DEGENERATIONS OF 7-DIMENSIONAL NILPOTENT LIE ALGEBRAS.
DIETRICH BURDE

ABSTRACT. We study the varieties of Lie algebra laws and their subvarieties of nilpotent Lie
algebra laws. We classify all degenerations of (almost all) five-step and six-step nilpotent
seven-dimensional complex Lie algebras. One of the main tools is the use of trivial and adjoint
cohomology of these algebras. In addition, we give some new results on the varieties of complex
Lie algebra laws in low dimension.

1. INTRODUCTION

Let g be an n-dimensional vector space over a field k and consider the set £, (k) of all possible
Lie brackets p on g. This is an algebraic subset of the variety A%g* ®g of all alternating bilinear
maps from g x g to g. Indeed, for a fixed basis (x1,...,z,) of g the Lie bracket u is determined
by the point (ci;.) € k™ of structure constants with

n
s, ) =Y cijrty
r=1

satisfying the polynomial conditions

Cijr + Cjir = 0,
Z(Cijrclrs + CikrCirs + ckircjrs) = 07 1 S 1< j <k S n, 1 S S S n
r=1
The variety L, (k) is often called the wvariety of Lie algebra laws. The general linear group
GL,(k) acts on L,,(k) by base change:

(1) (g-m)(zy) =9y 'z,g7'y), g€GL(k), z,y€g

One denotes by O(u) the orbit of p under the action of GL,(k), and by O(u) the closure of
the orbit with respect to the Zariski topology. The orbits in £, (k) correspond to isomorphism
classes of n-dimensional Lie algebras. However, the orbit space is no longer an algebraic set. It
makes sense to take out the zero point and to view

(Ln(k)\ 0)/G L (k) = P(Ln(k))/ PG Ly (K)

as the moduli space.

There are many questions on the structure of the varieties £, (k). In particular one is interested
in the irreducible components of £, (k) and in the open orbits. A Lie algebra law u € £, (k) is
called rigid, if its orbit O(u) is open in L, (k). In that case the corresponding Lie algebra g is
algebraic and does not admit any non-trivial deformation [5]. On the other hand H?(g,g) =0
implies that pu is rigid. The converse does not hold in general. The following result (see [4])
gives the number of components and open orbits in £,(C) in low dimensions:
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Proposition 1.1. Let r(n) denote the number of irreducible components in L,,(C) and s(n) the
number of open orbits. Then it holds (r(1),...,7(7)) = (1,1,2,4,7,17,49) and (s(1),...,s(7)) =
(1,1,1,2,3,6, 14).

These numbers grow very fast in n. One has the following estimates for n big enough [10]:
"t < s(n) < r(n) < 27/

In studying the orbit closures the concept of Lie algebra degenerations is of great interest.

Definition 1.2. We say that p is a degeneration of A in £,,(k) if 4 € O(X). In that case we
also say that A degenerates to u, which is denoted by A —qeq 1.

Let C be an irreducible component of £, (k) containing pu. Then also O(u) C C. Since C

is closed relative to the Zariski topology, the orbit closure O(u) is contained in C. Hence any
irreducible component containing p also contains all degenerations of .

Proposition 1.3. Degeneration defines an order relation on the orbit space of n-dimensional
Lie algebra laws by O(pn) < O(N) <= p € O(N)

Proof. The relation is clearly reflexive. The transitivity follows from the fact that O(\) C

O(n) < O(XN) C O(p). Finally, antisymmetry follows from the fact, that any orbit in this
case is open in its closure. ([l

A degeneration is called trivial if X = p, that is, if © € O(X). Note that A —ge; ¢ and
[t —deg V iImply that A —g4ee v. That is the transitivity of the above order relation.

Remark 1.4. The concept of degenerations was first introduced by theoretical physicists in
the special case of contractions [9]. Often the limit procedures considered in physics can be
described by Lie algebra contractions. As an example, classical mechanics is a limit of quantum
mechanics given by the contraction f) —qee tant1, where b is the Weyl-Heisenberg algebra and
to,11 is the abelian Lie algebra of the same dimension.

It is known that over the real or complex numbers the Zariski closure of an orbit coincides
with the orbit closure relative to the usual metric topology. The definition of Lie algebra
degeneration can be refrased so that the relation to Lie algebra deformations can be made
apparent [8]:

Proposition 1.5. Let k be an algebraically closed field and g and b two n-dimensional Lie
algebras over k. Then b is a degeneration of g if and only there exists a discrete valuation
algebra A over k such that its field of fractions K is a function field of dimension 1, and if
there is a Lie algebra a over A of dimension n such that

a®s K =g, K

a®ask=5H

Often a degeneration can be realized by a one-parameter subgroup {g¢;} of GL,(k), see [2]

Definition 1.6. A degeneration A — g 1t is called a one-parameter subgroup degeneration, or
1-PSG, if it can be realized by a group homomorphism ¢ : k* — GL,(k), t — g, such that
2 = hmt—>0 gt - A.

