CHARACTERISTICALLY NILPOTENT LIE ALGEBRAS AND
SYMPLECTIC STRUCTURES

DIETRICH BURDE

ABSTRACT. We study symplectic structures on characteristically nilpotent Lie algebras (CN-
LAs) by computing the cohomology space H?(g, k) for certain Lie algebras g. Among these Lie
algebras are filiform CNLAs of dimension n < 14. It turns out that there are many examples
of CNLAs which admit a symplectic structure. A generalization of a sympletic structure is an
affine structure on a Lie algebra.

1. INTRODUCTION

Invariant symplectic structures on Lie groups and on nilmanifolds play an important role in
symplectic and complex geometry. Many questions about symplectic structures on Lie groups
can be reduced to problems in terms of the tangent Lie algebra. This leads to the study of Lie
algebras admitting a symplectic structure. Symplectic Lie algebras (i.e., Lie algebras admitting
a symplectic structure) have been classified in several cases. There is also a construction, called
double extension, which yields all symplectic nilpotent Lie algebras by successive application
[4]. In [10] symplectic structures on N-graded filiform Lie algebras were determined. Moreover
a criterion for the existence of symplectic structures on filiform Lie algebras was proposed.

In this article we study symplectic structures on characteristically nilpotent Lie algebras (CN-
LAs). Such algebras do not admit an N-grading since all derivations of CNLAs are nilpotent.
Symplectic CNLAs are interesting for many reasons. One of them is the study of Riemannian
metrics compatible with a given invariant geometric structure on a nilpotent Lie group: in [9]
the concept of a minimal left-invariant Riemannian metric on a nilpotent Lie group endowed
with an invariant geometric structure is discussed. For the symplectic case, such a nice minimal
metric need not always exist. In fact, there is an obstruction if the Lie algebra is symplectic
and a CNLA. Symplectic Lie algebras are also special cases of Lie algebras admitting affine
structures. Lie algebras with affine structures are the infinitesimal analogue of Lie groups with
a left-invariant affine structure. There have been made many efforts to solve the difficult exis-
tence question of affine structures for a given Lie algebra [1], [2], [15]. From this point of view
the determination of sympletic Lie algebras is also interesting. Finally, symplectic Lie algebras
play a role in superconformal field theories, see for example [13].

The paper is organized as follows. In section two we introduce CNLAs and symplectic struc-
tures on Lie algebras using Lie algebra cohomology. We recall results on the cohomology groups
H' with the coadjoint module and H? with the trivial module. We explain the relation between
affine and symplectic structures. In section three we classify all complex symplectic filiform
CNLAs of dimension n < 10. Here we do not use the classification of symplectic filiform Lie

algebras [8], since there are some mistakes in it. In section four we determine certain symplectic
filiform CLNAs of dimension n > 12.
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2. PRELIMINARIES

Characteristically nilpotent Lie algebras were introduced by Dixmier and Lister in 1957,
answering a question of Jacobson in the negative. Jacobson had asked whether any finite-
dimensional nilpotent Lie algebra admits a non-singular derivation. Dixmier and Lister con-
structed a 3-step nilpotent Lie algebra of dimension 8 possessing only nilpotent derivations [5].
Then they defined the class of of characteristically nilpotent Lie algebras (CLNAs in short) as
follows:

Definition 2.1. Let g be a Lie algebra over a field & and Der(g) its derivation algebra. Let
gl = Der(g)g = {3, Di(%;) | 7; € g, D; € Der(g)} and define gl**1 = Der(g)gl inductively.
Then g is called a CNLA if there exists an integer n such that gl = 0.

It is easy to see that g is a CNLA if and only if all derivations of g are nilpotent. Moreover
g is a CNLA if and only if the algebra Der(g) is nilpotent and g is not 1-dimensional. If & is
algebraically closed then g is a CNLA if and only if all semisimple automorphisms of g are of
finite order. The class of CNLAs forms an interesting subclass of nilpotent Lie algebras, which
has been studied extensively later on. This class is particularly interesting for the topological
analysis of the irreducible components of the variety of nilpotent Lie algebra laws. As we have
mentioned, it is also of interest in the study of Riemannian metrics on nilpotent Lie groups.

Let us briefly recall the cohomology of Lie algebras. We will assume that £ is a field of
characteristic zero and g a Lie algebra over k. For a g-module M the space of p—cochains is

defined by
C7(g. M) — Hom g (APg, M) %fp >0,
0 if p <0.

