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0. INTRODUCTION

Let g be a finite-dimensional Lie algebra over a field k of characteristic zero. By Ado’s
Theorem it is known that there exists a faithful g- module M of finite dimension. Hence
we may consider the following integer valued invariant of g :

p(g) := min{dimy M | M is a faithful g- module}.

Particularly little seems to be known about pu(g) if g is a nilpotent Lie algebra. From a
proof of Ado’s Theorem one easily deduces an exponential bound

p(g) < c1-exp(cs - dimy, g)

with some constants ¢y, co > 0. On the other hand there are classes of Lie algebras g
for which one has the much better bound

n(g) < dimg+ 1.

This holds, for instance, for all nilpotent Lie algebras of class < 3 ( [14] ) or in low
dimensions, for Z - graded Lie algebras, or for those which posses a nonsingular derivation.
Accordingly it is quite difficult to find a nilpotent Lie algebra g with u(g) > dimg+ 1.
The first example of this phenomenon was discovered by Y. Benoist ( [2] ) :

Let a(r,s,t) be the Lie algebra given by the vector space generators ej,es,e3, ... and
the relations

le1, €] = eit1
(1) [e2, €3] = e5
ez, e5] = rer + seg + teg
for 1 =1,2,3, ... and n,s,t€k.
Define sets Ay :=k\ {5, 1} , A2 :=k\{0,5,1,2,3}, A:=A4\ A3,

100

where A3 is the set of zeros of (5r2 — 107 + 3)(3r2 — 2r + 3) .
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Benoist has proved:

LEMMA: For r = 5,1 the Lie algebra a(r,s,t) is infinite-dimensional. If r # 5.1
then a(r,s,t) has dimension 11 ,i.e. 0=ej3 =e13 =e14 =... and hence is nilpotent.
If r e Ay, then a(r,s,t) is of mazximal nilpotency class 10 , i.e. is a filiform Lie algebra.
Two algebras a(r,s,t) and a(r’,s',t') are isomorphic iff " =r, s’ = as, t' = ot for
some a#0 .

Concerning the invariant g he has stated that p(a(— ,l,t)) > 12.

The proof in his preprint uses a detailed theory of a(—2,1,¢) - modules plus heavy com-
puter calculations.

In this paper we analyse faithful a(r,s,t)-modules for arbitrary r,s,t. We use an easy
combinatorial approach including some computer calculations to establish

THEOREM A: Let s #0 and r € A. Then the Lie algebra a(r,s,t) has no faithful

12 -dimensional module.
Secondly we show

THEOREM B: Let r € Ay and s,t arbitrary. There exists a faithful minimal a(r,s,t) -
module of dimension 22 .

Here a faithful module M is called minimal, if it has no faithful submodule and no faithful
quotient.

Problems of the above kind are particularly important in the theory of affine actions of
connected nilpotent Lie groups G on affine space R™ . The problem here is to determine
which such G act simply transitively and affinely on R™ . This includes the problem,
pointed out by Milnor and Auslander ( [12], [1] ), whether G always admits a complete
left-invariant locally flat affine structure or not (see [5], [10], [7], [8], [14], [13], [15] ).

It is well known that once G has such an action then the Lie algebra g of G has a
faithful module of dimension dim g+1 . More precisely, g then admits an affine structure,
i.e. a faithful linear representation

g — offR") C gl(R™)

of Lie algebras, where aff(R") = {(¥¢) | y € gl(R™), a € R"} is the Lie algebra of the
affine automorphism group Aff(R™) and n =dimg (see [7], [13]).

Thus the connected nilpotent Lie groups corresponding to the a(r,s,t) of Theorem A do
not admit such an action.

It should be noted, that the results are contradictory to the articles of Boyom and Nisse

(3], [11]).



1. PRELIMINARIES

Let k be a field of characteristic zero and a(r, s,t) as defined in the introduction.
In the following we consider the filiform algebras a(r,s,t) for r € A, .
They are generated by e;,es and have one-dimensional center 3 =< e;; > . Let

o: a(r,s,t) — gl(M)

be an a(r,s,t) - module. We call M a A - module , if the following conditions are
satisfied:

a) M is nilpotent, that is every p(z) is a nilpotent endomorphism,
b) M is faithful,
¢) dimy M = 12.

One verifies (see [2]):

LEMMA 1.1 If M is a faithful a(r,s,t) - module of minimal dimension m then one
has m > 11 . If there is a faithful a(r,s,t) - module of dimension 11 or 12 then there
exists also a A - module.