The notion of a 1-PSG degeneration does not depend on the choice of a basis.
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Example 1.7. Let \g € L,(k) be the law corresponding to the abelian Lie algebra, i.e.,
Mo(z,y) =0, and g, = t7'1,,. Then X\ —qeg Xo for all X € L,,(k):
(90 N(x,y) = 7 Atz ty) = tA(z,y)

Indeed, the limit of g, - A for t — 0 equals \g. Hence every Lie algebra degenerates to the
abelian Lie algebra of the same dimension by a 1-PSG degeneration. For some Lie algebras,
such as hs @ k™, where b3 is the 3-dimensional Heisenberg Lie algebra, this is the only possible
degeneration, see [11].

Given two Lie algebra laws A\, u € L£,,(k) it is sometimes quite difficult to see whether there
exists a degeneration A —ge, p. It is helpful to obtain some necessary conditions for the
existence of a degeneration. In some sense one can say that A —ge, p implies that p is “more
abelian” than A. A much finer condition is that the dimensions of the cohomology spaces cannot
decrease.

Proposition 1.8. Let A —4ee 1t a non-trivial degeneration. Then we have for all j € Ny:

dim O(\) > dim O(p)
dim Der A < dim Der
dim[p, p] < dim[)\ Al
dim Z(\) <
dim Z7(\)
dim Z7 (X, \)
dim H7(\)
dim H7 (), \)

Proof. These inequalities are well known. I have not seen the ones on cohomology in the liter-

ature yet. So let us repeat the argument. It is clear that we have dim Z7(\, \) < dim Z7 (u, j1)

for j € Ny. Let d: C7(\,\) — C7T1 (), \) be the coboundary operator of the standard complex

for the Lie algebra cohomology. Using the dimension formula for the linear map d we have
dim H7TH(A, \) = dim Z7(\, \) — dim C7 (X, \) + dim Z7TH(A, \)

But that implies dim H7 (A, \) < dim HY (p, ), since dim C7(\, ) = dim C7(u, 1). The same
argument applies for the cohomology with trivial coefficients. O
2. DEGENERATIONS IN DIMENSION 6

Denote by N, (k) the subvariety of L, (k) consisting of n-dimensional nilpotent Lie algebra
laws. Tt is known that the varieties AV,,(C) are irreducible for n < 6 and reducible for all n > 11
[1] and n = 7,8,9. For n < 6 all degenerations in NV,,(C) are known, see [8],[12]. We will shortly
summarize the results.

Let n3(C) denote the 3-dimensional Heisenberg Lie algebra. We have
N3(C) = O(n3(C)) = O(n(C)) U O(C)
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the only (non-trivial) degeneration being nz(C) —geq C*. For n = 4 we have
Ni(C) = O(ny(C)) = O(n4(C)) U O(n3(C) & C) UO(C?)
where ny(C) is the standard graded filiform Lie algebra of dimension 4. The degenerations are
given by
ny — ng @ C— (C4

For n =5 we have the following classification of all orbits in N5(C):

g Lie brackets
C° —
1’13(@) D (CQ [61, 62] = €3
Tl4((C) ) C [61, 62] = e3, [61, 63] = €4
9576((:) le1,e2] = e3,[e1,e3] = ey, [e1, eq] = e5,[e2,e3] = €5
955(C) le1, e2] = e3,[e1,e3] = ey, [e1,e4] = €5
95,4((C) [61, 62] = €3, [61, 63] = €4, [62, 63] = €5
95,3((:) le1, 2] = ey, [e1, e4] = €5, [e2, €3] = €5
95,2(C) le1, e2] = ey, [e1, €3] = €5
95,1((C) le1, e3] = es5, [e2, e4] = €5

The degenerations in N5(C) have been classified in [8]. The Hasse diagram is given by:
95,6

951

nsz @ C?

(C5
The Lie algebra g5(C) is on top of the diagram. It is rigid in N5(C), hence
N5(C) = O(g5,6(C))
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For n = 6 the degeneration diagram becomes very complicated, see [12]. Restricting ourselfs
to filiform Lie algebras of dimension six the picture becomes much easier. The classification is
given by

g Lie brackets
96,4 le1, el = €41, 2<i<5h
96,B [6’1, ez’] = €i+1, [62, 63] = €¢
g6,C [61, €i] = €i+1, [62, 65] = €¢, [637 64] = —€g
96,D le1, €] = eit1, [e2,e3] = es, [e2, e4] = €6
96,E [61, €z‘] = €it1, [62, 63] = €5, [62, 64] = €e, [62, 65] = €¢, [637 64] = —€g

The degenerations among filiform Lie algebras in Ng(C) are given by:

/\
.