The standard cochain complex {C*(g, M), d} yields the space ZP(g, M) of p-cocycles, the space
BP(g, M) of p-coboundaries and H?(g, M) = ZP(g, M)/BP(g, M), the p-th cohomology space.
Let M = k denote the trivial g-module. In that case the space of 2—cocycles and 2—coboundaries
is given explicitely by
Z*(g,k) = {w € Hom(A%g, k) | w([z1, 2] A 23) — w([z1, 23] A 22)
+ Ld([ﬂfg,l’g] N 1‘1) = O}
B*(g,k) = {w € Hom(A?g, k) | w(z1 A xg) = f([21,22])
for some f € Hom(g, k)}

Definition 2.2. A Lie group G is said to have a left-invariant symplectic structure if it has a
left-invariant non-degenerate closed 2-form w.

Ezample 2.3. The Lie group Hs x R, where R is the abelian Lie group (with coordinate t) and
‘Hs3 is the Heisenberg group consisting of all real matrices of the form

OO
O~ K
[ SR

admits a left-invariant symplectic structure given by the form

w=dx A (dz — zdy) + dy N dt
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Definition 2.4. A Lie algebra g over k is called symplectic if there is an nondegenerate w €
Z%(g, k), i.e., if there exists a nondegenerate skew-symmetric bilinear form B: g x g — k
satisfying

(1) B([xay]’z)_B($7 [y7z])+B<y7 [.Z‘,Z]) =0

If wg is a left-invariant symplectic form on G, then wg defines a symplectic structure on the
Lie algebra g of G. Conversely any symplectic form wy of g defines a left-invariant symplectic
structure on G. Note that a finite-dimensional symplectic Lie algebra has even dimension.

Remark 2.5. A symplectic Lie algebra is also called a quasi-Frobenius Lie algebra. This is a nat-
ural generalization of a Frobenius Lie algebra. A Lie algebra is called Frobenius if there exists a
nondegenerate w € B%(g, k), i.e., a linear functional f € Hom(g, k) such that B(x,y) = f([z,y])
is nondegenerate. Hence Frobenius Lie algebras are symplectic. They have been studied in var-
ious contexts, see [6], [12]. Many properties are known: they have trivial center, no non-zero
semisimple ideals and a non-nilpotent solvable radical, see [12]. Moreover, a Lie algebra g of a
linear algebraic group G over an algebraically closed field of characteristic zero is Frobenius if
and only if the universal enveloping algebra U(g) is primitive, and if and only if G admits an
open orbit in the coadjoint module.

Quasi-Frobenius Lie algebras have been studied in connection with rational solutions of the
classical Yang-Baxter equation (CYBE) [14] (there is a correspondence between rational solu-
tions of CYBE for a simple Lie algebra g and quasi-Frobenius subalgebras of g). They appear
also in superconformal field theories (see [13]) and related subjects.

Ezxample 2.6. Clearly any abelian Lie algebra of even dimension is symplectic.

In dimension 2 over the complex numbers there are two Lie algebras, C? and the non-abelian
Lie algebra to(C), which is given by [e1, es] = e; where (e, es) denotes a basis of C2. The
algebra ty(C) is Frobenius, and hence symplectic.

Ezample 2.7. Let ny be the 4-dimensional nilpotent Lie algebra with basis (eq, e, e3, €4) defined
by the brackets

1, €] = €3, [e1, €3] = eq
Clearly this Lie algebra is not Frobenius since it has a non-trivial center. It is easy to see that
the space H?(ny, k) is spanned by the classes of w; and wy which are defined by

w1(61 VAN 64) =1
CUQ(GQ A\ 63) =1

With respect to the given basis, the matrix of w; + ws is given by

0 0 01
0 0 10
0 -1 00
-1 0 0 0

Since w; + wy is nondegenerate, ny is quasi-Frobenius, or symplectic.

There is a large literature on symplectic Lie algebras. In [4] it was shown that all symplectic
nilpotent Lie algebras can be obtained by a consecutive procedure, called double extensions,
starting with the Lie algebra {0}. The classification of complex symplectic filiform Lie algebras
of dimension n < 10 up to symplecto-isomorphism was given in [8]. (However, it is known
that there are some mistakes in it. The reader may compare the results with our results in the
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next section.) Also, the classification of all symplectic Lie algebras in dimension n < 4 is well
known. Let us recall the result for n = 4 over the complex numbers.