We will prove:

THEOREM 1.2. Let r € A as above and s # 0. Then there are no A - modules for
a(r, s, t) .

As a corollary we obtain Theorem A.

We can compute the Lie brackets for a(r, s, t) explicitly using (1) and the Jacobi identity
successively. In addition to the relations (1) we will also use:

(RY) [e2, €9] = —% €11
7'3_ 7'2 T— -7

(R?) les, es] = & gz(rtéi(r_gg))(l Len
7'2— T T— 2

(R3) leq, 7] = 3(52r(r6_$;())7)ﬂ(_3)1) €11
—(7T)\T— 3

(R*) les, e6] = % €11

(R [e3, e4] = (1 —r)er — seg — teg

(RT) le3,e5] = (1 —7)es — seg — Leig



Define

5r — 3 r(br —3) 5r0+ 1% ~Tr+3
rEr =l = T, s T TS T

REMARK 1.3 For some special values of r,s,t there obviously exist 12 -dimensional
faithful modules: If s = ¢ = 0 there are many modules, e.g. the standard graded and
faithful module My, , defined as follows:

Let fi,..., fi2 beabasis for Mg, . The matrix for the action of e; is of type {10} (see
Definition 3.1) and the action of ey is given by

e2.fi = 0 ea.f7 = 1fs
ea.fo = 0 ea.fs = fe
ea.f3 = 15f1 ea.-fo = fq
ea.fa = Tafo ea.fio = 0
ea.fs = r3f3 ea.fii1 = —fo
ea.fo = rafs ea.fiz2 = 2f10

One can also construct modules for all © € A3 (see Remark 4.5 in the case 372 —2r+3 =
0).

REMARK 1.4 If r € A then the following result can be easily read off from our discussion:
For any A - module M the associated a(r,0,0)-module M is isomorphic to My,
or Mg, . The module M is obtained from M by considering the filtration: M° =
M, M'=M, Mt = E,M!+ E;M*~! and forming the associated graded object.

In Theorem B we prove that there exist faithful a(r,s,t) modules for r € A5 of dimension
22 , which are minimal. Such minimal modules are necessarily cyclic. Note, that there are
different dimensions of minimal faithful a(r,s,t) - modules: For s =t = 0 the module
constructed in Theorem B has dimension 22, whereas M,, is of dimension 12 .

2. A - MODULES

Assume that a(r,s,t) possesses a A - module. Then there is a basis f1, fo,..., fi2 of
M such that the matrices of p(e;) and p(ez) are as follows:

0 )\1 )\12 . )\64 )\66 0 rT X122 ... Tea Te6

0 0 )\2 e >\62 >\65 0 0 I9 Te2 Tes
El — . . . . . . and Eg g . . . .

0 0 0 . )\10 )\21 0 0 0 10 T21

0 0 0 e 0 /\11 0 0 0 0 T11

o o o0 ... 0 0 0 0 O 0 0



where A\; is 0 or 1 such that in each row and each column of FEi is at most one
nonzero entry. (It is easy to see that this can be done by base changes of the form
fi— a1if1 + ...+ i fi - This transformation keeps the upper triangularity of E3 ). The
(4,7) -th coefficient of Ey is Ajy11k—nk—1)/2 (7 <J, k:=j—i—1). Define the first layer
of FEp to be the first upperdiagonal containing Aq,..., 11, the second layer containing
A12,...,A21 and so on. Since M is a Lie module, the relations (1) hold with Ej, Es ,
that is Ei—l—l = [El, Ez] and

(V1) [E2, Es] = Es
(NQ) [EQ, E5] = TE7 + SEg + tEg

The relations (RY),...,(R") also hold for E; and M is faithful if and only if

Ey #0:
The center 3 of a(r,s,t)is generated by ej; . If o has nonzero kernel then kerp
intersects 3 nontrivially, hence p(e11) = F11 =0.

Let
N':=[Ey, B3| — Bs, N*:=|[Ep, Bs5] —rE; — sBEs —tEy, N*:=[Ep, By

and use the notation R’ for the analoguous matrices corresponding to the (R‘) . Denote
the 4,7 -th entry of N*, RF by Ni’fj and Rﬁj respectively.

These relations define a system of polynomial equations in r,s,t, \;, x; over k. To solve
these equations it is indeed necessary to simplify the form of F; as above. Then the
equations above are easier. Nevertheless one has two problems — the number of cases for
the possible choices of F; is large; and secondly, one cannot use computer algorithms for
the system of equations for general r , since the equations also contain the large solution
varieties for r = 0, 1%, 1,2,3 . At this point one should note, that the calculations are
much easier for fixed r .

