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Abstract

Using data from Germany, Japan, UK, and the U.S., we explore possible thresh-

old cointegration in nominal short- and long-run interest rates with correspond-

ing inflation rates. Traditional cointegration implies perfect mean reversion in

real rates and hence confirms the Fisher hypothesis. Threshold cointegration

accounts for the possibility that this mean reversion is active only conditional on

certain threshold values in the observed variables. We investigate whether find-

ings of such effects can be exploited for prediction. The forecasting experiments

demonstrate that, although the threshold cointegration models provide an in-

ternally consistent and attractive framework, they are at best weakly supported

by empirical evidence.
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1 Introduction

There is no general consensus on the time-series properties of interest rates

and of price inflation. While economic theory often supports concepts of sta-

tionarity and mean reversion (see, e.g., Jones, 2002), more empirically inclined

research tends to find evidence on first-order integration and difference station-

arity (see, e.g., Campbell and Shiller, 1987, Johansen and Juselius, 1992, Hall

et al., 1992, among many others), although there are some reports of divergent

findings (see, e.g., Rose, 1988, Rapach and Weber, 2003). The latter strand of

research permits an evaluation of traditional hypotheses from economic theory,

such as the Fisher hypothesis and the rational-expectations model of the term

structure, by exploiting the distinction of (stationary) equilibrium relationships

and (non-stationary) variables in a cointegration framework. However, neither

interest rates nor inflation are likely to be first-order integrated literally. An

integrated process can be represented as a sum of a random walk and a station-

ary remainder component. A random walk is by definition unbounded and has

infinite variance. By contrast, inflation and interest rates are known to remain

within rather narrowly bounded regions for very long time spans. Neverthe-

less, for shorter time periods, integrated models can still provide reasonable

approximations (see Wu and Zhang, 1997, for a similar view).

Within the framework of linear time-series models, both features–long-run

mean or interval reversion and short-run integrated behavior–cannot be ac-

commodated simultaneously. Classes of simple non-linear models may therefore

deserve attention. In particular, the threshold integrated models suggested by

Balke and Fomby (1997, BF, see also Weidmann, 1999) are promising candi-

dates. It is plausible that interest rates as well as inflation show long and

persistent deviations from any given value but that large deviations from the

long-run distributional center will raise the concern of economic institutions,

such as central banks and governments. After the adjustment process triggered

by policy forces has pushed the variables back to the inconspicuous range, the

typical random-walk behavior takes over again. Such a model permits the sepa-

ration of a ‘rare’ regime outside the thresholds and a ‘normal’ regime within the

thresholds. It may also correspond to the modeling ideas developed by economic
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theorists (see, e.g., Jones, 2002) who have discussed the limitations of the linear

model against its non-linear counterpart at length.

If interest rates and inflation rates are threshold integrated variables of the

type outlined above, these variables are stationary and mean-reverting, although

mean reversion will only be discernible in the longer run. Empirical evidence

suggests that the stationarity of real interest rates (differences of interest rates

and price inflation) and yield spreads (differences between interest rates) is of

a different nature and can be inferred from shorter time spans. This variation

in the intensity of mean reversion can be embedded into multivariate threshold

integration models, if variables are assumed to obey standard linear cointegra-

tion in the ‘normal’ regime. In other words, in the normal regime the variables

behave like cointegrated series and in the rare regime they behave like stationary

ones.

In this paper we study the forecasting properties of threshold cointegration

models for interest rates and inflation, as compared to linear structures. The

evaluation of relative forecasting properties is based on standard measures of

predictive accuracy such as the mean squared and mean absolute errors. The

evidence is not meant to settle the question on the true model. It is known that

optimum forecasting models and true models do not coincide necessarily. In par-

ticular, complex non-linear structures are typically less efficient for forecasting,

even when they are true, due to the considerable uncertainty in parameter esti-

mation. It is interesting to assess whether the theoretically appealing threshold

cointegration model yields an improvement in predictive accuracy.

The remainder of this paper is organized as follows. Section 2 gives details on

the threshold cointegration models. Section 3 presents some preliminary results

of the exploratory stage of threshold cointegration analysis. Section 4 reports

the model-selection stage and all forecasting experiments. Section 5 concludes.
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2 Threshold cointegration

2.1 Threshold cointegration, the yield spread, and the

Fisher hypothesis

The threshold model in focus differs slightly from the one previously suggested

by BF, due to an emphasis on different non-linear features. BF observed that

the forces, which have been identified by the cointegration modelers and which

tend to tie together different interest rates, may be absent for very small de-

viations and gain strength as the yield spread increases. This observation led

BF to consider the concept of threshold cointegration in the sense that two (or

more) variables behave like mutually independent integrated processes if the

yield spread is small and behave like cointegrated processes if the yield spread

surpasses a certain threshold value, which triggers an error-correcting mecha-

nism. By contrast, we mainly explore the possible presence of another threshold,

above which interest rates (and price inflation) are stabilized by political forces,

such that the support remains bounded in the longer run. We conjecture that

this second mechanism may be the more important one. We also consider the

joint presence of both effects.

Let us assume a long rate iLt and a short rate iSt. Then, we search for a

time-series model that mirrors the aforementioned features: firstly, both series

should individually resemble first-order integrated series over substantial time

horizons; secondly, both series should be stochastically bounded over long time

horizons; thirdly, their difference should be recognizable as being stationary

even over relatively short horizons. These three features are mirrored in the

threshold cointegration model ∆iSt
∆iLt

 =
 α1

α2

 (iLt − iSt − ρ)

+

 γ1

γ2

 (iLt − ι) I({iLt > ιo} ∪ {iLt < ιu})

+
Pp−1
j=1 Γj

 ∆iSt
∆iLt

+ εt .