Proposition 2.8. Any 4-dimensional complex quasi-Frobenius Lie algebra is isomorphic to one
and only one Lie algebra of the following list:

g Defining Lie brackets
C4 —
n3(C) @ C [e1, e2] = e3
t2(C) ® C? [e1,€2] = €
t35-1(C)d C [e1,€2] = €9, [e1, €3] = —63
To ((C) D tg((C) [617 62} €1, [63, 64]
ny(C) le1, €2] = e3, [e1, e3] =
g1(—1) le1, e2] = eg,[e1, €3] = es, [61764] = —€4
g2(a, ) le1, e2] = e3, [e1, €3] = eq, [e1, e4] = aes — aes + ey
96 [e1, e2] = e, [e1, €3] = e3, [e1, e4] = 2ey, [ea, €3] = €4
gs(a) le1, €2] = €3, [e1, €3] = —aves + e3, [e1, e4] = eu, €2, €3] = €4

Proof. Using the classification of 4-dimensional Lie algebras given in [3] we determine the
spaces Z2(g,C). The result follows by computing the determinants. We want to demonstrate
the details by taking one example, the Lie algebra g = t3, @ C. It is defined by the brackets
[e1, €2] = €9, [e1, €3] = Aeg where A € C,0 < |A\| < 1. The space Z?(g,C) is represented by the
subspace of matrices of the form

0 a B v
—a 0 0 0
-6 =6 0 0
—y 0 0 0

with determinant (yd)? and the condition (A + 1)d = 0. Hence g is symplectic if and only if
A = —1. Note that the Lie algebra sly(C) @ C is not symplectic. It follows that all 4-dimensional
symplectic Lie algebras are solvable. ([

A further generalization of a symplectic Lie algebra is a Lie algebra admitting an affine
structure.

Definition 2.9. A vector space A over k together with a k-bilinear product Ax A — A, (z,y) —
x -y is called left-symmetric algebra or LSA, if

(2) z-(y-z)—(w-y)z=y-(v-2)—(y-2)=
for all z,y,z € A.
The left-multiplication L in A is given by L(z)y = x - y.

Definition 2.10. An affine structure on a Lie algebra g over k is a k—bilinear product gxg — g
satisfying (2) and

(3) 2 yl=x-y—y-x

for all x,y,z € g. A Lie algebra over k£ admitting an affine structure is also called affine.
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The term affine Lie algebra is also used differently in the literature. Note that we have two
different bilinear products in the above definition: the Lie bracket and the dot product.

The conditions may be reformulated as follows: there exists a bilinear product x -y on g x g
which defines a g-module structure on g itself, denoted by g, such that the identity mapping
L:g— gris a l-cocycle in Z'(g,gz). In other words, (2) and (3) are equivalent to the following
identities:

[zyl-z=2-(y-2)—y-(x-2)

W[z, y]) =z uy) —y - uz)

In general it is very difficult for a given Lie algebra to decide whether it is affine or not.
It is well known that a Lie algebra g over charactristic zero satisfying g = [g, g| is not affine.
Hence the existence problem mainly arises for solvable Lie algebras. In low dimensions this
problem has a positive solution. All complex Lie algebras of dimension n < 4 are affine
except for sly(C), and all complex nilpotent Lie algebras of dimension n < 7 are affine. There

exist already examples of nilpotent Lie algebras of dimension 10 which are not affine, see [2].
Geometrically this means that there are nilmanifolds which are not affine.

Lemma 2.11. A Lie algebra g is affine if and only if there exists a g-module structure M on
the vector space of g such that there is a linear map o € Z'(g, M) satisfying det ¢ # 0.

Proof. Let ¢ be a nonsingular 1-cocycle in Z!(g, M) and denote the action of g on M by
(x,m) — x «m. Then define a bilinear product on g by

vy =9 (zep(y))
This product is left-symmetric, since it defines a g-module structure on g, obtained by conju-

gation with o from M, satisfying 2y — -z = o (z e 9(y) — ye(2)) = o (o ([2,3])) = [, 4].
Conversely, an affine structure on g yields a nonsingular 1-cocycle ¢ € Z'(g, gz). O

Denote by g the adjoint module and by g* = Hom(g, k) the coadjoint module of g. The
coadjoint action is given by (x, f) +— z e f where (x o f)y = —f([z,y]) for x € gand f € g*. A
derivation D € Der(g) is just a 1-cocycle in Z'(g, g). The following two corollaries are easily
derived from lemma 2.11:

Corollary 2.12. Any Lie algebra g admitting a nonsingular D € Der(g) is affine.
Corollary 2.13. Any Lie algebra g admitting a nonsingular p € Z'(g, g*) is affine.

For the cohomology with coefficients in the dual module we have the following well-known
result.