In order to solve the first problem we need reduction arguments.

3. REDUCTION ARGUMENTS

Let M be a A - module for a(r,s,t), with basis {f;} and

Il = {17 ceey 11}, IQ = {12, .. .,21}, cee IIO = {64,65}, 111 = {66}
Ny :{ZEIl‘)\ZZO}7 Ny :{ZEIQ|)\Z:1}7 ceey Ny1 :{7'6111|)\z:1}

DEFINITION 3.1 Define the type of M to be
type(M) = {Nl ‘ N2 | . | Nll}
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If E; is, for instance, of Jordan type (with respect to the basis f; ) with A\; =1 for
i=1,...,9 and \; =0 else, then type(M) = {10,11} . Empty sets N, are omitted in
this notation. We set type(M) =0 if E; is of full block Jordan form.

If type(M) = {if,...,i}, | i3,...,i7, | ... | i } and M* is the dual module of M ,
then it is a simple matter to check that

type(M*) = {12 —iy,..., 12—y, [33—143,...,33 =i | ... |45, }-

Computation of Ej; yields the following formulas: All entries are zero except for

10 10
11 11
El,ll = E a; >\i,11 Z; E2’12 = g a; >\1,i+1 Tit1
=1 i=1
10 10 i—1 10 10
11
Eiie= E WiMi+1Tigr11 + E E @i Nit1,j+1,5 Nj+11 Tig1 + E E a; Nj+1.4.i Aj+11 T
i=1 i=1 j=1 i=1 j=i+1
where
12 12
Aij = H Ak Aijk 1= H ¢
k=1,k#i,j =1,L#£13,5,k

and (a1,as,...,a10) = (—1,9,—36,84, —126, 126, —84, 36, —9, 1).

From this it is obvious that M is faithful only for the following types:

(a) 0

®) {i} i=1,..,11

(C) {17 11 | N12—i} 1= 1, ,9

d) {1,i|N;} i=3,..,11

(e) {iyi+1} i=1,..,10

(f) {i,i+1]11+i} i=1,..,10

(9) {iyi+1,5]11+4} i=1,..,8 j>i+2
(h) {i,j,j+1|11+7} j=3,..,10 i<j—1
(k) {i,i+1,i+2]| Ny} i=1,..,9

where in the last case Ny is {11+i}, {1244} or {11+1¢,12+}.
We shall reduce this list now

LEMMA 3.2 If a(r,s,t) has a A - module M then we may assume that the type of M
1s one of the following:



1) 0

2) {i} i=6,..11

(3) {i,i+1} i=6,..,10

(4) {i,i+1]11+1i} i=6,..,10

(5) {i,i+1,7|11+4} i=6,7,8 j>i+2
6) {i,j,j+1|11+44}  j=6,..,10 i<j—1

Proof: If the module M has type {i,11 | ...} for i = 1,...,9 then it follows from
the formulas for Fy; that the vector space M, generated by fi,..., f11 is a faithful

submodule. Adding a trivial 1 -dimensional module we obtain a A - module of type
{10,11 | ...} . If M is of type {1,i| ...}, i = 3,...,11 then the dual module is of
type {j,11]...}, 7=09,...,1. The types {i}, {,a+1]...}, {5,i+1,5]...} and
{i,74,j+1]|...} arereduced by possibly going to the dual module. Finally one has to look
at the case (k). The equation N} |, , means x;x;41 =0,

Denote by f; <> fi;+1 the base change for M which interchanges f; and f;+1 and fixes
the remaining f; .

First case: x; =0:

One has 11 + i € N, , otherwise M is not faithful. We may apply the base change
fi < fix1 since Es remains unchanged. Then one obtains a A - module of type
{i—1,4,i+2]...}.

Second case: x;y1 =0:

If No = {11 + ¢} then applying fi11 < firo leads to type {i+1,i4+2 | ...} . If
Ny = {12 4+ i} then one obtains type {i,i+1|...} and the case Ny = {11+14,12+ i}
leads to type {i+1}. ]

4. PROOF OF THE THEOREMS

Let i € N and z;, j11, Ti+2,... be unknowns. Set
Yit3 = Tit3 — 3Tijp2 +3Xi41 — X5,
Define polynomials f;, g; € k[x;,...,2i+5] by
Jit= ®ig3Tip1 — 2T43%; + Tipo®i + Yit3
gi = T(Yi+3 — 2Yita + Yir5) + YiTivs — Tilits
As an example fi2 = 215213 — 2215212 + T14T12 + T15 — 3T14 + 3T13 — T12 -
LEMMA 4.1 If r € Ay then the system of equations

fi2=0,..., fis=0
g12:0,...,916:0



i the unknows xio,...,x21 has only the solution 12 = T13 =...= To1.