(1)

While one error-correction vector is always operating, i.e., the vector (1,−1),

3



the second vector (0, 1) is only ‘switched on’ when the long interest rate iLt falls

beneath a lower bound ιu, which may be interpreted as the situation known as

‘liquidity trap’ from the Keynesian literature and which is typically avoided by

financial markets, or when an upper bound ιo is surpassed, which may delineate

a maximum of tolerable inflation.1 In these extreme cases, where the policy

makers’ attention is aroused, a target rate ι is focused. Once the system returns

to its normal state, the target rate is forgotten and a term premium ρ separates

the long and short rates, which are furthermore subjected to the short-run

dynamics as dictated by Γj , j = 1, . . . , p − 1 which may reflect inertia or the
business cycle. The stability and geometric ergodicity of the model (1) follows

by extending general statistical results for the univariate case (see Tong, 1990,

and Chan et al., 1985), given that the parameters αj , γj ,Γj follow the stability

conditions for the linear model and that the target rate ι is in the range (ιu, ιo).2

The model permits an insightful geometric interpretation in the (iS , iL)—

plane. In a linear world, the cointegrating rank dictates a rather limited choice

set of forms of dynamic equilibrium. A rank of zero yields a system without any

equilibrium or, equivalently, with the whole plane representing equilibria; a rank

of one yields a system with a straight line as the locus of equilibria; a rank of two

has a properly defined distributional mean as a unique equilibrium point. The

threshold model restricts the set of equilibria to a line segment. The line segment

evolves from intersecting the line iL = iS + ρ with the area {ιu < iL < ιo}.
Within this strip, the line segment serves as an attractor, while from outside

the intersection of the line with the horizontal line iL = ι is targeted, i.e., the

point (ι− ρ, ι). The location of the line segment reflects the term premium,

while the position of the strip reflects the concerns of controlling inflation.

Bivariate models comprising two interest rates, as in (1), will be referred to

as the ‘yield-spread models’. In other bivariate models, each of the two interest

rates is modeled jointly with price inflation, as defined from a consumer price

1We also experimented with the short rate and an average rate, i.e., with the vectors (1, 0)

and (1, 1) as candidates for the second error-correcting influence, and we have found from

empirical analysis that the long rate generally yields the best results.
2Geometric ergodicity does not hold if the conditioning variable is stationary in the linear

error-correction model. For example, first differences of variables and error-correction terms

as conditioning variables yield non-ergodic behavior of the bivariate system.
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index pt via πt = 100 ln (pt/pt−12). These will be referred to as the ‘Fisher-

effect models’, as they draw on the idea of mean reversion to real interest rates

(named after Fisher, 1930). The threshold model is very similar, with the error-

correcting term premium ρ being replaced by an error-correcting real rate ij−π.
This is slightly at odds with economic theory, which prefers to define real interest

rates by ij,t − Et πt+12 or by the ‘ex-post’ rate ij,t − πt+12. The ‘ex-post’ rate

cannot be used in the dynamic models under study here. Replacing Et πt+12 by

a model-based expectation variable may represent an interesting theory-based

extension of the approach of this paper. This complication is not considered

here, as it would detract unduly from the main features. Henceforth, the words

‘real interest rate’ will always refer to the difference ij − π.

While model (1) focuses on a solution for the problem of the long-run be-

havior of yield spreads and interest rates, the original contribution by BF con-

centrates on another aspect. These authors find evidence for threshold behavior

in the primary error-correcting mechanism in the sense that this mechanism

might only be activated in the presence of severe deviations from the equilib-

rium. While the BF model deserves attention, our own view is that the puzzle

of the long-run behavior is conceptually more important. Both ideas can be

integrated into the model structure of (1) in the following way: ∆iSt
∆iLt

 =
 α1

α2

 (iLt − iSt − ρ) I({iLt − iSt − ρ > κ} ∪ {iLt − iSt − ρ < κ})

+

 γ1

γ2

 (iLt − ι) I({iLt > ιo} ∪ {iLt < ιu})

+
Pp−1
j=1 Γj

 ∆iSt
∆iLt

+ εt .

(2)

In this model world, the attractor is not a line segment but a segment of a

strip with the boundaries (in clockwise order) {iL = ιo}, {iL = iS + ρ− κ},
{iL = ιu}, {iL = iS + ρ+ κ}. There is no predilection of the market for the cen-
ter of the quadrangle. As long as the long rate iL is inside the horizontal strip

{ιu < iL < ιo}, the entire quadrangle serves as an attractor, while once the long
rate leaves the strip, only the horizontal line segment (ι− ρ− κ, ι− ρ+ κ)×{ι}
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is targeted. This paper considers both models (1) and (2), which will be referred

to, respectively, as the “single-threshold” and the “double-threshold” models.

In the Fisher-effect counterpart to (2), the real rate ij − π for j = S,L replaces

the yield spread as the first error-correction variable and inflation π replaces the

second error-correction variable.

2.2 Estimation and inference

In the econometric literature, there have been many recent advances on hypoth-

esis testing in threshold models (see, e.g., Hansen and Seo, 2002). In this vein,

the validity of models (1) or (2) would be tested against linear simplifications.

The properties of these hypothesis tests crucially depends on the assumption

of correct specification. In forecasting, it is natural to avoid this reliance on

correctly specified models and to focus on model selection statistics that allow a

comparison of various modeling ideas. Here, all models are estimated and com-

pared by information criteria in the spirit of the information-theoretic approach

(Burnham and Anderson, 2002). This basic statistical comparison is then re-

considered in a comparative evaluation of out-of-sample prediction based on

selected models.