96,B

|

g6,4

The Lie algebra gg is rigid in MVg(C), hence Ng(C) = O(ge.r)-

3. DEGENERATIONS IN DIMENSION 7

The classification of all degenerations of complex nilpotent Lie algebras of dimension 7 is an
enormous task. We cannot consider all Lie algebras here. Instead we restrict ourselfs to the
subset of indecomposable Lie algebras of nilpotency class 5 and 6. From the list given in [6] we
conclude that these are the following Lie algebras. We add the notation used in [6].

ar(@) = gr.1.16,), @ #0
(21, 23] = @ip1; 2<0 <65 [wo, @3] = 5 [22,24) = we; [2, 75] = (1 — a)ar; [23, 74] = awr.

gr = @701
(21, 25] = 215 2 <0 < 6;  [12,23] = T6; (T2, x4] = X7} (T2, 25] = w73 23, 24] = —27.
g1 = @702

(21, 2] = @ip1; 2 <0 <6; [v2,23] = x5 + 7} [T2,24] = T6; T2, x5] = 27

91()\) = 97,04())
(21, 2] = @33 (w1, 23] = @45 (31, 24] = T + Av7; (21, 25] = T7; [21, 26]) = 273

[$2,$3] = Ts; [$2,9€4] = T7; [$2,$5] = Tg; [I3,9€5] = X7.
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92 = @705
(21, 2] = @35 (21, 23] = a3 [T1, 2] = 26 + 275 [21, 76] = 7

[$2,$3] = s, [$2,5E5] = T¢; [$3,$5] = X7,

g3 = @706
(21, 20] = w35 21, 23] = 243 (21, 24] = 273 21, 5] = 26; (71, T6)

[I2,$3] = Ts; [$2,$4] = Te; [I27$5] = T, [$3,I4] = X7.

g4 = 9707
[$1,Iz] = X3; [fl,ivs] = T4, [$1,$4] = Ts; [%,906] = X7,
(29, 23] = x5 + X¢; (X2, 4] = T7; (T2, 5] = 275 23, 24] = —27.
g5 = 97,08

[961,$2] = T4 [$1,$3] = X7, [951,$4] = Ts; [$1,$5] = T¢;

[952,333] = T¢; [332,1’4] = Tg; [9527356] = Tr; [534,955] = —Z7.

g6 = 97,1.1(:%)
(21, 22] = w33 [21, 23] = 45 71, 24) = 25 [T1, 75] = 763

[$2,$3] = Ts; [552,5154] = Tg; [932,$5] = —Ir, [$375174] = X7.

g7 = 97,1.1(v)
[951,333] = Ty4; [331,96’4] = Ts; [9517355] = T¢; [531,1’6] = T7;

[902,$3] = s, [$2,9€4] = T¢; [%;%] = X7, [$3,9U4] = —x7.

g9c = 97.1.1(4)
(21, 25) = 215 2 <0 <6;  [12,25] = x7; |23, 74] = —27.

96 = 97.1.13ix,2=1)
(1, 2] = @ig1; 2 <0 <65 (w2, 3] = x5 (X2, 4] = 63 (T2, 5]

9 = 9703
(21, 2] = @iq1; 2 <0 <65 w0, 23] = 26 + 275 [0, 4] = 27

g8 = 97,1.01(3)
[I1,$3] = Ty; [$1,I4] = Is; [$1,$5] = Tg; [Ilaxﬁ] = T7;

(22, 13) = 5 + 275 (T2, T4] = W63 [T, 75] = 7.

g9 = 071.02
(21, 2] = w3 21, 23] = x4 + 263 [T1,25] = w3 21, T6) = X7

[$2,$3] = Ts; [$2,9C4] = Te; [$3,$4] = Z7.

= T7;

= T7.
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gi0 = 97,1.03
(21, 2] = @35 (21, 23] = w45 (21, 24] = 53 [21, T6] = 273
[$2,$3] = e, [xz,:m] = 7, [$2,$5] = X7, [I3,IE4] = —x7.
g11 = 97,1.1%w)
(21, 2] = w35 (@1, 23] = w43 [T1, 5] = @65 (21, 76) = 73
[962,903] = s, [%;M] = T¢; [$27$5] = X7, [I3,$4] = 7.
g12 = 97,1.1(vi)
[$1,$2] = X3; [flaxz&] = Ty4; [951,$4] = Ts; [%;956] = 7,
[1’2,353] = Ts; [anxS] = T7; [9537354] = —I7.
g13 = 97,15
[361,332] = I3; [371,56'3] = Ty; [951,174] = Ts; [33'1,305] = Tg;
[IE2,I3] = e, [$2,9€5] = —7; [903,$4] = 7.
914 = 97.1.10
(71, 2] = @35 (1, 23] = Ta; (21, 24] = 263 [21, 6] = 273 [72, 73] = 757 [0, 5] = 27
g15 = ¢gr1in
(21, 2] = @45 (21, 04) = 53 [T1, 25] = 265 (21, 76) = 73
[I2,$3] = e, [%;M] = T¢; [$2,$5] = X7, [1’3,954] = —x7.
g16 = 97,1.14
[901,$2] = X3; [$1,9€3] = Ty4; [$1>$4] =I5 + Tg; [$27$3] = Ts; [$2,$5] = —T7; [903,%] = Z7.
g17 = 9717
[$1,$2] = X3; [$1,$3] = T4, [$1,$4] = Te; [$1,9€6] = T,

[562,963] = Ts; [372,555] = Tg;

g18 = @r,1.21
[xl,l‘ﬂ = T4 [I1,$4] = Ts;

[932,553] = Te; [5172,964] = T¢;

9D = @714
(21, 2] = @iq1; 2 <0 <6

9B = 9716
(21, 2] = 215 2 <0 < 6;

g19 = 97,1.01(1)
(21, T2] = 245 [21, 24] = 755

(29, 23] = T + 273 |23, 24] =

[1327176] = X7, [$3,SC4] = —X7; [553,375] = I7.
[1’1,905] = Te,
[9327556] = X7, [154,935] = —Z7.