LEMMA 4.2 Let f;, g; be defined as above and r € A . The system of equations

fi =0 gi =0

Jit1 =0 giv1 =0

Jira =0 Tite = 2Tijy5 — 1

fi_|_3 =0 Ti4+s = (7“ - 1) + 3$i+4 — 2332‘—1—3

has only the "standard” solution:
Y
Titqa =T1, Ti43 = T2, Tit2 = T3, Tit1 = T4, Ty =T5.

Proof of Lemma 4.2 : Substituting the terms for z;,¢ and x;y5 one obtains six poly-
nomial equations f; =0,...,g,41 = 0 denoted by (1),...,(6). The linear combination
(6) —(4)+3-(3)+3-(2) yields

(T‘ — 3) ($i+4 — 4$i—|—3 —+ 5$i—|—2 — 2(132'_,_1 —+ 1) == T(?)T‘ — 5)

(Hence r # 3 ). Using this equation one eliminates x;y; . By similar procedures, one
eliminates other variables and computes then resultants assuming that we have not the
standard solution. It leads to:

(10r —9)(3r — 1)(r — 1)8(r — 2)3(r — 3)%(7r? — 26r 4 23)(3r2 — 2r + 3) (572 — 10r +3) = 0

All factors except the two last factors are contradictory to the remaining equations. It
is also easy to see that the last two factors (i.e r € Ay ) lead to one further solution.

(For 3r? — 2r + 3 this is, for instance, z; = —1, @;11 = —1, Ty = —7, Tiyz =
—(2r —1), 544 =3(1 —r)/2 and for 5r%> —10r +3 one has zy,...,z;13 as before and
Tita = 5(1 — 27“)/3. ) O]

Proof of Lemma 4.1: The computations are harder than in the preceding lemma, but
similar.

If yir3 — 2yi+qa + yirs # 0, then it follows that there is no solution with r %,1 .
Otherwise eliminating and taking resultants gives the following condition :

(xi+2xi+3+5xi+3_5xi+2_1)(51171’—1—3_5332‘—}—2_2)2(1'1—1—3_xi+2)3(xi+3+1)2(xi+3_1)1151-1—2 =0.
Now one has to deal with these subcases. In fact, the case ;13 = x;42 leads to the
general solution.

For r = 1%, 1 the equations have many solutions. After cutting out these solution varieties
(by suitable eliminations) one can check the result by computer algorithms. O

REMARK 4.3 For s =t =0 one has

le2, €] = ri—a€iv2 1=25,...,9



The coefficients r; involved in the above lemma are precisely those from ades for the
graded algebra a(r,0,0) .

Let M be a module satisfying (2) given by E; and FE;. We call M normal if
12 7é 0.

LEMMA 4.4 Let r € A. There is no normal A - module for a(r,s,t) .

Proof: We will prove the Lemma for types (5), (6) and {6}, {6,7]...} (see Lemma
3.2 ) later in the general context.

Hence assume that there exists a normal A - modulesuchthat \i =...=X¢ =1, A2 =
---:)\16:() and )\22:---:>\66:0-

Set xo = axr; with a # 0. We will show a = 1. The equations

1

fiia Tiro (1 4+ 1 —ida) = axy i=1,...,4

imply 2z := (o —2)(2a — 3)(3ax — 4)(4a — 5) # 0 and ;519 = (ax1/(i +1 — i) . Then
substitute w14 , 15, 16 in Nj5, Nyg, N3, Itfollows N7, : z(a—1)°(10r—9) =
0 and therefore o =1.

It is A7 = 1. Otherwise the equations Ngg, Njg, Nig imply z7 = 17 = 0 and
r18 — )\18.I‘1 CIf >\18 =0 then E11 =0 y hence )‘18 = 1, )‘8 =0.

By the same argument g = 1, A\1g = Ayp = 0 and Ném i Aox1 = T10 - Now Mg =1
because of faithfulness, so Ay; = 0 and NS}JQ : A11xy = 17 . But then E;; =0, a
contradiction.