Estimation of threshold models can be conducted by the usual method of

maximum likelihood. The observation that the threshold models are linear

conditional on known threshold constants such as ρ,κ,ιu,io, suggests the usage

of linear least-squares procedures, conditional on a rough grid search over the

threshold constants. Due to the assumption that the tail behavior is responsible

for the threshold effects and hence that their identification relies on relatively few

observations, a more refined search for estimates of these non-linear parameters

is not feasible. In detail, we apply the following sequence of specification and

estimation steps:

1. For unrestricted vector autoregressions (VAR), an optimal lag order search

is determined by minimizing the AICc criterion. The AICc criterion is due

to Hurvich and Tsai (1989) and is used in the form

AICc = T log det
³
Σ̂
´
+ T

T + pn2 + n

T − pn2 − n− 2
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that reduces to the univariate AICc form for n = 1.3 The numerator of

the penalty term shows the number of free parameters pn2 + n. While

Hurvich and Tsai (1989) focused on univariate autoregressions, the above

extension can be found, e.g., in Brockwell and Davis (2002, p.247). For

the present case, n = 2 applies.

2. A linear VAR cointegration analysis uses p − 1 conditioning lags. These
models can be used for a determination of the cointegrating rank according

to the methods of Johansen (1995). In most cases, a rank of one was

found, though these estimates will not be reported in detail. A rank of

one may be seen as corresponding to the cointegrated model as suggested

by some authors. However, simulation experiments have confirmed that

such an empirical rank of one is typical for structures such as (1), when

the true rank is two, as the system is stationary, and a rank of one is in

operation for the vast majority of the observations. The first canonical

vectors from the Johansen analysis would represent empirically determined

error-correction vectors. These vectors vary widely and deviate from the

theory-determined vector. Due to the possibility of non-linear effects,

we generally focus on the theory-based vectors and analyze the error-

correction model (EC—VAR) with p−1 conditioning lags and the assumed
error-correction vector (1,−1). This EC—VAR can be estimated efficiently
by least squares. Its AICc is

AICc = T log det
³
Σ̂
´
+ T

T + 4p

T − 4p− 2 ,

as only 4 (p− 1)parameters are estimated in the coefficient matrices, plus
two intercept coefficients, plus two coefficients in the loading vector. For

completeness, also the AICc value for a VAR of order p− 1 in differences
is included in the output. This ‘D—VAR’ is the most parsimonious of all

models and has only 4p− 2 free parameters.

3. For model (1), the threshold values ιu and ιo are determined by varying

the cut-off points of iL or π over the empirical fractiles of 0.01 (0.99),
3Although the statistical literature offers no formal proof for the properties of AICc for

non-linear and non-normal models, it is reasonable to view this criterion as a small-sample

correction of AIC that counteracts its known tendency toward selecting too prolific structures.
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0.05 (0.95), 0.1 (0.9), 0.25 (0.75). For these values, the central part of

the empirical distributions does not activate the error-correction mecha-

nism, with truncation of the centers amounting to 98%, 90%, 80%, and

50%, respectively. The 98% model is ‘closest’ to the EC—VAR, while the

50% model is closest to the unrestricted VAR. Optimization over the four

specifications results in an optimum threshold model T—VAR1.4 For the

single-threshold models, the information criterion becomes

AICc = T log det
³
Σ̂
´
+ T

T + 4p+ 3

T − 4p− 5 ,

as, additionally to the parameters of the cointegrated model, the thresh-

old must be identified (one parameter), and two loading coefficients cor-

respond to the threshold error-correction variable.

4. For model (2), the empirical fractiles of the second error-correction vari-

ables iL − iS or ij − π, j = L, S, are also used for determining cut-off

points. Thus, optimization of these T—VAR2 models is conducted over

16 candidates. For the double-threshold models, the information criterion

changes to

AICc = T log det
³
Σ̂
´
+ T

T + 4p+ 4

T − 4p− 6 ,

reflecting the determination of the second threshold.

3 Preliminary model identification and estima-

tion

The modeling ideas are applied to monthly observations from January 1986 to

December 2000 on interest rates for four main economies: Germany, Japan, the

United Kingdom, and the United States. The short-run interest rates are yields

on 3-months bills; the long-run rates are yields on bonds redeemable in ten

4Together with least-squares estimations of the remaining parameters, this estimation pro-

cedure corresponds to least-squares estimation of the complete model. Refining the grid as

T →∞ yields a strongly consistent estimator, as was proved recently by Liebscher, 2003, for

the univariate model. His results can be generalized to our bivariate model easily.
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years. Inflation rates are calculated from consumer price indexes. All data can

be obtained from the International Financial Statistics data base of the IMF.

Tables 1—3 report some statistics for each of the applied models. Firstly, we

show the lag order p that is identified by AIC on the basis of an unrestricted

VAR for the original data, i.e., for bivariate systems comprising two interest

rates or one interest rate and the inflation rate π. Based on the order p for

the ‘level’ model, p − 1 lags of the differenced variables were included in the
conditioning step of the Johansen procedure and as ‘short-run effects’ in all

linear and non-linear models. In some cases, the increased descriptive power

of the more sophisticated threshold models may suggest reducing the lag order

but we feel that this modification is of little importance.

Secondly, the in-sample descriptive power of all models is assessed by the

AICc criterion due to Hurvich and Tsai (1988). The model with the overall

smallest AICc value yields the best fit and is formally selected. Because the

final aim of the models is prediction, this model selection step is viewed only

as intermediate evidence. A comparative evaluation will rely on the actual

predictive power of the model, not on in-sample evidence.

Thirdly, we give t—values for the truncated error-correction variables in the

T—VAR2 specifications, i.e., for the α coefficients in (1) and (2). We denote

the α coefficients in the long-rate equation by αL, those in the short-rate equa-

tion by αS , and those in the inflation equations by απ. In these equations, the

respective ‘regressands’ are ∆iL, ∆iS , and ∆π. These t—values provide some

additional information on the strength and direction of error-correction mech-

anisms. The null distributions of these coefficients may be different from the

usual standard normal approximation, due to the pre-testing problem and other

sources. Therefore, the t—values should be seen as descriptive rather than as a

basis for hypothesis tests.