[-T2,333] = Tg; [552,954] = T7.

[3C2> $3] = T7.

[5617175] = T¢; [351,366] = T7;

—X7.
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g20 = @7,1.12
(21, T2] = T4; (21, 4] = T5; [21, 5] = W65 [71, T6] = 27
(29, 23] = w73 29, 74] = W6} [72, 5] = 77,
921 = 97,113
(21, 02] = @35 [21, 03] = 245 [0, 4] = T65 [0, 5] = 275 [0, 6] = 273

[952,333] = Ts; [332,1’4] = Z7.

922 = @724
(21, 20) = w35 (21, 23] = 243 (21, T4] = @55 (21, 25) = x6; (T2, T5) = —27; [23, 24] = 27
923 = @725

[901,$2] = X3; [$1,9€3] = Ty4; [%;%] = T¢; [$1,I6] = T,

[902,353] = s, [552,1'4] = Tg; [9537374] = Z7.

924 = 9726
(21, 20] = w35 (21, 23] = X4y [T1, T4] = 55 [0, 3] = X6} [T2, T5) = 275 |23, 4] = —27.

g25 = @72.10

[901,%] = X3; [$1,903] = Ty4; [$1,$4] = Ts; [$1,=’7€6] = T, [$27$5] = Tr7; [373,904] = —X7.

926 = 972.13

[$1,$2] = T4 [$1,I4] = Is; [9517%] = T¢; [Izaxs] = T¢,; [962,%] = X7, [%;955] = —T7.

g27 = @72.14
[xlaxB] = T4, [371,3’;4] = Is; ['x17x5] = Tg; [:Cluxﬁ] = Tr;

[$27I3] = Ts; [$2,9U4] = Te; [$2,$5] = Z7.

ga = @723
(21, 2] = 2415 2< 0 <6

g28 = @g7.1.15
(21, 2] = x4; (1, 24) = @55 (31, 25] = W63 (21, 76] = @75 (w2, 23] = 273 [T2, 4] = 27

920 = @727
(21, 2] = @35 21, 23] = x4y [T1,24] = @63 21, 6] = @75 [T2, 23] = 5.

g3 = g72.15
[$1,$2] = X4 [$1,904] = Is; [$1,$5] = Te; [%,906] = X7, [%Js] = Tg; [373,!764] = —7.

g31 = g72.16

[I1,$2] = T4 [$1,$4] = Is; [Ih%] = T¢; [$1,I6] = 7, [$27$3] = 7.
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Definition 3.1. Let g be in N7(C). We say that g admits a basis of type I if there is a basis
(21,...,27) of g such that [z;,z;] =0forall 1 <i,j <7withi+j>7.

Only 6 algebras of the above list do not admit a basis of type I. For the other ones we have
chosen such a basis. That means that we have replaced the basis used in [6] for the following
algebras: g4, gs, @16, 924, g25 and go7. By an explicit computation the following lemma is easy
to verify.

Lemma 3.2. The only algebras of the above list which do not admit a basis of type I are
01(A), 92,05, 917, G1s and ga.

In the case of the above six algebras the computations for the degenerations become very
complicated and we will exclude these algebras from the study of degenerations.

Let h; = dim H'(g, g) respectively b; = dim H*(g, C) be the dimensions of the adjoint cohomo-
logy and the trivial cohomology. Let o, ap be the complex roots of the polynomial 22 — z + 1
and A = {0,-2,1 — a;,1 — ap}. The next table gives a summary of some invariants of our
algebras. Let n(g) respectively s(g) denote the nilpotency and solvability class of g.