Proposition 2.14. H?(g, k) may be regarded as a subspace of H'(g,g*). If g does not have a
non-zero invariant bilinear form then H*(g, k) ~ H'(g, g*).

Proof. The space Z'(g,g*) may be interpreted as the space of bilinear forms B : g X g — k
satisfying condition (1), i.e., B([z,y], z) — B(x, [y, 2]) + B(y, [z, 2]) = 0. Indeed, if p € Z(g, g*),
then define B by B(z,y) = ¢(x)y. The condition ¢([z,y]) = zep(y) —yep(z) is just equivalent
to the condition (1) on B. Conversely, given a B which sastifies identity (1), ¢ defined by
o(z)y = B(z,y) will be a 1-cocycle in Z'(g, g*). Now the subspace formed by those B which
are skew-symmetric, i.e., satisfy B(z,y) = —B(y, ), corresponds exactly to the space Z2(g, k).
Since obviously B?(g,k) ~ B'(g,¢*), H?(g,k) becomes a subspace of H'(g,g*). To prove
the second claim, let B be a bilinear form in Z!(g, g*) and define B* by B*(z,y) = B(y, z).
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Then 3 = B + B* is an invariant bilinear form on g, i.e., satisfies 8([z,y],2) = B(z, [y, 2]).
Assume that g does not have a non-zero invariant bilinear form. Then 3 is zero, hence B is
skew-symmetric and contained in Z2(g, k). O

We obtain the following corollary.
Corollary 2.15. Any symplectic Lie algebra is affine.

Proof. Let w € Z*(g, k) be nondegenerate. Then by Proposition 2.14, ¢ defined by p(x)y =
w(x Ay) is a nonsingular 1-cocycle in Z1(g, g*) since ker(¢) = {z € g |w(x Ay) =0 for all y €
g} = 0. The claim follows from Corollary 2.13. O

The corollary is well known. A different proof can be found in [8]. Clearly an affine Lie
algebra need not be symplectic, since there exist affine Lie algebras of odd dimension. There
are also affine Lie algebras of even dimension which are not symplectic (see the example below).
Although Lie algebras of odd dimension admit no nonsingular w € Z*(g, k), there may be a
nonsingular ¢ € Z'(g,g*). Easy examples are the Heisenberg Lie algebra or a filiform Lie
algebra of dimension 5. Hence there exist nilpotent Lie algebras with a non-zero invariant
bilinear form.

Ezample 2.16. Let g be the 6-dimensional nilpotent Lie algebra with basis (e, ..., eg) defined
by the brackets

[61,62'] = €i+1, 2 S 7 S 5

Then H?(g, k) is spanned by the classes of w; and wy, which are defined by
wi(ea Nesg) =1
w2(62 N 65) == ]_, Cdg(eg A 64) =-1

For w € Z%(g,k) define ¢, by p.(x)y = w(zx Ay). If 2z € Z(g), then ¢,(z) = 0 for any
w € B*(g,k). In our case Z(g) is spanned by eg, and any linear combination w of w; and wy
satisfies ,(eg) = 0. Hence there is no nondegenerate w € Z%(g, k) and the Lie algebra is not
symplectic. Nevertheless g admits an affine structure induced by a nonsingular derivation. In
fact, it is easy to see that the linear map d : g — g given by d(e;) = ie;; i = 1,...,5 and
d(eg) = Teg defines a nonsingular derivation.

3. SYMPLECTIC FILIFORM CNLAS OF DIMENSION 1 < 12

In this section we classify characteristically nilpotent symplectic filiform Lie algebras of di-
mension n < 12. There is a classification of complex symplectic filiform Lie algebras of di-
mension n < 12 up to symplecto-isomorphism [8]. However, there are some mistakes in it;
see also the remark in [15]. We use a different method which does not rely on the explicit
classification: in [1] we have computed the cohomology space H?(g, k) for filiform nilpotent Lie
algebras. Consequently we can use the knowledge of Z%(g, k) to determine symplectic filiform
Lie algebras.