Now the equations imply x7 = x1 and x17 = 5x13 — 4x12 . In the same way we have
As =1, xzg =7 and 13 = 6213 — bx12 (use the equations one level higher). Repeating
this step one obtains

A = 1 i=1,...,11
Aizin = 0 i=1,...,11
2 = 2 i=1,...,11
Ti+11 = (i— 1)1‘13 — (z’—2):t12 1= ,...,10
Then FE ;1 =0, contradiction. O

Proof of Theorem 1.2 :

Assume that there exist a A - module for a(r,s,t) . We prove the result by direct com-
putation for the types listed in Lemma 3.2 . The equations are either linear or quadratic
(like the f;, g; from above). We can always solve the equations, very often by direct
application of Lemma 4.2 . We divide the cases into three parts, depending on how many
zeros are contained in the first layer of E; (the more zeros the easier the computations).

1. Three zeros in the first layer:



If Ay = 1 then the computations are almost trivial. The typical computation goes as
follows:

Type {3,9,10 | 20} :

Since M is faithful, the formulas for F;; imply z3 # 0, we may assume xz3 = 1.
It follows N{,: @y =2z, Nyg: oy = —xo, N3g: 225 =24, Ni;: 306 = —12,
N{L’IQ . 711111 == —21‘1 ; R%,ll : 311120 = I, R%,IO . Tg = 0, N21,6 L XL1X14 =— —T15 — 3,
N3, :3x16 =215 —3 . Then R, : r=9/10, a contradiction.

The types {1,i,i+ 1|7+ 11} are a little bit longer. As an example we prove :
Type {1,10,11 |21} :

By faithfulness x1 =1. If 2171 =0 then we could apply fi1 < fi2 to obtain a module
of type {1,10} . Thus z1; #0 and 210 =0 by N72712 . Then x99 =0, 223 = 9, 425 =
6xy —x2 by R%’H, N11’4, N12’6.

Case a: x9 # 0 : It is immediate that 3x4 = bxrg = 6x7 = Txg = 89 = 9221 = x5 . Then
N1175 L T212 = 6(3313 — 2:[114 — 1) 5 N21,6 : 181[:15 = 151}14 — 23313 -3 N N3177 . 403316 =
42x15 — 9714 — 3 and Rfli7 :r=29/10

Case b: 19 = 0: One has x4 = 6 = 7 = 28 = 9 = 0 and 2x14 = 13 — 1. The
equations N2177, N3178, N4179, N51710, N32’10, R;lo have the solution =5 = —7r1, x16 =
—ro,...,x19 = —715 (and x13 = w14 = —1) for » € A. This follows (after slight
modification) from Lemma 4.2 . Then N7, : (512 —10r+3)(3r? —2r+3)xs; = 0 . Since
re€ A onehas x2; =0. Now N4, Ngo, Nij, imply (10r —9)(r—1)°(r—2)=0,a
contradiction.

II. Two zeros in the first layer:

Most of the computations for the types (4) and (3) can be done simultaneously. Moreover
we need not compute all cases, since some of them can be reduced to others. We show
that for the following types:

Type {10,11 |21} , Type {10,11} :

Assume that there exists a A - module of type {10,11 |21} . Then Ny 5: z10711 =0.
If 217 =0 then we may apply fi1 <> fi2 to obtain a module of type {11} . If 210 =0
then fi9 <> f11 is admissible and leads to type {9,10 |20} .

Assume that there exists a module of type {10,11} .

It is faithful iff z19 or xo; is nonzero. By Lemma 4.4 we have zixo = 0. We may
assume x19 =0, 91 # 0 and xz1; = 1: The case z19 # 0, 21 = 0 goes similarly and
if 297 # 0, one may apply the base change j{1\1 = f11 — 22 fi5 toget T19=0. z11,T21

21
can be chosen to be 1. It follows x5 = ... = g = 0 using elementary equations from

the relations (N1), (N?), (R?), (R*), (R") . Then
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7. _ 1. _ 1. _
R4’12 . T18 = 33317 - 23316 +r— 1, N7’12 . X999 = 2:[:18 — T19 — 1, N8,12 i X990 = —X9.
Now we distinguish two cases:
Case a: x1 =0.

The equations Ny 7, N3 g, Njg, Ngo+ N3 11, N3g, N3 o+ N3, are precisely the equa-
tions f;,g; of Lemma 4.2 with ¢ =13, hence z17 =71, r14=2r—1, ..., x13 =75.

= Nig: @2 = (20r* — 283 + 27r% — 24r + 9)/r(5r® — 12r 4+ 3)(r — 2) and Ng , :
zo(r—1) =0, hence 29 =0. Now Nfg: (10r —9)(r —1)® =0, a contradiction.

Case b: x1 #0 .