g <h07h1ah27h37 s 7h7) (bbeabBa 7b7) n(g) S(g) dlmO(g) g/Z<g)
gr(a),a A (1,4,9,14,15,11,6,2) | (2.3.4,4,3.2,1) | 6 | 3 39 o0
gr(—2) (1,4,9,15,16,12,7,2) | (2,4,5,5,4,2,1) | 6 | 3 39 6.0
gr(l— ;) | (1,4,9,14,16,12,6,2) | (2,3,5,5,3,2,1) | 6 | 3 39 6.0
ar (1,4,9,15,16,11,6,2) | (2,3.4,4,3,2,1) | 6 | 3 39 d6.5
. (1,4,10,15,15,11,6,2) | (2,3,4,4,3,2,1) | 6 | 2 39 6.0
g3 (1,4,9,15,17,13,7,2) | (2,3.5,5,3,2,1) | 5 | 3 39 1346,
g4 (1,4,10,17,18,13,7,2) | (2.3,4,4,3,2,1) | 5 | 3 39 2346
g6 (2,5,9,14,15,11,6,2) | (2,3,4,4,3,2,1) | 5 | 3 39 12355
g (1,4,11,16,16,15,10,3) | (3,4,4,4,4,3,1) | 5 | 2 39 1246
gc (1,5,10,15,16,11,6,2) | (2,3.4,4,3,2,1) | 6 | 3 33 don
gc (1,5,11,15,15,11,6,2) | (2,3,4,4,3,2,1) | 6 | 2 38 6.0
95 (1,5,12,19,20,14,7,2) | (2,4,6,6,4,2,1) | 6 | 2 38 6.5
gs (1,5,13,17,16,15,10,3) | (3,4,4,4,4,3,1) | 5 | 2 38 1246
do (1,5,11,16,17,13,7,2) | (2.3,5,5.3,.2,1) | 5 | 3 38 1346
10 (1,5,11,17,18,13,7,2) | (2,3.4,4,3,2,1) | 5 | 3 38 9346
g (1,5,10,15,18,14,7,2) | (2,3,6,6,3,2,1) | 5 | 3 38 1346
- (1,5,12,18,19,16,10,3) | (3,4,4,4,4,3,1) | 5 | 3 38 |1+ 12355
i3 (2,6,11,17,17,11,6,2) | (2.3,4,4,3,2,1) | 5 | 3 38 1235,
g (1,5,12,19,21,16,8,2) | (2,4,7,7,4,2,1) | 5 | 2 38 9346
s (1,5,14,22,23,19,11,3) | (3,5,6,6,5,3,1) | 5 | 2 38 13465
g6 (2,6,11,17,18,13,7,2) | (2.3,4,4,3,2,1) | 5 | 3 38 12355
9 (1,6,13,19,20,14,7,2) | (2,4,6,6,4,2,1) | 6 | 2 37 .5
a5 (1,6,15,23,22,14,7,2) | (2,4,6,6,4,2,1) | 6 | 2 37 o,
g (1,6,16,24,25,20,11,3) | (3,5,7.7,5,3,1) | 5 | 2 37 13464
o0 (1,6,16,26,28,21,11,3) | (3,5,7,7,5,3,1) | 5 | 2 37 |1+ 12355
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g (ho,hl,hg,hg, ,h7) (bl,bz,bg,...,b7) n(g) s(g) dlmO(g) g/Z(g)
g1 | (2,7,14,21,22,16,8,2) | (2,4,7,7,4,2,1) | 5 | 2 37 12354
g | (2712.17.17.12,7.2) | (2,3.4.4.3.2.1) | 5 | 3 37 12354
g0z | (1,6,12,16,18,14,7,2) | (2,3,6,6,3,2,1) | 5 | 3 37 1346
goa | (2,7,12,17,18,13,7,2) | (2,3,4,4,3,2,1) | 5 | 3 37 12354
o5 | (1,6,14,19,19,16,10,3) | (3,4,4,4,4,3,1) | 5 | 3 37 |1+1235,
gor | (1,6,14,17,16,15,10,3) | (3,4,4,4,4,3,1) | 5 | 2 37 1246
g4 | (1,7,17,25,23,14,7,2) | (2,4,6,6,4,2,1) | 6 | 2 36 GoA
gos | (1,7,18,27,28,21,11,3) | (3,5,7,7,5,3,1) | 5 | 2 36 |1+1235,4
g2 | (2,8,16,25, 2516 08,2) | (2,4,7,7,4,2,1) | 5 | 2 36 12354
gs0 | (1,7,18,26, 26, 20,11,3) (3,5,7,7,5,3,1) | 5 2 36 1346 4
931 (1,8,20,28 28,21,11,3) | (3,5,7,7.5,3,1) | 5 | 2 35 | 1+12354

We have by = 1 for all these algebras. Therefore we have omitted it in the list. The central
quotients g/Z(g) are nilpotent Lie algebras of dimension 5 and 6. We have used the notation
from [12]. Note that g;(0) = g

We divide the classification of all degenerations according to the orbit dimensions. If the orbit
dimension of O(\) is smaller or equal than the dimension of O(u), then A\ cannot degenerate
to p.

Proposition 3.3. All non-trivial degenerations between algebras of the above table with orbit
dimension 38 and 39 are given as follows:

—deg gc | 8¢ |9 | 98 | B9 | 10 | P11 | P12 | 913 | P14 | P15 | P16
gi(la)yao#1| B\ B|v |B|B|B|B|B|B|v |V |B
g:s(1) B|I|v|I|v|B| I I | B| I | B| I

gr Viiz | Viiglz|VI|z| T | v | 1] z]|1

o 2| VIV |V ] s| s S s s | v | B| s

ds n n n | z3 v b3 v b3 h5 v v b3

g4 n|ln|n|z|h| VvV | 20|V |hs| V| 2 |V

313 n n n h() ho h() h() h() v ho hg v

a7 n n n | v h5 h5 h2 S h5 h@ v h5

Proof. The checkmark denotes that there is a degeneration A —geg ft. The other symbols stand
for the reason why such a degeneration is impossible. In general there is more than just one
reason for a non-degeneration. However we have written down only one in the table.

The symbol z denotes the fact that A\ cannot degenerate to p if the central quotients do not
degenerate to each other. Here we use the result, that if a nilpotent Lie algebra g degenerates
to b, then the central quotient g/Z(g) degenerates to h/Z(h) @ C?, where C¢ is an abelian Lie
algebra of dimension d = dim Z(h) — dim Z(g), see [13]. For example, gr cannot degenerate to
gq since 12346 does not degenerate to 12346 in dimension 6.