Definition 3.1. Let g be a nilpotent Lie algebra and {g*} its lower central series defined by
g® =g, g"=[gh!, g] for k > 1. There exists an integer p such that g = 0 and gP~! # 0, called
nilindex of g. A nilpotent Lie algebra of dimension n and nilindex p = n — 1 is called filiform.
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We divide the set A, of filiform Lie algebra laws of dimension n into subsets A, ; such
that algebras from different subsets are non-isomorphic (but may be isomorphic if they belong
to the same subset), and algebras belonging to the same subset have the same second scalar
cohomology. If g is a filiform Lie algebra of dimension n, then there exists an adapted basis

(e1,...,ey,) for g, see [1]. We write A, for the set of elements which are the structure constants
of a filiform Lie algebra with respect to an adapted basis. The brackets of such a filiform Lie
algebra with respect to the basis (eq,...,e,) are then given by
(4) [61,6i]:€i+1, 222,,71—1
n_, (G=i-1)/2) Pii
¢ . .
(5) e e] = ;( ; (1) ( 0 )ai+€,r—j+i+2£+l)era 2<i<j<n

with constants ay s which are zero for all pairs (k, s) not in the index set Z,,. Here Z,, is given
by

12:{(k78)ENXN|2§k§[n/z],Qk—f-lSsgn}’
70 if n is odd,

In: . .
20U {(%,n)} ifnis even.

Let f = 3ay0(ags + ass) — 4035 The above mentioned subsets A, ; are given as follows,
for n =4,6,8, 10:

Class Conditions

Asn —

Ag 1 age 7 0

Ag2 aze =0

As 1 asg 70, 2005 +a37 =0

As o ass =0, 2005 + a7 #0

As 3 asg =0, 2005 +a37 =0, ags # 0

As 4 Qo5 = 37 = Qg =0

Ao as10 7 0, 2a95 +az7 # 0

Ao 2 as10 7 0, 2a95 +az7 =0

A3 510 =0, 2005+ ag7 # 0, 03 ; # a3 5

Ajo4 as10 =0, 2005 + a7 # 0, a3, = a3 4

Avs | @s10=0, 2005 + 37 =0, asg # 0, a5 5 + 2027049 7# 0
.Al()’ﬁ CY5710 = 07 2(1/2,5 + 04377 = 07 04479 7é 0, Oé%ﬁ + 20&230&4’9 = 0
Aoz as10 =0, 2095 +az7 =0, ag9 = 0, 2007 + 39 # 0
Arog | 510 =0, 2005 +az7 =0, ayg =0, 2007 + 39 =0, f #0
Ao | @510 =0, 2005 +azr =0, ag9 =0, 2097 + 39 =0, f =0

Definition 3.2. Let g be a filiform Lie algebra and (ey, . .., e,) be an adapted basis of g. Define
we € Hom(A%g, k) by

(6) wileg Aegs ) = (=1)F  for 1 <0< [(n—1)/2], 2 <k <[(20+3)/2]
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where the values not defined (and which are not a consequence of skew-symmetry) are under-
stood to be zero.

In general, the w; need not be cocycles for £ > 3. On the other hand we know the following
[1]:

Lemma 3.3. Let g be filiform of dimension n > 5. Then wi,ws € Z2(g, k). Any 2-coboundary
B € B*(g,k) is degenerate. If ¢ < [(n —1)/2], then w, is degenerate.

In fact, for all x € g and z € Z(g) we have f(z A z) = f([z,2]) = 0 for some linear form
f € Hom(g, k). Recall that the center Z(g) is 1-dimensional. Likewise wy is zero on g A Z(g)
for ¢ < [(n—1)/2].

Let n = 4: the cohomology does not depend on the structure constants. Over the complex
numbers there is only one filiform Lie algebra, namely g = ny(C). It is not a CNLA. The result
is as follows, see example (2.7):

Proposition 3.4. We have
H?(ny,C) = span{|wy], [w]}

where the 2-cocycles are defined by wi(ea A eg) = 1 and w(ey Aey) = 1. Since w + wy is
nondegenerate, ny is symplectic.

Let n = 6. Denote by A € Ag the law of g. It is well known that all such A\ are N-graded.
Hence they are not CNLAs.

Proposition 3.5. In dimension 6 we have
span{[w], [wo]} if A € Asa

H{e. k) = span{[wi], [wa], W]} if A € A

If A € Ag1 then g is not symplectic. If X\ € Ago then g is symplectic.
Proof. The 2-cocycles wq,wq are defined as in (6), and w is defined by

w(ep Neg) =1
w<€3 A 64) = 062’5

w(eg A 64) = CY276

Computing the determinant we obtain

det(rwy + sw) = (1 — sag5)*r?s?

which is non-zero for a suitable choice of the constants r and s. Hence all A € Ago are
symplectic. ([l

Using the classification list and the notation of [7] over C we obtain:

Corollary 3.6. Fvery 6-dimensional complex filiform symplectic Lie algebra is isomorphic to
one of the following:
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1" o

uér o + Va5
u%z o + Va6

Note that our v; ; correspond to W;_; ;1 in [7]. For example, the brackets of 2 are given by
(4), (5) with Qg5 = 1, Qg6 = 0, Q36 = 0.