3.1 The Fisher-effect experiments

For each country, we consider two versions of the system inspired by the Fisher

effect: one with the long rate and inflation, and one with the short rate and

inflation. According to a common interpretation of economic theory, each of the
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two interest rates individually cointegrates with π, via the real-interest cointe-

gration vector (1,−1). This interpretation assumes that the original variables
iL or iS and π are first-order integrated, which becomes doubtful when they are

observed for long time spans. As potential second error-correcting vectors, one

could consider the interest rates, the inflation rate π, or an average (or sum)

of the two, as inflationary indicators. While any second cointegrating vector in

a bivariate system makes the system and hence both variables stationary, this

choice may critically affect the threshold variants. Various unreported experi-

ments suggest that the inflationary indicator π yields the best results, hence we

restrict attention to this specification.

For the bivariate models that consist of the long rate and inflation (see Table

1), the preliminary VAR analyses via AICc yields a lag length of p = 2 for all

countries except Germany. This outcome is sensitive to the choice of selection

criterion, as the uncorrected AIC would indicate longer lags. The German and

the US data sets point to a linear error-correction model, i.e., unbounded interest

and inflation and a stationary real interest rate. By contrast, the Japanese and

British data sets point to threshold models. While the truncation points vary

across countries, there is a common pattern in the error-correction effects in the

selected threshold models. It appears that deviations of the real interest rates

from their equilibrium value lead to an adjustment of the (nominal) interest

rate, whereas abnormal behavior of prices, such as indications of deflation or

strong inflation, entail an adjustment of the rate of inflation itself.

For the bivariate models that consist of the short rate and inflation (see Table

2), longer lag structures are identified, such a p = 7 for Japan and p = 8 for the

United Kingdom. Compared with the results for the long rate, a larger part of

equilibrium correction is borne by inflation, with iS becoming almost exogenous

for the long-run parameters. In the language of the Fisher-equation mechanism,

a positive shock to the real rate because of an increase in the short rate will be

counteracted by more inflation, while a similar shock due to an increase in the

long rate will be absorbed by a succeeding fall in the long rate. The unrestricted

VAR is selected by AICc for all countries except for the United States, where

the threshold model dominates. The quite sizeable lead of the unrestricted VAR

over the other linear structures indicates that the evidence on mean reversion is
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substantial. The lead of the VAR over the threshold models indicates that this

mean reversion is active right at the center of the sample distribution and not

only at its tails.

3.2 The yield spread experiments

The results, which are summarized in Table 3, show a strong variation across

countries. For the German data, the specification in differences comes first

among the linear models. The threshold models are even better, with a slight

inclination toward the double-threshold version. Both error-correction variables

show their influence in the short-run interest equation only.

For the Japanese data, the linear error-correction model is selected by AICc.

Among the threshold models, the double-threshold specification is supported.

It is only the long rate itself and not the yield spread which exerts its error-

correcting influence in this double-threshold model.

The British data show a similar behavior to the German data. The double-

threshold model dominates, while the pure differences model is best among the

linear structures. In contrast to Germany, error correction is partly borne by

the long rate.

The US data do not support threshold effects. The differenced VAR comes

out first, though there is some evidence on the short rate adjusting to the level

of the long rate, once that rate attains its lower or upper 5% fractiles.

Two features are common among the four countries. Firstly, the double-

threshold model dominates its single-threshold rival in all cases. Secondly, the

full VAR in levels remains inferior to the simplified linear models. For all coun-

tries but Japan is the non-cointegrated VAR in differences the optimum linear

structure. Neither adjustment to the yield spread nor reversion from extreme

levels are felt within the linear framework, though both effects show their marks

on the non-linear versions.

As a summary of the evidence for all bivariate models, one may count the

frequency of selected model types for Tables 1—3. Out of 12 cases, linear models

come first seven times and threshold models five times. Within the linear class,

the unrestricted VAR and the error-correction model each win three cases, which
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emphasizes the importance of at least partial stationarity and mean reversion.

Only the US data on interest rates of different maturity select the VAR in

differences. Within the threshold class, the more complex structure with two

threshold variables is selected as the best model four out of five times, and it

also dominates its simplified version with one threshold variable in eight out of

twelve cases in total. This observation points to a boundary solution: either

choose the linear model without any threshold specification or the full threshold

model. This tentative conclusion is corroborated by the observation that the

‘mildest’ threshold structure with 50% truncation is selected in only a third of

the cases.

4 Main empirical results

In this section, we focus on a comparative evaluation of forecasting performance

of the identified model structures. We note that the relative performance of

models in the identification and estimation stage need not coincide. Besides the

comparison of information measures reported in Tables 1—3, we also conducted

an extensive in-sample residual tracking evaluation to assess the quality of the

data description. For the non-linear specifications, we used stochastic in-sample

prediction. This evaluation is not reported in detail, though we summarize the

main findings.

Generally, the differences among the models are small, excepting the single-

threshold model for the US data set, which is distorted by a local outlier.

The double-threshold model does not show this problem. A cursory compara-

tive evaluation of a horse race among the model specifications sees the single-

threshold, the double-threshold specifications and the unrestricted VAR in front

in a third of all cases. The differenced VAR comes in way behind the other mod-

els. Thus, the general impression of the comparison of the AICc measures is

confirmed, though the T—VAR1 specifications appears to perform better in resid-

ual tracking than is suggested by the AICc, maybe due to a slightly exaggerated

influence of the penalty term.
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4.1 Out-of-sample forecasting performance

Of special interest for prediction is the out-of-sample forecasting performance.