The symbols h; denote the fact, that A cannot degenerate to u if h;(\) = dim H'(\,\) >
dim H'(p, ) = hi(u) for some i. As an example consider g; and go where hs(g7;) = 15 and
hs(ge) = 13. Similarly b; = dim H*(\) and 2; = dim Z*(\, \) are used. Note that z3(gs) =
1137 Zg(gp) = 23(93) = 114, 23(94) =115 and ZQ(gH) = 497 Zg(gc> = 48.

The symbols n and s stand for nilpotency and solvability class of g. If A\ —gee g, then n(X) >
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n(p) and s(A) > s(u).
The symbol I denotes the following fact. If A\ degenerates to g and A is represented by a

structure, which lies in a B-stable subset R of N7(C) for some Borel subgroup B in G =
GL(7,C), then p must also be represented by a structure in R. Let R be defined by the
property that g possesses an ideal I of codimension 1 such that

g,0] C 1
[, [, 1]]

It is obvious that g;(1) and g admit such an ideal: I = span{zs,...,z7}. On the other hand,
ga, 8s, 911, 012, g14 and gi6 do not admit such an ideal. Hence there is no degeneration from
g7(1) and gp to these algebras. Let us show, as an example, why g = g¢ does not admit such
an ideal. Because of [g, g| C I we would have I = span{y, x3, x4, T5, x6, 27} With y = ax; + [z,.
Then

[y, [y, z3]] = [axy + Prg, axy + frs) = o’x5 + 206 + By

Hence [I, [, I]] = 0 would imply a = = 0 and y = 0. This contradicts dim I = 6.

The symbol B stands for the following argument. Let B be the Borel subgroup of G = GL(7,C)
consisting of invertible lower-triangular matrices. Then we have G-pu = G- B - p for all u €
N7(C), see [8]. If we can show that pu is not isomorphic to any algebra contained in the closure
of the B-orbit of A\, then A\ cannot degenerate to pu. Consider the B-orbit of g;(«). It consists
of algebras g(ay, ..., as) with Lie brackets

7
[z, 2] = Z af

k=i+j

where ay = of ), @y = af,, ..., a2 = af,. The algebra go is isomorphic to g(ay, ..., as) if
and only if certain conditions on the «; are satisfied. ( Necessary conditions in this case are
ajg = a7 = a9 = 0 and oy, ag, (o, a13, a1, 21, aze Non-zero ). However, it is easy to see by
an explicit computation that in the closure of the B-orbit of g;(«) there is no such algebra
satisfying these conditions. Hence g;(«) does not degenerate to go. (For a € A this follows
also from the adjoint cohomology hs). Later we will see that go —ges 825 and g;(«) cannot
degenerate to gos. By transitivity it follows again that g;(a) does not degenerate to gc.

In case there is a checkmark in the table we have found a degeneration A\ — g 11 by explicitely
constructing a g, € GL(7,C(t)) such that p = lim;_0g; - A\. The degenerations of gr are as
follows. gr —deg 9 can be realized by

t 0 0 0 0 00
o # 0 0 0 00
o 0o ¢ 0 0 00
gt=101t/2 0 0 0 0
0 0 /2 0 % 0 0
0 0 0 /2 0 "0
o 0 0 0 ¢t/2 0 ¢
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The other ones are realized by diagonal matrices.

OF —des G0, g = diag(tT #7470 04T
gr —>deg 9D, gt_l - diag(tvt37t47t57t67t77t8)
gr —deg 913, gt_l - diag(t_17 t_g) t_47 t_57 t_6a t_77 _t_9>
Here g degenerates to the algebras with the Lie brackets exactly as given in the list. In general

however, if A\ —ge pt, then p is only isomorphic to the algebra given in our list. We have a
complete list of all degeneration matrices. It is however too long to be given here. 0

Proposition 3.4. All non-trivial degenerations from algebras of orbit dimension 39 to algebras
of orbit dimension 35,36, 37 are given as follows:

—deg 9D | 9B | 919 | 920 | 921 | P22 | P23 | P24 | Y25 | P27 | §A | P28 | P29 | P30 | 931
0@, aZ1 |V |V |V |V |V |[B|B|B|B|B|V|Vv |V |V ]|V
g:(1) VIivivIivIiv|B|v|B|B|B|lv| v v Nv|Vv

gF VIVIVIVIVIVI]zZ2I VIV ig|VIVIVIVIY

o Vet VIVIVIVIVI]is|s|s|s | VI VIV IV IV ]V

o n|n| v |V |V |h|V |by|bg|hyg| n |V |V |V |V

g4 n n z v v h4 hg v v h4 n v v z v

de n n h() h() v v h() v ]’LO ho n ]’LO v ho ho

ar n n v v h6 h5 h5 ]’L5 S v n v ]’L6 v v

Proposition 3.5. All non-trivial degenerations from algebras of orbit dimension 38 to algebras
of orbit dimension 35,36, 37 are given as follows:

—deg | 9D | 9B | 919 | 920 | 921 | P22 | 923 | Y24 | P25 | Y27 | 94 | P28 | 929 | ¥30 | U31
gc | 2z |V | 2z | 2z | B| Vv |2z |B|V | x| v |V |V |]z|V
g9 | B|\v | B| v |V |s|s|s|s|B|v | Vv |V |B|VY
g |V |V |V |V |V |hs|hs|hs|hy | hs |V |V |V |V |V
ds n n v v hﬁ hg hg hQ S v n v h6 v v
o nin| v | V|V |h|V |byg|bg|hy|n|V |V |V ]|V
dio n n Z v v h4 hg v v h4 n v v B v
gu | n | n |V |V |V ||V |hs|bs|hy|n |V |V |V |V
g12 n n Z v hﬁ ]’L3 ]’L3 h3 v h3 n| v h6 Z v
g13 n n ho ho B v ]’L3 v ]’LO hy n ]’LO v h() ho
g14 n n z v v h3 h3 h3 ]’L4 h3 n v v z v
g15 n n v v h3 hQ hg hg h3 hg n|v h5 v v
d16 n n ho ho v h4 h3 v ho h4 n ho v ho ho

Proposition 3.6. All non-trivial degenerations between algebras of orbit dimension 37 and
algebras of orbit dimension 35,36 are given as follows:
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—deg | 9A | 928 | 829 | 30 | 931
g |V |V |V | 2z |V
go | n |V | hs| vV |V
d20 n v h5 zZ v
921 n | ho| v | ho| ho
g2 | n | ho | v | ho| ho
g3 |0 | B |V |V | B
gou | n | ho | vV | ho| ho
gos | n |V | he| 2 | V
o7 n v h6 B v

Proof. The use of transitivity for degenerations is very helpful. As an example, we obtain
all possible degenerations of gz to algebras of orbit dimension 35, 36,37 by the degenerations
9F —deg 90, OF —deg 9E; OF —deg 910 and the degenerations of the algebras gc, gr and gio:
If we degenerate g via g; * = diag(t?,¢7, ¢, t',¢'3, ¢! ¢'%) then we obtain a Lie algebra with
defining brackets [y1, y;] = yiv1, 2 < i < 5 and [ys, y3] = yr. It is isomorphic to gag by setting
Ys = Xg, Yo = 5 and y; = x; otherwise. Similarly we obtain:

[29) —deg gD, g;1 = dlag t717 tiga t747 t757 t767 t777 t78)
9E —deg 9B, g;I = dlag t7t4at57t67t77t87t9>

9E —deg gA, gt_l - dlag ta t57 t67 t77 t87 tga th)

9E ~deg 930, gt_l = dia, t_17 t_3a t_57 t_6a t_77 t_sa t_g)

9E —deg 931, gt_l = dlag ta t47t57 17t2at3a t4)

o2

(
(
(

08 —deg G109, ¢; = diag(1,1,¢7 ¢t
(
(

090 —deg B22, g; = diag(l, 7 e e e —17?)
(

9c —deg 925, g;1 = dlag 17t717t717 t717t717t727 t72)

Furthermore gg degenerates to gy respectively to go; by

-t 0 0 0 0 0 0 -t 0 0 0 0 0 O
O —t2 0 0 0 0 © 0 —t2 0 0 0 0 0
O 0 # 0 0 0 0 0O 0 # 0 0 0 0
g't=10 ¢ 0 -t 0 0 0], g'=]l0 0 0 —t* 0 0 0
0 0 —t3 0 t* 0 0 0O 0 0 0 # 0 0
0o 0 0 ¢t t - 0 0 0 0 0 0 -t 0
o 0 0 0 0 -t ¢ 0O 0 0 0 0 —t° ¢

The degenerations gr —qeg 928 and gip —deg P24 can be realized by
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t 0 0 0 0 0 O 0 0 0 0 0 0
o # 0 0 0 0 0 21 0 0 0 0 0
o0 t 0 0 0 0 O 0t 0 0 0 0
g't=10 =t =2 0 0 Of, g'=[0 0 0 ¢+2 0 0 O
00 0 —t2 t 0 0 0O 00 0 t2 0 0
00 0 0 -t ¢ 0 0O 0 0 —t 1 t+ 0
00 0 0 0 —t* ¢ o 0 0 0 -2 0 t3

This shows that gr degenerates to all algebras of orbit dimension 35, 36, 37 except for gos, go7.
Transitivity is also useful for showing non-degenerations. Since gr(«) does not degenerate to
g24 and @10, g13, 916 —deg P24 We conclude that g;(a) cannot degenerate to gio, g13, g16. Since
gs(a) does not degenerate to gos, and ge, g12 —>deg 925 it follows that g;(«) cannot degenerate
to gc, @12 Similarly we see that g;(«) cannot degenerate to gg, and for a # 0 not to go, g11. [

4. THE VARIETIES L, (k)

It is already quite interesting to investigate the varieties £, (k) and the orbit closures over
the complex numbers in small dimensions. For n = 2 we have

£5(C) = O(r2(C)) = O(r2(C)) U O(C?)

where t9(C) is the non-abelian algebra. The only non-trivial degeneration is given by t2(C) —geg
C?. The orbit of ty(C) is open. There is no Lie algebra law degenerating to t2(C) in £5(C).
The variety £3(C) is the union of two irreducible components C; and C;. The component C;
consists of the Lie algebras of trace zero, i.e., where the linear form tr ad(z) vanishes:

C1 = O(sly(C)) = O(s1z(C)) U O(r3,-1(C)) U O(n3(C)) U O(C?)