Then N1277, Rzll,l(b N1175 Say Tg = 0, T16 — (31‘15 — T4 + 1-— T‘)/2 and 14 = (.’L‘13 - 1)/2

Consider Ny, N3g, Njg, N3g, R39, RSg . If 213 =—1 then we may apply Lemma 4.2
to these equations with some modification and the result is ( N3 ;, N3g, Ni 14 ):

X5 = —T1, 17 = —T3, 19 = —TIs.

But then Ng;: (r—2)(3r? —2r +3)(5r* — 10r + 3) = 0, contradiction.

For x13 # —1 one can eliminate x5, z17 (using N2177, N3178 ). The resultant of
Njg, N3o with respect to @13 must be zero, that is

(5r2 —10r +3)(3r2 = 2r +3)(r> +4r — 1)(r? —4r +31) =0.

But all factors are nonzero: the first two by assumtion, the last two would contradict the
preceding equations. O

We also prove:
Type {9,10 | 20} , Type {9,10} :

One has N{{ll : xgr10 =0. If g =0 we are in the case {8,9|19} (apply fo9 < fi0)-
Hence x19 =0, x9 # 0. Let Xgyg be 1 or 0. We have x1 =...2xg = 0 by elementary
equations and may assume xg =1 (Set fig= xglflo ). By N61710, NZ,lO we have x5 =
217 —1 and 17 = 3x16 — 2215+ 7 — 1. The equations N{ g, Ny, N3 g, Nig, Nig, N3
are precisely those from Lemma 4.2 , hence 14 = 71,...,212 = 75 . Then RZ,12 :
(2299 + A20z11)(r — 1) = 0 Note that r # 1. = The only nonzero entry of FEj; is
11X20x11 . Therefore the module is not faithful for Aoy = 0 and we have proved the result
for type {9,10} .

For Ay = 1 we get Ngp : 219 = 2?2, and z11 # 0. Furthermore N7 -
2199 = —x19z11 . From Nj,y, Njg we may eliminate s, T27 . Now the equations
Nis, N3g, Niiis Ngiay Nitgr Nig, N3, RS 1o, enforce r =1, a contradiction. O

REMARK 4.5: The assumption r € A is necessary. In fact, otherwise there are many
A - modules of type {10,11} . We will give an example:
Let 3r2 —2r +3=0, s =0, t arbitrary and the action of E5 as follows:
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62.f1 =0

ea.fo = N

ea.fs = 0

e2.f4 = —fo

.5 = —f3

ea.fo = —Tfa

ea.fr = (1=2r)fs

ex-fs = —tfa—%5=2fs
ea.fo = —2tfs— 3?3_—_1i)f7
ez.fro = —tfs+ %fs
e2.fir = 0

ez.f12 = igigiiiéé’;{ fo + fffggéﬁi?{)) Js + fio+ f11

III. At most one zero in the first layer:
Type O :

Assume that there is an A - module of type (. By Lemma 4.4 z;29 = 0. We have
r3 = 0, otherwise N1174 implies 1 =22 =0 and

1 . _ 1 . _ 1 . — 1 . — 1 . —
—3/5, a contradiction.

If x5 #£ 0, we similarly obtain z1 =0, x4 = ... =29 =0, 214 = =3, T15 = —2, T15 =
—5r/3, x17 = (3 —10r)/5 by

N11,47 N21,57 N12,67 N22,77 N61,97 Rzl)),107 R%,lm N11,57N21,67 N12,77 N31,8'

Then N3ig: 10r—9=0.

Hence x5 = 0. In this way it is easy to see that z; = ... = z1; = 0. Consider the
equations

fi = Nil—ll,i—(i 1= 12, ... 18
gi= N2 .4 i=12,...16

These are exactly the equations from Lemma 3.1 , hence z15 = ... = z97 . From the
formulas for Fy; it is clear that M is faithful iff

To1 — 9290 + 36119 — 8418 + 126117 — 126216 + 84115 — 3614 + 9213 — T19 7é 0.

But obviously this condition now is contradicted. O

Type {10} :
The condition for faithfulness of such a module is 21 # 9x9g .

12



Case a: x99 = 0.