Let n = 8. Denote by A € Ag the law of g.
Proposition 3.7. We have
span{[wi], [wa], [ws]} if A€ Agq or A € Ags
H?(g, k) = { span{[wi], [wo], [w]} if A€ Agp
span{[wi], [wa], [ws], [B]} i A € Asa
where w is defined by

w(er Neg) =1,

a9 5(2009 5 — Do
W(GQ A 64) = 052,87 w(62 A\ 66) = 04276 — 20(378, w(62 A\ 67) = 275( 2,5 377)

20005 + a3 7
2a37(v05 — asz)
20005 + 37

wlesNey) =agr, wlegNes)=ass, wlesNeg)=

2
B 33,
w(eqg Aes) = —2a2 o

and (3 is defined by
Bler N eg)
Blea A ey)
Bes A ey)
( )

Gleq A es

1

Qg (62 A 66) =06 — 2053,8, 5(62 A 67) =1
Qag, (63 VAN 65) = a3z, ﬁ(€3 AN 66> =—1
1

Note that [ is non-degenerate. Computing determinants we obtain:

Corollary 3.8. If A € Ag; or Ass, then g is not symplectic. If X\ € As 4, then g is symplectic.
If X € As o, then g is symplectic if and only if

agpas (s — asq)(bagr — 2a5) # 0
Again using the classification list of [7] we obtain:

Corollary 3.9. Fvery 8-dimensional complex symplectic filiform Lie algebra is isomorphic to
one of the following laws:



10 D. BURDE

() po + aves + g7 +1sg, aF# —%, 0,1, g
p(@): o + athas + a7, a# —3,0,1,3
p(a): po + g+ a7+ U3g

18’ (@)« pro + athog + Vs g

g (0): po + Yoz + o
,u853 o + o + Yo
st Ho + Yo
ps': po + Yo7
pg o + U2g
Hg - Ho
It is not difficult to compute the derivations of these algebras. This yields

Corollary 3.10. Every 8-dimensional complex symplectic filiform CNLA is isomorphic to one
of the foliowing laws: (), # —3,0,1,%, or u3(a), u(0), ul*.
Let n = 10. Denote by A € A;jq the law of g.

Proposition 3.11. We have

span{ [w1], [wo], [ws] } if A€ Avo, Aioa or Ao
span{ [wi], [wa], [ws], [wa] } if A€ Ajp2 or Ajps
span{|wi ], [wa], [w]} if A€ Auos

2 _
(. k) = [51]} if A€ Ao

Bal} if A€ Aoz
wsl, [wal, [Bs]}  if A € Aiog

The cocycles w, 81, B2, B3 are too complicated to be listed here. Let p(z,y) denote the fol-
lowing polynomial

p(z,y) = (5y° — 8y’ + 16yx? — 42%)(5y° — 1692 + 10yz”* — 22°)
(5y* — dyx + 22%)(Ty — 4x)y
A straightforward computation of determinants yields the following result:

Corollary 3.12. A filiform Lie algebra with law in Ayg1, A102, A10.4, A105, A106, A10s is not
symplectic. Any filiform Lie algebra with law in Ao is symplectic. An algebra with law in
Ay 3 is symplectic if and only if p(ass, as7) # 0. An algebra with law in Ayoz is symplectic if
and only if f = 3ay0(ags + ass) —4a3g # 0.

Using the classification list of [7] we obtain:
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Corollary 3.13. FEvery 10-dimensional complex symplectic filiform Lie algebra is isomorphic

to one of the following laws: pio(c), pig, pigs pig(c B), pigla, 3), wi6(0,3), wis, pih(a),
Mzé(_éiﬁ)a “?g(_%)’ M?g(_%)v M?g(oaﬁ)a N%(a)? ,U??)(a)a :uéll87 ,Uzll(l)a pfllg(a% ,Uzllga #411(7)’ qull(BP H%ga
H1ps M19 OT

ol B): (a+2)(a+ 1)(a = 1)p(l,a) #
piola. ) (a+2)(a+1)(a = 1)p(l,a) #
pio(a):  (a+2)(a+1)(a—1)p(1,a) #
pao(er) s (a+2)(a+1)(a—1p(l,a) #
pg(a, B): a#0

firg (v, ,7): (28 +1)(3a + 3y — 492) £ 0
P, B7): 28+1=3a+3y 472 =0
pp (@ ﬁ 7,6): (284 6)(3a+ 3y —49%) #£0
pis(a, B,7,6): 28+8=3a+3y—4y* =~(y—6)=0
)

o, B): Ba+33—462 #0
o, B,7): (2847)(6a+1)#0
wiole, B,7): 28+ =6a+1=0
ol B,7): y(2a+B) #0
o, B,7): (2 +B) #0