We followed the usual technique of rolling-origin evaluations, as described, e.g.,

by Tashman (2000). In the beginning, the sample is split into a period of starting

conditions t = 1, . . . , t0 − 1, a fit period t = t0, . . . , t1 and a test period t =

t1 + 1, . . . , T . All parameters are estimated for the fit period. These parameter

estimates and the fit-period sample are used to predict the observation at t =

t1 + τ by means of stochastic prediction. This experiment can be repeated by

increasing the fit sample to [t0, . . . , t1 + 1] and predicting the observation at

t = t1+1+ τ , then to [t0, . . . , t1 + 2] etc. until [t0, . . . , T − τ ] is used to predict

the observation at t = T . Finally, measures of predictive accuracy are averaged.

In the interest of brevity, we focus on the cases τ = 1, i.e., the one-step forecast,

and τ = 12 which corresponds to a forecast for the next year.

It is debatable how much of the model structure is to be kept constant during

these experiments. In most reported evaluations, lag orders and cointegrating

ranks are identified from the full sample and are then imposed on all reduced

samples. We follow this convention, including the percentage of truncation but

excepting the thresholds, which are updated continually. For the Fisher-effects

systems that consist of the long rate and inflation, results are given in Table

4, whereas, for the short rate and inflation, results are summarized in Table 6.

For twelve-step forecasts, an analogous evaluation is reported in Tables 5 and

7. Considering the long rates first, the linear models are seen to dominate at

the one-step forecast horizon. The model in differences and the error-correction

model perform particularly well. This coincides with our expectations. For

the 12-step prediction horizon, the threshold models take the lead in half of

the cases, while the model in differences falls behind. For the short rates, the

general impression is similar. At the one-step horizon, the unrestricted and the

differenced VAR show the best performance. At the longer horizon, the double-

threshold model takes the lead in almost half of the cases. For the remaining

series, the VAR in differences dominates. Table 7 provides some good examples

for forecast failure. Particularly in the United Kingdom, none of the models is

able to predict the shift from a high and slightly increasing interest rate to a
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sudden drop. Although the model in differences also suffers from this turning

point, its relative advantage in robustness is obvious. The threshold models fail

completely in this situation.

It is noteworthy that the correspondence between forecasting performance

and model selection via AICc is weak, particularly for the model variant with iL

and π. One can define an index of coincidence by the number of cases for which

the selected model generates the best prediction. There are two series, four

countries, and two measures of predictive accuracy, MAE and MSE, ignoring

the less important bias statistic. Out of these 16 cases, the models for iL and π

yield a coincidence index of 6/16 (only 3/16 for the twelve-step forecast), while

the index deteriorates to 3/16 for the models containing iS and π (6/16 for the

twelve-step forecast). This result corroborates the fact that prediction is a task

with its own peculiarities that are only insufficiently covered by usual hypothesis

testing or even the more powerful model selection tool of information-theoretic

model selection. Prediction experiments are the only means to find out about

the relative performance in out-of-sample forecasting.

Results for the systems that consist of the two interest rates are given in

Table 8 and 9. While for the one-step prediction, as in in-sample tracking, the

performance is generally worse than for the Fisher-effects systems that include

inflation, the impression is reversed for twelve-step prediction. In other words, a

dynamic model that consists of interest rates gives more reliable longer-run pre-

dictions than a dynamic model that consists of the interest rate to be predicted

and inflation. At the single-step horizon, the model in differences dominates the

(non-stationary) error-correction model and the (stationary) single-threshold

model only slightly, whereas this dominance becomes convincing for the twelve-

steps horizon. For the yield-spread structures, the coincidence index defined

above is 4/16 at both prediction horizons.

If one summarizes the 48 cases of all single-step experiments, the model in

differences comes in first for 19 cases and the single-threshold model for 10 cases,

while the other models are ahead for 5 to 8 cases each. Linear structures are

preferred in 33 cases and non-stationary integrated ones in 27 cases. Therefore,

there is a slight preponderance toward linear first-order integrated models at

short horizons. This result is slightly at odds with the simulation study by Engle
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and Yoo (1987) who find that cointegration can be exploited for longer horizons

and that the unrestricted model is preferred at shorter ones. In their study,

the ‘misspecified’ model in differences was omitted and no threshold structures

were considered. However, the model in differences is an important prediction

tool. At the longer horizon, it comes first in 22 out of 48 cases, while the linear

rival models lose ground. 17 cases prefer the threshold model, and among these

the more complex double-threshold model wins 13 times. The differences in

MAE and in MSE across models become more pronounced at longer prediction

horizons, with impressive failures of specific models. In general, the VAR in

differences appears to be the most ‘robust’ workhorse. Its fast adjustment to

changes from episodes of rising interest rates to sudden drops and vice versa

appears to be more important than the long-run mean reversion implied by the

threshold structures and by the unrestricted VAR.

At even longer horizons, mean reversion and error correction should be-

come more important. This is obvious from stochastic simulations of the data-

generating processes that are implied by the full-sample estimates. Only the

double-threshold models yield a longer-run performance that visually matches

the features known from the sample. A reliable evaluation of the forecasting

performance over even longer horizons, such as several years, would need much

longer observation periods and is therefore not in the focus of this paper.

5 Summary and conclusion

As in other studies of predictive accuracy, we found that the statistical eval-

uation of rival model descriptions is not reflected one-for-one in the ranking

of these models in a comparative prediction evaluation. However, the derived

conclusions may be viewed differently depending on whether the evaluating

agent is a statistician, an economist, or a forecaster. While an economist may

doubt whether prediction evaluations are appropriate tools of model validation,

a forecaster may take the recommendations from the prediction evaluation more

seriously than the issue of model validity.