The classification of all orbits and their orbit closures in £3(C) is given as follows:

g Lie brackets O(g)
C3 — C3
n3((C) [61, 62] = €3 ’Il3(©), (C3
YQ(C) D C [61, 62] = €9 tQ(C) ©) (C, 113(@), (C3
‘C3(C) [61, 62] = €9, [61, 63] =eg+e3 'Cg((C), 31 (C), ﬂg((C), C3
t34(C), a #0 le1, ea] = ea, [e1, €3] = aes. t3.(C), n3(C), C?
t37_1(C) [61,62] = €9, [61,63] = —€3 t37_1(C), 113(((:), CB
t371(C) [61, 62] = €9, [61, 63] = €3 'C371(C), C3
5[2(@) [61, 62] = €3, [61, 63] = —261, [62, 63] = 262 E[Q(C), t37_1(C), ng(C), (Cg

We have t3,,(C) 2 t35(C) iff 8 = a™!, or 3 = a. The case a? = 1 is treated separately. For
la] = 1, we have to parametrize a = € with 6 € [0,7]. The component Cy consists of the
solvable Lie algebras:

Co = R3(C) = UaO(t3.4(C)) U O(t5(C)) U O(15(C) & C) U O(n3(C) U O(C?)

We have C; N Cy = O(r3_1(C)) and dimC; = dimCy; = 6. The following diagram shows
all essential degenerations (that is, all the other degenerations are combinations of these) in
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,Cg(C)I
S [2 ((C)

t3-1(C) t3(C)

.

t2(C) ® C ——n3(C) t31(C)
\ 5 /

In dimension 4 the results become much more complicated.

t3,a27£1((c)

.

Proposition 4.1. The variety L4(C) is the union of 4 irreducible components C;, i = 1,...,4
as follows:

C1 =0(shL(C)d C)
Co = O(r2(C) @ 2(C))
Cs = Ua,sO0(g4(ex, 0))
Cs = UaO(gs(a))

The components are of dimension 12, i.e., dimC; = 12. The number of open orbits equals 2;
indeed, the Lie algebras sly(C) @& C and t2(C) & vo(C) are rigid.
The classification of all orbits in dimension 4 is given in the following table:

g Lie brackets
C4
n3(C) o C le1, e2] = €3
n,(C) le1, e2] = e3, [e1,e3] = e4
t(C) @ C° le1, e2] = €2
t2(c) S2) tZ((C) [617 62] = €9, [637 64] = €4
sh(C)e C 1, e2] = €3, [e1, €3] = —es, [e2, €3] = €1
g1 [61, 62} = €9, [61763] = €3, [61,64] = €4
g2(a) le1, 2] = €9, €1, €3] = e3, [e1, e4] = €5+ ey
g3 le1, €] = €3, [e1, €3] = e3, [e1, 4] = 2ey, [eg, €3] = €4
ga(a, ) le1, e2] = ea, [e1, €3] = €a + aes, [e1, e4] = €3 + Bey
g5() [e1, e2] = €2, [e1, €3] = ex + aes, [e1, e4] = (a4 1)ey, [ea, €3] = €4

Here the other decomposable algebras are not contained in the table. They are given by:
92(0) = 'C371((C) D (C, 94(067 0) = tg,a((.j) D C with « 7é 0, 1 and 94(0, 1) = t3((C) D C. Note that
gs5() = g5(a’) if and only if e/ = 1 or a = «, and gy4(a, ) = gy, ') if and only if the
ratios 1 : a: fand 1: ' : 3 coincide (after some permutation).

We have given in [3] the classification of all orbit closures in £4(C). One can state the result
as follows (Y. Agaoka):
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Proposition 4.2. All degenerations in L4(C) can be obtained by the composition of the follow-
ing essential degenerations:

gi(a, ) = ny » 3@ C — C*
1) = go(@) = n3®C

94(0,0) o @ C - n3d C
g2(1) — g1 — C*

95(1) — g5 — 92(2)

gs(a) = ga(a,a + 1)
sly & C — g5(—1)
ty Oty — ga(a,
ty Oty — g5(0)

0)

It is also possible to draw the diagrams of the degenerations in the 4 irreducible components.
The diagram of the degenerations in O(ts @ ta) looks as follows:

94(0,0) =— 12D g5(0)
|
t3, B C t3 P C
|
ty @ C? ny 131 @ C
\ /
ny dC
(C4

To prove this classification result one uses the invariants mentioned in proposition 1.8. More-
over, of the algebra is solvable but not nilpotent, the following numbers are of interest:

(@) tr(ad z)" tr(ad y)?

Cii = - -

9 tr((adz)? o (ad y)?)

If these numbers are independent of x and y in g, and the denominator does not vanish, then
we obtain useful invariants. For example,

a4 ad
cij(t3a@C) =1+ m
In that case ¢;;(h) = ¢;;(g) for all h € O(g).
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