#10( ,B): 3a+ 30— 44> =0
piola, B,7): 20+ B =0,a#0

ol B): a#0

Mlo( B): 28+1#0
(e, B,7): 20043 =0

Corollary 3.14. FEvery 10-dimensional complex symplectic filiform CNLA s isomorphic to
one of the following laws: pify(c), g, pip(ev. 5). pig(er 5), pi3(0.5), i, wig(e), 1i5(~3.5).
135(=3), 18300, 8), (), pig, wig(a), wig, wig or

Q

B (a+2)(a+1)(a—1)p(l,a) #0
B (a+2)(a+1)(a—1)p(l,a) #0
ih(a):  (a+2)a+1)(a—1p(la) £0

Mlo( )
)
)
Mlo( B): a#0
)
)

Mlo(

“Q

pro(a, (26 4+ 1)(3a+ 3y —49°) # 0
pio(a, ﬁ Y): 284+1=3a+3y—-4y*=0
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11o(es, 8,7, 0) (284 6)(3a + 3y — 49%) # 0

pis(a, B,7,0): 28+5=3a+3y -4y =4(y—6)=0,34£0

pin(a, B,7,6): a=42,4=0,7=6,6=0
ulo( B): 3a+38-48>#£0

w0, 8,7): (284+7)(6a+1)#0

pio(a 577)1 28+y=6a+1=0

wio(a, B,7): y(2a+B) #0

piglen, B,7): v(2a+6) #0

pigla, B,7): 20+ =00 #0
il B): a#0
N10(04a B) 20+1#0

qu( ) 20+ 0 =0,a £ 0 orv#0

4. SYMPLECTIC FILIFORM CNLAS OF DIMENSION n > 12

For n > 12 there is no classification of symplectic filiform Lie algebras. We will restrict
ourselfs to certain families of filiform Lie algebras g of dimension n > 12. Consider the following

conditions on g:
(a) g contains no one-codimensional subspace U D g! such that [U, g!] C g*.
(b) g2 is abelian, if n is even.
(c) [o'.0'] C ¢
These properties are isomorphism invariants.

Definition 4.1. Let Al denote the set of n-dimensional filiform laws whose algebras satisfy
the properties (a), (b), (¢). Denote by A2 the set of n-dimensional filiform laws whose algebras
satisfy (a), (b), but not (c). Finally, for n even, denote by A3 the set of n-dimensional filiform
laws whose algebras satisfy (a) but not (b).

The above properties of g can be expressed in terms of the corresponding structure constants
ags. 1t is easy to verify the following (use (4), (5)):

ass # 0, if and only g satisfies property (a).
az, =0, if and only if g satisfies property (b).
as7 =0, if and only if g satisfies property (c).
If g satisfies property (a) we may change the adpated basis so that it stays adapted and
Qo5 = 1.

In fact, we may take f € GL(g) defined by f(e1) = aey, f(ea) = bes and f(e;) = [f(e1), f(ei-1)]
for 3 < ¢ < n with suitable nonzero constants a and b.

Proposition 4.2. Suppose that g is a filiform Lie algebra of dimension n > 12 satisfying
properties (a), (b). Hence we may assume for its law A\ € A, that azs =1, and an, =0 if n
1s even. Then the Jacobi identity implies that
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(0,0,0) ifAe Al

(063,7 Q4.9 045,11) = .
T (15,75, 135) A€ A2

Proof. Let (ey,...,e,) be an adapted basis of g, the Lie brackets with respect to this basis being
given by (4),(5). Let J(e;, e;,er) = 0 denote the Jacobi identity with e;, e;, ex. Let J(4,j, k, 1)
be the coefficient of ¢; in J(e;,ej,ex). If n > 12 then we have the conditions J(2,3,4,9) =
J(2,4,5,11) = J(3,4,5,12) = 0 which are given by the following equations:

92+ as7) — 304:?,7 =0
a511(2 — ag7r — aug) + 2a49(3aag — 2a37) = 0
3045711(04377 + 04479) — 4&279 =0

It is not difficult to see that there are precisely two solutions: (a7, 9, a511) = (0,0,0) or

(as7, 49, 0511) = (35, 75, 735)- Indeed, the first equation implies ayg = 303 ;/(2 + ag7). If we
substitute that into the other equations we obtain as (1037 — 1) = 0. O

Proposition 4.3. Let g be a filiform Lie algebra of dimension 12 with law A € Aj3. Then

span{[wi], [wel, [w]} if A € Ajy
H?(g, k) = { span{[wi], [wo], [B]} if A € A,
span{[w1], [we] } if A € A3,

If X € A%, then g is symplectic since det(3) # 0. In the other two cases g is not symplectic.