We may assume g, = 1. From Ng o, N§ 19, Nig, Ni 1o it follows easily zg = ... =
29=0.Also 23 =...=25=0 by R3 5, R3 5, Nys, Ngg. Applying fio = fio+5f11
one obtains 777 = z11 — 3 . Hence we may assume x1; = 0. With N71712 T X19 = 2x18 — 1
and N52712 : x18 =1 — 14+ 3x17 — 2216 We are lead once more to the standard system
of Lemma 4.2 (¢ = 13, N21’7,...,N§’10, Ty =T, T1g = To,...,T13 = 5 ) and N11’5 :
z1(5r® —10r + 3)(3r® — 2r +3) = 0 enforces z; = 0. The equations N4, Nig are
polynomials in r and x12 , which must be zero. Hence their resultant with respect to
x12 is also zero. The condition is (107 — 9)(r — 1)3(r — 2) = 0, a contradiction.

Case b: x99 # 0.

If 299 = 0 then 1 = ...2s = 0 and x5 = 3,217 = 2,215 = (10r — 3)/5 by
Nfl,uaR%,maR%,naN§,67R57,,127RZ,117N81,127N71,11 and N71,127N61,127N41,8' Then Nz%,u?

10r = 9. Hence we may assume xo; = 2,x1; = 0 (apply fl\o = fi0o + Bf11 ). It fol-

lows easily z; = ... = g = 0 and then x15 = 2x17 — 1, x17 = (r — 1) + 3z16 — 715
from Ng, Nill . Now we are ready to apply the standard system of Lemma 4.2
( = X166 =T,T15 = 2r — 1, ..., 12 = T5 ) We obtain T19 = 0, Tog = -1 by N51’107 N72’12
and

N3}79 : To29 = (2:1728 - 5$27)/2

N41,10 : xog = (2rzor + 3w26 — 4dx27)/3(r — 1)

N51711 . o7 = (117" — 10)(7“ — 1) =0

If r=10/11 then s=0,t=0 by N3, . Otherwise zo; =0 and

Néil2 : T2 — (72325 — 88)/7
N3 x25(32rs — Tragy — 48s + 21xq4) /147
N2, s(r—1)=0

This implies s =0 (we may also deduce ¢ =0 ), which we have excluded. For s =t=10
however the remainig equations can be fulfilled, there are several modules of type {10},
see Remark 1.3 . O

Type {11} :

Assume that there is a A - module of type {11} . The nonzero coefficients of FE;; are

T19, T21 and 21121 a;x; . We have z1; = 0 by Nf’,m . The case x21 # 0 reduces to
the case of type {10,11} ; the computation is very similar. So let us assume x4 = 0.
Moreover x1z9 =0 by Lemma 4.4 . It is easy to see that x4 =... =25 =0.

Case a: x19 # 0.
It follows @3 =0, 219 = 2218 — 1, 18 = 3x17 —2x16+7r—1 by Ni;;, N7, N3, . This

leads to the ”standard system” of Lemma 4.2 (with N3 ;, N3 g, N g, Ng 10, N3 g, N3 1o and
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i =13 ), hence x17 =71, 16 =T2,...,T13 =75 . Nll’5 : 21(5r2 —10r+3)(3r> —2r+3) =
0, = 21 =0. By N{g Nig wehave (10r—9)(r—1)°® just as in case a of type {10,11} .
Case b: x10=0.

One has x5 = 0, otherwise Njg, Nig, N5, Nf, would imply N3g: 10r—9 = 0.
The module is faithful iff z; # 0. Now the situation is the same as in case b: of type

{10,11} , i.e x13 = —1, 217 = —r3, 18 = —14 and x19 = —r5 as before. After replacing
Ta0 by 20r* —28r3 4 27r? — 24r 4+ 9/(2 — r)(5r® — 12r +3) ( Ng;; ) we get N7, :
21(10r —9)(r — 1)° =0, a contradiction. O

The remainig cases can be proved by the same methods. They are shorter than the above
types. As a final example of such a computation we will prove

Type {6} :

Assume that there exists a such a module. From N3 ,, one has x =0. Ej; is zero iff
17 = Z16-

Case a: x16 # 0.

Then we may assume z16 =1 and x5 =0 (set fG = fg + afr and f, = f; for i #6,
by a diagonal base change one obtains x5 = 1).

Now N3, N3¢ mean z3 = x4 =0 and Nj,, R(fj say w1 = w2 = 0. The module
is faithful iff 217 # 1. Njg, R;g, Ny imply 27 =2s =29 =0 and R, R} 15
r190 — X11 — 0. Itis 17 % 0 y otherwise T14 = 3, Tr13 = 2, Tr18 — -3 by N?)l,87 N2177, N4179
and then N2279 : 10r = 9. Substituting =14 = 2z13 — 1 and x99 = (z19 — 1)/2
(N3.7, Ng 11) yields the following system of equations:

Ns},s : zi7(x15 — 4213+ 3) +2(x13 —2) =0

N51,10 : 5317(21719 — x5 + 6) - 2(:1:19 + 2) =0

N22’9 : .I‘17(5T‘—3l‘13 + 15 —3) —10r+3x13+3=0

N3 x17(107 + 219 — 6213 + 3) — 10r — 3219 + 2213 — 1 =0
N o x17(207 + 3219 — 2215 — 3) — 10r — 3219 +3 =0

Eliminating quadratic terms one easily gets (10r — 9)(z17 — 1) = 0, a contradiction.