Notwithstanding that the statistical procedures are adversely affected by

the small number of observations in the distributional tails that constitute the
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leverage for the hypothesized threshold effects, the picture emanating from the

statistical evaluation conforms to our theory. In the linear framework, error

correction to the average yield spread or to a time-constant real interest rate is

often found to be weak. The long rate is often found to be exogenous and adjust-

ment is performed by the short rate or by inflation. While neither interest rates

nor inflation can be integrated variables, due to the implied infinite variance

and undefined expectations, these variables behave like integrated variables for

considerable time spans. Most bivariate data sets indicate that mean reversion,

indeed, takes place whenever unusually low or unusually high observations oc-

cur. This mechanism can only be monitored by using the suggested threshold

models.

The explanatory power of the threshold models is confirmed in residual ex-

post tracking experiments with stochastic simulation. Mean reversion from the

distributional tails, i.e., threshold cointegration using the variables themselves,

appears to be more important than threshold effects for the yield spread and

the Fisher equation. In the out-of-sample prediction experiments, the com-

paratively complex threshold model lose ground, as some of their parameters

estimated from the tails contain high uncertainty. The simple model in differ-

ences, that ignores all error correction and cointegration, performs remarkably

well, although a threshold specification is still found to predict optimally in

almost one third of the reported cases.

The basically linear vector autoregression with threshold cointegration offers

a convenient and plausible tool that overcomes the inherent problems in using

linear cointegration models for economic variables that are apparently bounded

in the long run, such as inflation, interest rates, or unemployment rates. With

regard to economic forecasting, the real power of the approach may be felt

more strongly in long-run scenarios or in policy evaluations–a topic for future

research. The self-stabilizing forces of economic systems should not be ignored

in time-series modeling, whenever the models are designed to capture the main

features of economic reality.

On the whole we demonstrate by these forecasting experiments that, al-

though the threshold cointegration models provide an internally consistent and

attractive framework, they are at best weakly supported by empirical evidence.
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We conjecture that the reported ranking of prediction models may be due to

the scarcity of data on rare regimes and to the multitude of non-linear and sto-

chastic effects that can probably not be covered by any necessarily simplistic

time-series structure.
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Table 1: Bivariate models for long interest rate and inflation

Germany Japan United Kingdom USA

p 4 2 2 2

AICc (VAR ) -839.579 -553.490 -615.315 -796.856

AICc (D—VAR) -834.958 -550.097 -619.467 -795.580

AICc (EC—VAR) -841.226 -554.684 -619.509 -801.702

AICc (T—VAR 1) -834.106 -565.452 -629.262 -793.327

optimal truncation 0.98 0.9 0.5 0.9

AICc (T—VAR 2) -835.758 -563.871 -631.598 -791.103

optimal truncation

2nd vector 0.8 0.5 0.98 0.8

1st vector 0.98 0.9 0.5 0.9

t(α1.L) T—VAR 2 1.23 -4.16 -3.97 -2.63

t(α1.π) T—VAR 2 -1.12 1.75 0.32 1.05

t(α2.L) T—VAR 2 -1.33 -0.54 -1.45 -1.23

t(α2.π) T—VAR 2 -2.82 -2.19 -2.33 -1.87

Notes. p is the VAR lag order determined by minimizing AICc. ‘AICc’ is the

corrected AIC criterion as defined in the text. ‘VAR’ denotes the unrestricted

VAR in levels, ‘D—VAR’ the VAR in first differences, ‘EC—VAR’ the VAR with

the theoretical cointegration vector given by the real interest rate. ‘T—VAR

1’ is the VAR with one unrestricted and one truncated error-correction vec-

tor, ‘T—VAR 2’ is the VAR with two truncated error-correction vectors. t(.)

are t—statistics for coefficients in the T—VAR 2 model, where αj.x denotes the

coefficient of the j—th error-correction variable in the equation for variable x.
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Table 2: Bivariate models for short interest rates and inflation.

Germany Japan United Kingdom USA

p 4 7 8 2

AICc (VAR) -768.349 -837.146 -607.328 -856.221

AICc (D—VAR) -763.055 -816.648 -597.131 -897.919

AICc (EC—VAR) -760.724 -814.860 -594.770 -898.940

AICc (T—VAR 1) -764.610 -812.743 -595.178 -895.443

optimal truncation 0.5 0.5 0.8 0.8

AICc (T—VAR 2) -762.768 -812.772 -589.734 -899.309

optimal truncation

2nd vector 0.9 0.5 0.98 0.8

1st vector 0.5 0.5 0.8 0.8

t(α1.S) 0.57 -1.08 -1.72 -0.22

t(α1.π) 1.48 2.64 1.01 2.56

t(α2.S) -0.47 -0.54 -1.02 -2.82

t(α2.π) -2.98 -2.94 -1.03 -1.92

Notes. See Table 1.
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Table 3: Bivariate models for interest rates

Germany Japan United Kingdom USA

p 2 7 2 4

AICc (VAR) -958.114 -1022.684 -692.714 -991.450

AICc (D—VAR) -959.830 -1029.921 -704.305 -1002.864

AICc (EC—VAR) -958.293 -1030.585 -703.852 -1000.112

AICc (T—VAR 1) -962.806 -1022.395 -700.724 -990.181

optimal truncation 0.8 0.5 0.8 0.9

AICc (T—VAR 2) -962.829 -1025.760 -707.577 -990.609

optimal truncation

2nd vector 0.5 0.5 0.5 0.9

1st vector 0.8 0.5 0.8 0.8

t(α1.S) T—VAR 2 2.98 -0.67 -0.50 0.05

t(α1.L) T—VAR 2 0.37 -1.04 -3.33 -1.43

t(α2.S) T—VAR 2 1.93 -2.84 -2.31 -2.12

t(α2.L) T—VAR 2 -0.01 -0.62 -3.53 -1.13

Notes. See Table 1.
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Table 4: Ex-ante single-step forecasting performance of stochastic prediction:

long rate and inflation.