Proof. Let A € A}, and the Lie brackets of g being given by (4), (5) with 21 scalars oy, , (k, s) €
Zy12. We have a5 = 1, a3 7 = ap12 = 0 and polynomial equations in the parameters oy, given
by the Jacobi identity. However since we use an adapted basis, these equations are quite simple.
The Jacobi identity is satisfied if and only if

Qg9 = Qy10 = Q511 = Q512 = 0

2
Q411 = 2a378

Q12 = —3 [Bag11(aae + ass) — s o0vs s

Hence the parameters g, ..., 212 and agg, . .., a3 12 are arbitrary.
Now a standard computation yields the second scalar cohomology as above. Here w is a 2-
cocycle with

w(el A\ 612) =1
w(62 A\ 64) = 0[2,12

w(ez A eg) = an 10 — 203 12

wles A er) =203
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It is easy to see that all linear combinations of wy,wy and w are degenerate. In fact, the vector
(0,...,0,1,6a3s — ang,0)" always belongs to the kernel of the representing matrix. Hence g is
not symplectic. A similar computation is done for the other two cases. O

Corollary 4.4. If A € A2, such that 200a3g — 27ag 6 # 0 then g is a symplectic CNLA.
Remark 4.5. Let X\ € A},. Then g is always a CNLA, except for the case

asg = 27a6/200,

agg = (400027 + 24303 4) /28000

asz10 = (560000c 8 + 100000 g 7 — 3021304;76)/3920000

311 = f(062,6, ce ,042,9)
a3 12 = 9(042,6, S ,062,10)
with certain polynomials f, g € Q[asg, . .., a210].

For A € A2, n > 13 we have two different cases for the cohomology. Denote by A2 | the subset
of laws satisfying as,—4 = P,(cu, ), where P, is a certain polynomial with rational coefficients
in the variables oy s where k = 2,6 < s <nand k =3, n —4 < s < n. Denote by ./4,2171 the
subset of laws which do not satisfy this polynomial equation. For n = 14 the polynomial P4 is
given by:

Pry = (4828328105003 s — 1571960085000 gz, 6 + 2223828750as 82,7

+16180336845a3 302 5 + 186801615a,5 — 266859450as 7a2,6
— 51747627643 ;) /1307611305

Proposition 4.6. Let g be a filiform Lie algebra of dimension 14 with law A € A4. Then

span{[wi], [wo], (W]} if A € Ay
H?(g, k) = { span{lwi], [wo], [B]} if A € ALy,
span{[w], [wa]} if A€ Alys
If \ e “4%4,1 then g is symplectic since det((3) # 0. In the other two cases g is not symplectic.

Corollary 4.7. If X € A%M such that 2000 s — 27an s # 0 then g is a symplectic CNLA.

Remark 4.8. The result generalizes to higher dimensions. The cohomology has dimension 2 or
3 and only the filiform algebras g with law A € Ai,l are symplectic. It is easy to see that the
algebras g with law A € Al n > 12 are not symplectic, since (0,...,0,1,(n — 6)azg — agg,0)"
lies in the kernel of the matrix associated to every w € Z*(g, k). The algebras with law X € A2
are CLNAs except for the case where a3 are given by certain polynomials in as; with rational
coeflicients.

Remark 4.9. The knowledge of H?(g, k) can also be used to determine affine filiform Lie alge-
bras. If there exists a non-degenerate w € Z%(g, k) then g is symplectic, hence affine. However,
it is enough to find an affine class [w] € H?(g,k) to ensure that g is affine, see [1]. It is well
known that all complex filiform Lie algebras of dimension n < 10 are affine. In dimension 10
however, there exist filiform algebras which are not affine. It turns out that a law A in A;q; or
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Aio.4 is not affine, if it belongs to a certain irreducible component of the variety of all nilpo-
tent Lie algebra laws of dimension 10, such that the Lie algebra g/Z,(g) is characteristically
nilpotent. Here Zs(g) denotes the second center of g.
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