 1 satisfy 2α1 + α7 = 0, which is equivalent to α1 = α7 = 0.
The above table shows that these conditions are isomorphism invariants. Hence the
Lie algebras of case 1 and case 2 are well defined. The same applies to case 2a
and case 2b, because α13 6= 0 and α13 = 0 are isomorphism invariants. Recall that
α13 6= 0 implies α2

7 = α2
1. The claim is also clear for the cases 2a1, 2a2. Note that

α7 = α1 6= 0 is also equivalent to the conditions β(f2/f7) 6= 5 and [f2, f5] = f9. As we
will see in proposition 4.18, the Lie algebras of case 2b1 are well defined. Finally,
for the cases with α7 = −α1 6= 0 the condition 3α2 + α8 = 0 is equivalent to the
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fact, that the Lie algebra f/f8 admits an invertible derivation. Hence this condition
is also an isomorphism invariant. �

For each case we have a result on µ(f). Let us start with the first case.

Proposition 4.15. Let f = f(α1, . . . , α13) be a filiform nilpotent Lie algebra of
dimension 10 satisfying 2α1 + α7 = 0. Then µ(f) = 10.

Proof. The parameters are admissible iff α1 = α7 = 0 and α11(α2 + α8) = 0. To
construct a module for f we need to find two operators L(x1) and L(x2), which define
L(xi) := [L(x1), L(xi−1)] for i ≥ 3, so that the conditions L([xi, xj)] = [L(xi), L(xj)]
are satisfied for all i, j ≥ 1. This module is faithful if and only if L(x10) is nonzero.
It is easy to see that we can always find such operators, by taking L(x1) = ad(x1)
and L(x2) some 10×10 lower-triangular matrix. However, the construction depends
on different cases, such as α13 6= 0, or α13 = 0 with α11 6= 0, α2 6= 0, with α11 6=
0, α2 = 0, or with α11 = 0. For more details see [2]. �

For case 2a we have the following results, see [2]:

Proposition 4.16. Let f = f(α1, . . . , α13) be a filiform nilpotent Lie algebra of
dimension 10 satisfying 2α1 + α7 6= 0, α13 6= 0 and α7 = α1. Then µ(f) ≤ 11.

Proposition 4.17. Let f = f(α1, . . . , α13) be a filiform nilpotent Lie algebra of
dimension 10 satisfying 2α1 + α7 6= 0, α13 6= 0 and α7 = −α1. Then µ(f) ≤ 11 if
and only if 3α2 + α8 = 0. Otherwise we have µ(f) ≤ 18.

In this case the module V58 from proposition 4.10 always has a faithful quotient of
dimension 18. This can be seen by applying the quotient algorithm as in corollary
4.11. For 3α2 + α8 6= 0 this is the best bound known so far. The example given in
4.13 belongs to this class.
For case 2b we have the following results, see [2] and [4]:

Proposition 4.18. Let f = f(α1, . . . , α13) be a filiform nilpotent Lie algebra of
dimension 10 satisfying 2α1 + α7 6= 0. Then f admits a central extension 0 →
Z(h) → h → f → 0 by some filiform nilpotent Lie algebra h if and only if α13 = 0
and α2

1 6= α2
7, in which case we have µ(f) = 10.

Proposition 4.19. Let f = f(α1, . . . , α13) be a filiform nilpotent Lie algebra of
dimension 10 satisfying 2α1 + α7 6= 0, α13 = 0 and α7 = α1. Then µ(f) ≤ 11.

Proposition 4.20. Let f = f(α1, . . . , α13) be a filiform nilpotent Lie algebra of
dimension 10 satisfying 2α1 + α7 6= 0, α13 = 0 and α7 = −α1. Then µ(f) ≤ 11 if
and only if 3α2 + α8 = 0. Otherwise we have µ(f) ≤ 15.

Here we use proposition 4.10 for the subcase 3α2 + α8 6= 0. Then the module V58

has a faithful quotient of dimension 15. In fact, for some cases, it even has a faithful
quotient of dimension 12, 13 or 14.
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