Case b: w14 = 0. This case is reduced to case a: by duality. O

We will now prove Theorem B:
The following Birkhoff Embedding Theorem is a special case of Ado’s Theorem:

THEOREM: Let g be a nilpotent Lie algebra over k . Then there is a finite-dimensional
vectorspace V' together with a faithful representation o : g — gl(V) , such that o(X)
s nilpotent for all X € g.
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The construction goes as follows (see [6]):

Let g be k -step nilpotent, g¥) =g and gtV =[g,g(]. Choose a basis X1,..., X,
of g such that the first n; elements span g(¥) | the first no elements span g*~1) and
so on. We will construct V' as a quotient of the universal enveloping algebra U(g) of
g . By the Poincaré-Birkhoff-Witt Theorem the ordered monomials

X=X" .. X0, a=(o,...an) € Z7

form a basis for U(g) . Let T = ) c,X“ be an element of U(g) (with only finitely
many nonzero c, ). Define an order function as follows:

ord(X;) := max{m: X; € g™} ord(X®) := 377, ajord(X;)
ord(7) := min{ord(X?%) : ¢4 # 0} ord(1y(g)) = 0, ord(0) = oo

One can show that the order function satisfies:

ord(Ty +---+1T7;) > min{ord(Ty),...,ord(7})}
ord(T ...Tj) > ord(Th) + -+ -+ ord(T})

Now let
U™(g) ={T € U(g) : ord(T) = m}

From the above it is clear that U™(g) is an ideal of U(g) having finite codimension.
Define

V=U(g)/U™(g).

Choose a basis {T},...,T;} of V such that Ty,...,T}, span U™ 1(g)/U™(g),
Ti,..., T, span U™ 2(g)/U™(g) and so on. Then it is easy to check that the desired
representation of g is obtained by setting

o(X)(Tj) = XT; (mod U™ (g)).
If m>k then o(X) 1y =X #0 forall X € g,sothat o is faithful.

Now let g = a(r,s,t): Take {X4,...,X,} = {e11,...,e1}, e* =eff*---ef* . One has
ord(e;) =ord(ez) =1 and ord(e;) =i —1 for ¢ > 2. The module V described above
has the vector space basis ( kK = 10 , choose m = 11 ):

{6(1)5111“-6?1 ‘ 100(11+90é10+"‘+2a’3+042+041 S 10}

The elements e; of g act on V by eje; = [e;,e;] + eje; for ¢ < j (otherwise the
monomial e;e; is already in the right order, i.e is element of V' ). We may factor out
any proper submodule of V' not containing e;; to obtain a faithful g-module of smaller
dimension. It is preferable to factor out only monomials, not linear combinations of mono-
mials. If one factors out as many monomials as possible it is not difficult to see that one
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is led to a quotient module V of V with the following remainig monomials as a vector
space base for V :

9 9 2 2 3 3 9.9
{e11, €10, €9, €7, €3, €564, €4€5, €7, E5€3, €5€5, €7, €4€3€2, €4€5, €3, E5€5, €6,

2 9 3 5 9 9 4 3 9
e5€2, €4€3, €4€5, €5€2, €3€5, €3, €5, €4€2, €3, €3€5, €5, €4, €3€2, €3, €3, €5, €2, 1}

We have constructed a faithful a(r,s,t) - module V  of dimension 34 ; the action of
e1, e2 can be written down explicitly. This module has a seven-dimensional center Z
containing e;; . Factor out a subspace of Z complementary to the vector space generated
by e11 . The quotient is of dimension 28 and has a four-dimensional center. Repeat the
forgoing step to obtain a faithful module which has also a four-dimensional center. The
next quotient W finally has one-dimensional center e;; . Every proper submodule of W
intersects this center nontrivially, i.e contains eq; .

The computation of the centers is much simpler for fixed r (take for example r = 1/2
or r = —2). The dimension of the centers does not depend on r,s,t aslong as r € A.
The dimension of W is 34 —6 -3 —3 =22 and W is cyclic, generated by 1. O
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