Germany Japan United Kingdom USA

iL π iL π iL π iL π

single threshold

mean -0.0304 -0.0255 -0.0719 0.0046 -0.0321 -0.0246 -0.0114 0.0197

MAE 0.1666 0.2295 0.1998 0.3066 0.2282 0.2572 0.2022 0.1892

MSE 0.0419 0.0964 0.0667 0.1733 0.0849 0.1293 0.0612 0.0645

double threshold

mean -0.0230 -0.0489 -0.0549 -0.0680 -0.0183 -0.0272 0.0016 0.0051

MAE 0.1644 0.2326 0.2003 0.3095 0.2218 0.2560 0.2037 0.1919

MSE 0.0417 0.0982 0.0709 0.1748 0.0837 0.1278 0.0604 0.0680

unrestricted VAR

mean -0.0387 -0.0218 -0.0764 -0.0089 -0.0804 -0.0017 -0.0638 -0.0147

MAE 0.1651 0.2207 0.2086 0.3081 0.2385 0.2631 0.2052 0.1873

MSE 0.0414 0.0911 0.0733 0.1744 0.0945 0.1329 0.0596 0.0639

VAR in differences

mean -0.0253 -0.0542 -0.0263 -0.0596 -0.0283 -0.0190 -0.0078 -0.0116

MAE 0.1621 0.2234 0.1879 0.3119 0.2310 0.2565 0.1996 0.1970

MSE 0.0408 0.0923 0.0647 0.1779 0.0872 0.1311 0.0582 0.0689

EC—VAR

mean -0.0273 -0.0146 -0.0703 0.0165 -0.0306 -0.0196 -0.0206 0.0178

MAE 0.1628 0.2171 0.2006 0.3103 0.2325 0.2560 0.2001 0.1910

MSE 0.0413 0.0895 0.0672 0.1743 0.0875 0.1277 0.0586 0.0650
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Table 5: Ex-ante twelve-step forecasting performance of stochastic prediction:

long rate and inflation.

Germany Japan United Kingdom USA

iL π iL π iL π iL π

single threshold

mean -0.6076 -0.1962 -1.0678 -0.4062 -0.2201 -0.7978 0.0557 0.1940

MAE 1.1358 0.8993 1.1475 0.9954 1.1214 1.6743 0.8762 0.8143

MSE 1.8244 1.3350 1.7593 1.4083 2.0932 5.8663 1.2744 0.9177

double threshold

mean -0.5990 -0.1917 -0.4949 -0.7846 -0.3236 -0.8184 0.2723 -0.1689

MAE 1.2052 0.9780 0.7560 1.1419 1.1648 1.9553 0.8972 0.7662

MSE 1.9734 1.4316 0.8676 1.7328 3.2153 13.0182 1.3467 0.9090

unrestricted VAR

mean -0.6721 -0.1839 -1.1037 -0.4973 -1.1791 -0.9973 -0.8169 -0.5691

MAE 1.2167 0.8146 1.2232 1.0109 1.3751 1.7269 1.1377 0.9209

MSE 1.7624 0.9605 1.8643 1.3862 2.6244 6.2168 1.8273 1.1044

VAR in differences

mean -0.5235 -0.5436 -0.4768 -0.7978 -0.4886 -0.7087 -0.1114 -0.2641

MAE 1.0917 1.0410 0.8849 1.2708 1.1615 1.6839 0.9588 0.8345

MSE 1.6104 1.3962 1.2028 2.3245 2.0548 5.6377 1.3911 1.4189

EC—VAR

mean -0.4823 -0.1397 -0.9767 -0.2602 -0.5586 -0.7525 -0.0872 0.1086

MAE 1.1490 0.7138 1.0821 1.0387 1.2163 1.6653 0.9436 0.8196

MSE 1.8809 0.8182 1.7873 1.7155 2.6851 5.5623 1.4028 1.0008
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Table 6: Ex-ante single-step forecasting performance of stochastic prediction:

short rate and inflation.

Germany Japan United Kingdom USA

iS π iS π iS π iS π

single threshold

mean -0.0301 -0.0085 -0.0301 0.0048 -0.0730 0.0087 0.0079 0.0063

MAE 0.1338 0.2076 0.0890 0.3758 0.2315 0.2716 0.1376 0.1903

MSE 0.0342 0.0892 0.0182 0.2431 0.1088 0.1257 0.0339 0.0653

double threshold

mean -0.0235 -0.0179 -0.0096 -0.0429 -0.0323 -0.0060 0.0080 0.0010

MAE 0.1360 0.2164 0.0944 0.3754 0.2336 0.2700 0.1376 0.1944

MSE 0.0341 0.0927 0.0180 0.2414 0.1146 0.1219 0.0334 0.0676

unrestricted VAR

mean -0.0427 -0.0060 -0.0321 -0.0203 -0.0727 0.0041 -0.0161 -0.0414

MAE 0.1410 0.1994 0.0901 0.3845 0.2403 0.2655 0.1434 0.1882

MSE 0.0372 0.0806 0.0191 0.2488 0.1168 0.1222 0.0352 0.0637

VAR in differences

mean -0.0295 -0.0454 -0.0014 -0.0369 -0.0324 -0.0040 0.0004 -0.0125

MAE 0.1335 0.2102 0.0951 0.3809 0.2341 0.2627 0.1439 0.1958

MSE 0.0340 0.0842 0.0183 0.2413 0.1151 0.1166 0.0354 0.0691

EC—VAR

mean -0.0301 -0.0252 -0.0278 -0.0043 -0.0750 0.0113 0.0047 0.0025

MAE 0.1356 0.2109 0.0887 0.3834 0.2324 0.2701 0.1445 0.1915

MSE 0.0347 0.0851 0.0187 0.2451 0.1092 0.1237 0.0359 0.0661
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Table 7: Ex-ante twelve-step forecasting performance of stochastic prediction:

short rate and inflation.

Germany Japan United Kingdom USA

iS π iS π iS π iS π

single threshold

mean -0.6654 -0.0913 -1.1288 -0.4636 -2.1575 -3.9624 0.2596 0.1449

MAE 1.2039 0.9877 1.4131 1.3360 2.4841 5.2402 1.0204 0.9681

MSE 2.4226 1.4896 3.9376 3.1184 18.6200 359.1638 1.6807 1.3353

double threshold

mean -0.6992 -0.2522 -0.4663 -0.6474 -2.6032 -2.8284 0.2639 -0.0893

MAE 1.1765 1.0979 1.2115 1.1676 3.6564 3.8068 0.8991 0.8052

MSE 2.3671 1.9585 3.7197 1.8983 76.5196 97.4789 1.3684 0.9348

unrestricted VAR

mean -0.8029 -0.1246 -1.4162 -0.9380 -2.1203 -1.3591 -0.3351 -0.6559

MAE 1.2440 0.7136 1.6770 1.5862 2.5488 2.2170 1.1752 0.8695

MSE 2.6163 0.6851 5.0903 5.4603 11.8972 9.7035 2.0156 1.1173

VAR in differences

mean -0.7537 -0.5061 -0.1311 -0.5743 -1.0117 -0.8662 0.0420 -0.3251

MAE 1.1906 1.0066 1.0613 1.2536 2.2528 2.0585 1.0806 0.8443

MSE 2.4167 1.3205 2.8569 2.3500 9.1837 8.0514 1.8016 1.2916

EC—VAR

mean -0.7205 -0.2814 -1.0704 -0.5516 -2.0613 -1.0108 0.1448 0.0732

MAE 1.2137 1.0785 1.3396 1.3659 2.3556 2.2070 1.1540 0.9828

MSE 2.5002 1.5257 3.1350 2.8059 10.3171 9.0803 2.0604 1.3633
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Table 8: Ex-ante single-step forecasting performance of stochastic prediction:

two interest rates.

Germany Japan United Kingdom USA

iL iS iL iS iL iS iL iS

single threshold

mean -0.0455 -0.0579 -0.0034 -0.0120 -0.0151 -0.0287 0.0030 0.0108

MAE 0.1679 0.1455 0.1947 0.0910 0.2369 0.1955 0.2122 0.1562

MSE 0.0448 0.0384 0.0670 0.0190 0.0934 0.0947 0.0700 0.0446

double threshold

mean -0.0408 -0.0432 0.0006 -0.0080 -0.0025 -0.0120 0.0024 0.0069

MAE 0.1660 0.1439 0.2048 0.0941 0.2355 0.2065 0.2115 0.1566

MSE 0.0440 0.0378 0.0741 0.0195 0.0919 0.0989 0.0695 0.0452

unrestricted VAR

mean -0.0483 -0.0325 -0.0544 -0.0296 -0.0544 -0.0379 -0.0548 -0.0124

MAE 0.1661 0.1478 0.2118 0.0916 0.2354 0.1992 0.2093 0.1508

MSE 0.0433 0.0381 0.0696 0.0193 0.0938 0.0992 0.0660 0.0406

VAR in differences

mean -0.0333 -0.0493 -0.0190 -0.0043 -0.0317 -0.0319 -0.0034 -0.0008

MAE 0.1637 0.1418 0.2028 0.0946 0.2302 0.1985 0.2010 0.1507

MSE 0.0425 0.0382 0.0704 0.0196 0.0891 0.0965 0.0605 0.0399

EC—VAR

mean -0.0408 -0.0572 -0.0273 -0.0216 -0.0204 -0.0452 -0.0048 0.0043

MAE 0.1665 0.1449 0.1987 0.0913 0.2317 0.1929 0.2016 0.1505

MSE 0.0438 0.0376 0.0678 0.0194 0.0897 0.0949 0.0608 0.0399
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Table 9: Ex-ante twelve-step forecasting performance of stochastic prediction:

two interest rates.

Germany Japan United Kingdom USA

iL iS iL iS iL iS iL iS

single threshold

mean -0.6317 -0.8021 -0.0452 -0.2484 -0.2523 -0.6495 0.1815 0.4358

MAE 1.2215 1.2195 1.1418 1.1993 1.3512 1.8159 1.5820 2.0176

MSE 2.0224 2.4078 2.6402 3.2745 3.9592 5.7414 3.9397 6.4568

double threshold

mean -0.6147 -0.7299 0.1083 -0.0751 -0.0231 -0.3172 0.3895 0.6713

MAE 1.1928 1.1940 1.1032 1.2370 1.3653 2.0955 1.6710 1.9968

MSE 1.9524 2.1642 2.3424 3.4605 3.7861 7.3504 4.6585 6.8935

unrestricted VAR

mean -0.7072 -0.6504 -0.8286 -1.0793 -0.8678 -0.8678 -0.8300 -0.4820

MAE 1.0924 1.3262 1.1692 1.5365 1.2366 1.7938 1.2074 1.1051

MSE 1.5569 2.7538 2.0117 3.6114 2.3287 5.7566 2.0125 2.1128

VAR in differences

mean -0.4988 -0.8373 -0.2329 -0.1345 -0.4935 -0.5845 -0.0151 0.0678

MAE 1.0523 1.2385 0.8847 1.0697 1.1186 1.7246 0.9097 1.0202

MSE 1.4819 2.4804 1.3400 2.5338 1.9404 5.0709 1.2612 1.6948

EC—VAR

mean -0.6307 -0.9547 -0.4389 -0.6987 -0.2495 -0.8481 -0.0801 0.0450

MAE 1.2158 1.2551 1.1558 1.2646 1.1726 1.6493 0.9406 1.0736

MSE 2.0000 2.4067 2.5550 3.5027 2.4820 4.7325 1.3296 1.8073
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